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Abstract. Using the solution of the one-sided exit problem, a procedure to price Parisian
barrier options in a jump-diffusion model with two-sided exponential jumps is developed.
By extending a method developed in Chesney, Jeanbanc and Yor (1997) for the diffusion
case to this more general setup, we arrive at a numerical pricing algorithm that significantly
outperforms Monte Carlo simulation for the prices of such products.

1. Introduction

A Parisian barrier option (or Parisian option for short) is an option that is knocked in/out if
the underlying asset price process stays above/below a barrier for longer than a specified period
γ > 0 during the lifetime of the option. Such option types can be a quite useful alternative
to classical barrier options in risk management, as they are more robust to price manipula-
tion of the underlying when the underlying is close to the barrier and, secondly, close to the
barrier the hedging does not have such a large Gamma as in the case of classical barrier op-
tions. However, the determination of their price is quite challenging even for simple asset price
models. For Parisian options of European type in a Black-Scholes model, Chesney et al. [10]
derived a formula for the Laplace transform of the option price (with respect to maturity time
T ) using excursion theory, which then needs to be inverted numerically. In Schröder [24], this
Laplace transform is further studied when at the starting time the underlying process is known
to already be above the barrier for a given time. Lambart and Lelong [22] provide explicit
expressions for the Laplace transform for several types of European Parisian options and study
their numerical inversion to obtain the respective option prices. In Bernard et al. [5], a fast
method for the numerical inversion of the Laplace transform is provided. An alternative to
inverting the Laplace transform for obtaining the price is to use a partial differential equations
(PDE) approach, see for instance Haber et al. [18] and Avellaneda and Wu [4] for a lattice
method. In Chesney and Gauthier [9], American Parisian options are considered. Two sided
Parisian barrier options are studied in [3], [12] and [23]. Further extensions with respect to bar-
rier types are considered in [11], [15] and [16]. Cumulative Parisian options in a diffusion model
were studied by Hugonnier [19], for cumulative exchange options see Chen and Suchanecki [8].
The first paper to study the pricing of Parisian options in a model with jumps seems to be Das-
sios and Wu [13], who consider a compound Poisson model with (only) downward exponential
jumps, see also [14] for a potential alternative method in this setting.
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In this paper we consider the pricing problem of Parisian options in a jump-diffusion model
with two-sided jumps and use a different approach to represent the Laplace transform of the
price with respect to maturity time T as a combination of functions whose Laplace transforms
with respect to duration time γ are explicitly available. Consequently, the option price can
then be obtained by numerically inverting these Laplace transforms w.r.t. γ and T . As we
will illustrate in the final section of the paper, the resulting numerical procedure to obtain
the Parisian option price for this two-sided jumps model by far outperforms the alternative of
simulating the price paths and applying Monte Carlo procedures. We will assume the jumps to
be exponentially distributed. Then, by conditioning on the first time when the process exits a
given level, one can exploit the solution of the one-sided exit problem given in Kou and Wang
[20] to obtain efficient numerical schemes for the determination of the option price. Both on
the methodological and on the practical side, our approach can be interpreted as an extension
of the one for the diffusion setting given in Chesney et al. [10].

The paper is organized as follows. In Section 2 the underlying model is introduced and some
auxiliary results are provided that will be useful later on. In Section 3 we derive a formula for
the Laplace transform of the underlying process at maturity, which only consists of terms with
known Laplace transform. In Section 4 we provide the representation for the Laplace transform
of the Parisian option price, whose ingredients are then further investigated in Sections 5 and 6.
Section 7 shows how our result reduces to the formulas of Chesney et al. [10] for the diffusion
case, and Section 8 considers the particular case of a (pure) compound Poisson model with
one-sided exponential jumps and compares the resulting formulas with the ones of Dassios and
Wu [13] who use a different method for this model. Finally, in Section 9 we illustrate the
effectiveness of our approach for numerical purposes.

2. Model definition and preliminaries

Consider a jump-diffusion process of the form

Xt = X0 + σWt + µt+

Nt∑
i=1

Yi,

where σ > 0, Wt is a Brownian motion with W0 = 0, Nt is a homogeneous Poisson process with
rate λ and (Yi) are i.i.d. random variables with density function

fY (y) = pη1e
−η1y1{y≥0} + qη2e

η2y1{y<0}, p, q > 0, p+ q = 1.

Here Wt, Nt and (Yi) are independent. This model was popularized by Kou and Wang [20] and
we will keep our notation close to theirs. Assume now that the price process of the underlying
asset is given by St = S0e

Xt under a risk-neutral measure. Since this asset price model is in
general incomplete, one needs to specify the choice of risk-neutral measure and we assume here
that risk-neutrality is achieved by an a priori mean shift, i.e. a suitably mean-shifted asset price
model is calibrated to market data. Let η1 > 1 to ensure that E[St] < ∞.
In the sequel we will only consider the Parisian up-and-in call option with barrier at 1 for
St (this corresponds to a barrier at 0 for Xt). Other types of options follow similarly or by
symmetry. Let τγ be the first time when an excursion of Xt above 0 has lasted for at least γ
units of time, i.e.

τγ = inf{t|t− gt > γ} with gt = sup{s ≤ t|Xs ≤ 0},
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where sup{∅} = 0. The price of such an option under a constant interest rate r > 0 is then
given by

C(γ, k, S0, T ) := e−rTE[(ST − k)+; τγ < T ] = e−rTEx[(eXT − k)+; τγ < T ],

where Ex means that we are considering the process Xt under the condition X0 = x. The
crucial quantity for the pricing of this option is the Laplace transform (with respect to T ) of

e−rTPx[XT ∈ dy; τγ < T ],

i.e. the distribution of XT on the set τγ < T (the discount term e−rT is then just a mul-
tiplicative factor). Chesney et al. [10] determined this Laplace transform explicitly for the
Black-Scholes model. In this paper we will study this quantity for the above more general
model with two-sided exponential jumps and express Px[XT ∈ dy; τγ < T ] as a combination of
functions whose Laplace transforms with respect to the duration time γ are available. Similarly
to Labart and Lelong [22], we will subsequently integrate these functions with respect to y and
use two successive Laplace inversions to obtain the option price.

At first let us recall some results for the process X from Kou and Wang [20]. The process X
has a generator

Lu(x) =
1

2
σ2u′′(x) + µu′(x) + λ

∫ ∞

−∞
dy [u(x+ y)− u(x)]fY (y).

For any θ ∈ (−η2, η1),

E[eθXt ] = eG(θ)t,

where

G(θ) = θµ+
1

2
θ2σ2 + λ

(
pη1

η1 − θ
+

qη2
η2 + θ

− 1

)
.

For α > 0, the equation
G(x) = α

has exactly four solutions β1, β2,−β3,−β4 such that

(1) 0 < β1 < η1 < β2, and 0 < β3 < η2 < β4.

Note that solutions to G(x) = α can be worked out explicitly. Write β∗
1 , β

∗
2 ,−β∗

3 ,−β∗
4 for the

corresponding solutions for the dual process X∗
t := −Xt. Note that β1 = β∗

3 , β2 = β∗
4 , β3 =

β∗
1 , β4 = β∗

2 .
Define ν+b := inf{t ≥ 0 : Xt > b} as the first passage time of the process Xt above the barrier
b; and similarly ν−b := inf{t ≥ 0 : Xt < b} as the first passage time of the process Xt below the
barrier b with the convention inf ∅ = ∞. For such a jump-diffusion with parameters (σ, µ, η1, η2)
and b > 0, set

Γ1(α, b) := E0
[
e−αν+b ;Xν+b

= b
]
=

η1 − β1
β2 − β1

e−bβ1 − η1 − β2
β2 − β1

e−bβ2 ,

Γ̂1(α, s) :=

∫ ∞

0
du se−suΓ1(α, u) =

s

β2 − β1

(
η1 − β1
s+ β1

− η1 − β2
s+ β2

)
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and

Γ2(α, b) := E0
[
e−αν+b ;Xν+b

> b
]
=

(η1 − β1)(η1 − β2)

η1(β2 − β1)

(
e−bβ2 − e−bβ1

)
,

Γ̂2(α, s) :=

∫ ∞

0
du se−suΓ2(α, u) =

(η1 − β1)(η1 − β2)

η1(β2 − β1)

(
s

s+ β2
− s

s+ β1

)
.

Then

E0
[
e−αν+b ;Xν+b

− b ∈ dy
]/

dy = Γ2(α, b)η1e
−η1y, y > 0.

Put

Λ1(α) := lim
ε→0+

1− Γ1(α, ε)

ε
= β1 + β2 − η1

and

Λ2(α) := lim
ε→0+

Γ2(α, ε)

ε
= −(η1 − β1)(η1 − β2)

η1
.

Similarly, define Γ∗
1(α, b), Γ̂

∗
1(α, s),Γ

∗
2(α, b), Γ̂

∗
2(α, b),Λ

∗
1(α),Λ

∗
2(α) for the process X∗ = −X.

We will need some estimates involving the stopping time ν+ε and ν−ε .

Lemma 2.1.

(2) lim
ε→0+

E0[ν−−ε ∧ ν+ε ]/ε
2 = C > 0

and

(3) lim
ε→0+

P0{Xν−−ε∧ν
+
ε
≤ −ε} = 1/2.

Proof. These results are clearly true when the process X is a linear Brownian motion, i.e. λ = 0.
This follows from Formulas 3.01 and 3.05 on page 309 of [6]. Intuitively, they are also true for
λ > 0 since for small ε, the probability is of the order O(ε2) for the first jump of X to arrive
before X exits from interval [−ε, ε] due to the linear Brownian motion. For a formal proof one
needs the solution to the two-sided exit problem for X, which can be found in Theorem 3 of
[21]. �

We need the following key estimates.

Lemma 2.2.

(4) P0{τγ < ∞, τγ ≤ ν+ε } = O(ε2).

Proof. Let (θt) denote the shift operator for process X. Define the consecutive down-crossing
and up-crossing times of level −ϵ and level 0 as follows. T+

0 := 0, T−
0 := ν−−ε, T

+
1 := T−

0 +

ν+0 ◦ θT−
0
, . . . , T−

i := T+
i + ν−−ε ◦ θT+

i
, T+

i+1 := T−
i + ν+0 ◦ θT−

i
, . . .. Consider the total number

of up-crossings before time τγ and whether there is a down-crossing between τγ and ν+ε . Then
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applying the strong Markov property at time T+
i we have

P0{τγ < ∞, τγ ≤ ν+ε } ≤
∞∑
i=0

P0
{
T+
i < τγ ≤ T−

i < ν+ε
}
+

∞∑
i=0

P0
{
T+
i < τγ ≤ ν+ε < T−

i

}
≤

∞∑
i=0

E0

[
P
X

T+
i

{
τγ ≤ ν−−ε < ν+ε

}
;T+

i < ν+ε

]

+

∞∑
i=0

E0

[
P
X

T+
i

{
τγ ≤ ν+ε < ν−−ε

}
;T+

i < ν+ε

]

=
∞∑
i=0

P0{T+
i < ν+ε , XT+

i
= 0}P0

{
τγ ≤ ν−−ε < ν+ε

}
+

∞∑
i=0

∫ ε

0+
P0{T+

i < ν+ε , XT+
i
∈ dx}Px

{
τγ ≤ ν−−ε < ν+ε

}
+

∞∑
i=0

P0{T+
i < ν+ε , XT+

i
= 0}P0

{
τγ ≤ ν+ε < ν−−ε

}
+

∞∑
i=0

∫ ε

0+
P0{T+

i < ν+ε , XT+
i
∈ dx}Px

{
τγ ≤ ν+ε < ν−−ε

}
.

It follows that for ε small enough

P0{τγ < ∞, τγ ≤ ν+ε } ≤
∞∑
i=0

P0{T+
i < ν+ε , XT+

i
= 0}P0

{
γ ≤ ν+ε ∧ ν−−ε

}
+

∞∑
i=0

∫ ε

0+
P0{T+

i < ν+ε , XT+
i
∈ dx}P0

{
γ ≤ ν+2ε ∧ ν−−2ε

}
+

∞∑
i=0

P0{T+
i < ν+ε , XT+

i
= 0}P0

{
γ ≤ ν−−ε ∧ ν+ε

}
+

∞∑
i=0

∫ ε

0+
P0{T+

i < ν+ε , XT+
i
∈ dx}P0

{
γ ≤ ν−−2ε ∧ ν+2ε

}
≤ 2

∞∑
i=0

P0{T+
i < ν+ε }P0

{
γ ≤ ν−−2ε ∧ ν+2ε

}
≤ 2

γ

∞∑
i=0

P0{T+
i < ν+ε }E0

[
ν+2ε ∧ ν−−2ε

]
≤ 2

γ

∞∑
i=0

(
2

3

)i

E0
[
ν+2ε ∧ ν−−2ε

]
= O(ε2),
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where for the first inequality we have used spatial homogeneity for X and the fact γ ≤ τγ ; for
the fourth inequality we have used the strong Markov property, the spatial homogeneity and
(2) to obtain

P0
{
T+
i < ν+ε

}
≤ P0

{
T+
i−1 < ν+ε

}
P0
{
ν−−ε < ν+ε

}
<

2

3
P0
{
T+
i−1 < ν+ε

}
,

and (3) was used for the last inequality. Therefore, (4) holds.
�

Lemma 2.3. For σ > 0

E0[ν+ε − ν∗ε ; ν
+
ε < ∞] = O(ε2),

where

ν∗ε := sup{t < ν+ε : Xt ≤ 0}.

Proof. Similarly to the proof for Lemma 2.2,

E0[ν+ε − ν∗ε ; ν
+
ε < ∞] =

∞∑
i=0

E0
[
ν+ε − ν∗ε ;T

+
i < ν+ε < T−

i

]
=

∞∑
i=0

E0

[
E
X

T+
i

[
ν+ε − ν∗ε ; ν

+
ε < ν−−ε

]
;T+

i < ν+ε

]

≤ 2
∞∑
i=0

P0{T+
i < ν+ε }E0

[
ν+2ε ∧ ν−−2ε

]
= O(ε2).

�

3. The Laplace transform of e−rTXT under τγ < T w.r.t. T

Let eα be an exponential random variable with rate α, independent of everything else. As in
[10], the goal is to find the Laplace transform

Lα,γ(x, dy) :=
1

α
Ex[e−reα ; τγ < eα, Xeα ∈ dy], ∀x, y,

in terms of functions with known Laplace transforms. In [10], Lα,γ(x, dy) is evaluated by
conditioning on the stopping time τγ , where the distribution of τγ and Wτγ was provided (for
τγ at least the Laplace transform was provided). Further it was shown that τγ and Wτγ are
independent. For our purposes, we will instead condition on ν+0 , i.e. the first time the process
hits the boundary. This will give an equality for Lα,γ(x, dy) in terms of Lα,γ(0, dy),

Iα,γ(dy) :=

∫ ∞

0
dz η1e

−η1zLα,γ(z, dy)

and some terms whose Laplace transforms with respect to γ are known (these Laplace transforms
will be provided in Sections 5 and 6). If x < 0, then we have that ν+0 < τγ and we get with the
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strong Markov property of Xt and the lack-of-memory property of eα

Lα,γ(x, dy) =
1

α
Ex[e−reα ; τγ < eα, Xeα ∈ dy]

=
1

α
Ex[e−reα ; τγ < eα, Xeα ∈ dy,Xν+0

= 0]

+
1

α
Ex[e−reα ; τγ < eα, Xeα ∈ dy,Xν+0

> 0]

= Ex[e−(r+α)ν+0 ;Xν+0
= 0]

1

α
E0[e−reα ; τγ < eα, Xeα ∈ dy]

+

∫ ∞

0
Ex[e−(r+α)ν+0 ;Xν+0

∈ dz]
1

α
Ez[e−reα ; τγ < eα, Xeα ∈ dy]

= Γ1(r + α,−x)Lα,γ(0, dy) + Γ2(r + α,−x)

∫ ∞

0
dz η1e

−η1zLα,γ(z, dy)

= Γ1(r + α,−x)Lα,γ(0, dy) + Γ2(r + α,−x)Iα,γ(dy).(5)

Define A1(α, γ, x, y) by

A1(α, γ, x, dy) := Ex[e−reα ; τγ < ν−0 ∧ eα, Xeα ∈ dy]/α.

Then we get for x > 0

Lα,γ(x, dy) =
1

α
Ex[e−reα ; τγ < ν−0 ∧ eα, Xeα ∈ dy]

+
1

α
Ex[e−reα ; ν−0 < τγ < eα, Xeα ∈ dy]

=A1(α, γ, x, dy) +
1

α
Ex[e−reα ; ν−0 < γ, τγ < eα, Xeα ∈ dy,Xν−0

= 0]

+
1

α
Ex[e−reα ; ν−0 < γ, τγ < eα, Xeα ∈ dy,Xν−0

< 0]

=A1(α, γ, x, dy) + Ex
[
e−(r+α)ν−0 ; ν−0 < γ,Xν−0

= 0
]
Lα,γ(0, dy)

+ Ex
[
e−(r+α)ν−0 ; ν−0 < γ,Xν−0

< 0
] ∫ ∞

0
dz η2e

−η2zLα,γ(−z, dy).

By using (5),

(6) Lα,γ(x, dy) = A1(α, γ, x, dy) + Ex
[
e−(r+α)ν−0 ; ν−0 < γ,Xν−0

= 0
]
Lα,γ(0, dy)

+ Ex
[
e−(r+α)ν−0 ; ν−0 < γ,Xν−0

< 0
] (

Γ̂1(r + α, η2)Lα,γ(0, dy) + Γ̂2(r + α, η2)Iα,γ(dy)
)
.

To get expressions for Lα,γ(0, dy) and Iα,γ(dy) we search for two equalities that – besides these
two functions – only involve functions with known Laplace transform. For the first equality we
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multiply (6) with η1e
−η1x and integrate with respect to x. This leads to

Iα,γ(dy) =

∫ ∞

0
dx η1e

−η1xA1(α, γ, x, dy)

+

(∫ ∞

0
dx η1e

−η1xEx
[
e−(r+α)ν−0 ; ν−0 < γ,Xν−0

= 0
])

Lα,γ(0, dy)

+

(∫ ∞

0
dx η1e

−η1xEx
[
e−(r+α)ν−0 ; ν−0 < γ,Xν−0

< 0
])

(
Γ̂1(r + α, η2)Lα,γ(0, dy) + Γ̂2(r + α, η2)Iα,γ(dy)

)
(7)

or

(
1−

∫ ∞

0
dx η1e

−η1xEx
[
e−(r+α)ν−0 ; ν−0 < γ,Xν−0

< 0
]
Γ̂2(r + α, η2)

)
Iα,γ(dy)

=

∫ ∞

0
dx η1e

−η1xA1(α, γ, x, dy) +

{∫ ∞

0
dxη1e

−η1xEx
[
e−(r+α)ν−0 ; ν−0 < γ,Xν−0

= 0
]

+

∫ ∞

0
dx η1e

−η1xEx
[
e−(r+α)ν−0 ; ν−0 < γ,Xν−0

< 0
]
Γ̂1(r + α, η2)

}
Lα,γ(0, dy).

To get a second equation connecting Iα,γ(dy) and Lα,γ(0, dy), we will consider the Laplace trans-
forms for (defective) distributions of {Lα,γ(x, dy), y ≥ 0}, {Lα,γ(x, dy), y < 0}, {Iα,γ(dy), y ≥
0}, {Iα,γ(dy), y < 0}, {A1(α, γ, ε, dy), y ≥ 0} and {A1(α, γ, ε, dy), y < 0}. Put

L̂+
α,γ,x(θ) :=

∫ ∞

0
e−θyLα,γ(x, dy), θ ≥ 0,

Î+α,γ(θ) :=

∫ ∞

0
e−θyIα,γ(dy), θ ≥ 0,

Â+
1 (α, γ, ε, θ) :=

∫ ∞

0
e−θyA1(α, γ, ε, dy), θ ≥ 0

and

L̂−
α,γ,x(θ) :=

∫ 0

−∞
eθyLα,γ(x, dy), θ ≥ 0,

Î−α,γ(θ) :=

∫ 0

−∞
eθyIα,γ(dy), θ ≥ 0,

Â−
1 (α, γ, ε, θ) :=

∫ 0

−∞
e−θyA1(α, γ, ε, dy), θ ≥ 0.
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We now consider the derivative of L̂+
α,γ,x(θ) with respect to x at x = 0. Note that

lim
ε→0+

L̂+
α,γ,ε(θ)− L̂+

α,γ,0(θ)

ε

= lim
ε→0+

Â+
1 (α, γ, ε, θ)

ε
−

1−Eε
[
e−(r+α)ν−0 ; ν−0 < γ,Xν−0

= 0
]

ε
L̂+
α,γ,0(θ)

+
Eε
[
e−(r+α)ν−0 ; ν−0 < γ,Xν−0

< 0
]

ε

(
Γ̂1(r + α, η2)L̂

+
α,γ,0(θ) + Γ̂2(r + α, η2)Î

+
α,γ(θ)

) .

(8)

On the other hand, we have

lim
ε→0+

L̂+
α,γ,0(θ)− L̂+

α,γ,−ε(θ)

ε
= lim

ε→0+

{
1− Γ1(r + α, ε)

ε
L̂+
α,γ,0(θ)−

Γ2(r + α, ε)

ε
Î+α,γ(θ)

}
= Λ1(r + α)L̂+

α,γ,0(θ)− Λ2(r + α)Î+α,γ(θ).

(9)

If L̂+
α,γ,x(θ) is differentiable in x = 0, then the left sides of (8) and (9) are equal and we get an

equation on L̂+
α,γ,0(θ) and Î+α,γ(θ). Similarly, an equation on L̂−

α,γ,0(θ) and Î−α,γ(θ) follows. As a
result, we obtain a second equality for Iγ,α(dy) and Lα,γ(0, dy).
The following lemma shows that L̂+

α,γ,x(θ) is differentiable in x = 0. For ε > 0, consider the
exit time of X from level ε. Then we have

Lemma 3.1. Under the above conditions and for ε > 0 one has

L̂+
α,γ,0(θ) = Γ1(r + α, ε)L̂+

α,γ,ε(θ) + Γ2(r + α, ε)Î+α,γ(θ) + o(ε)

and

L̂−
α,γ,0(θ) = Γ1(r + α, ε)L̂−

α,γ,ε(θ) + Γ2(r + α, ε)Î−α,γ(θ) + o(ε).(10)

Proof. Recall that
ν∗ε := sup{t ≤ ν+ε : Xt ≤ 0}.

Conditioning on the first time that the process crosses the level ε and comparing τγ with ν+ε
and ν+ε + ν−0 ◦ ν+ε we get:

L̂α,γ,0(θ)

=

∫ ∞

0
dt e−αt

∫ ∞

0
e−θy E0

[
e−rt; τγ < t,Xt ∈ dy

]
=

∫ ∞

0
dt e−(α+r)t

∫ ∞

0
e−θy P0 {τγ < t,Xt ∈ dy}

=

∫ ∞

0
dt e−(α+r)t

∫ ∞

0
e−θy P0

{
τγ ≤ ν+ε ∧ t,Xt ∈ dy

}
+

∫ ∞

0
dt e−(r+α)t

∫ t

0

∫ ∞

0
e−θy P0

{
ν+ε ∈ dl,Xν+ε

= ε, l < τγ < t,Xt ∈ dy
}

+

∫ ∞

0
dt e−(r+α)t

∫ t

0

∫ ∞

ε+

∫ ∞

0
e−θy P0

{
ν+ε ∈ dl,Xν+ε

∈ dz, l < τγ < t,Xt ∈ dy
}
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=

∫ ∞

0
dt e−(α+r)t P0

{
τγ ≤ ν+ε ∧ t

}∫ ∞

0
e−θy P0

{
Xt ∈ dy|τγ ≤ ν+ε ∧ t

}
+

∫ ∞

0
dt e−(r+α)t

∫ ∞

0
e−θy P0{ν+ε < τγ < t, γ − (ν+ε − ν∗ε ) < ν−0 ◦ θν+ε < γ,Xt ∈ dy}

+

∫ ∞

0
dt e−(r+α)t

∫ ∞

0
e−θy P0{ν+ε < τγ < t, γ − (ν+ε − ν∗ε ) < t− ν+ε < γ ≤ ν−0 ◦ θν+ε , Xt ∈ dy}

−
∫ ∞

0
dt e−(r+α)t

∫ ∞

0
e−θy P0{ν+ε < τγ < t, γ − (ν+ε − ν∗ε ) < ν−0 ◦ θν+ε < γ,

ν+ε + τγ ◦ θν+ε < t,Xt ∈ dy}

+

∫ ∞

0
dt e−(r+α)t

∫ t

0
P0
{
ν+ε ∈ dl,Xν+ε

= ε
}∫ ∞

0
e−θy Pε {τγ < t− l,Xt−l ∈ dy}

+

∫ ∞

0
dt e−(r+α)t

∫ t

0

∫ ∞

ε+
P0
{
ν+ε ∈ dl,Xν+ε

∈ dz
}∫ ∞

0
e−θy Pz {τγ < t− l,Xt−l ∈ dy}

where we take Laplace transforms on convolutions of functions for the fourth equality.
By Lemma 2.3 and P0{Xν+ε

> ε, ν+ε < ∞} = O(ε), we have Pε{ν−0 > γ− ε2/3} = O(ε). Further

(r + α)

∫ ∞

0
dt e−(r+α)t

∫ ∞

0
e−θy P0{ν+ε < τγ < t, γ − (ν+ε − ν∗ε ) < ν−0 ◦ θν+ε < γ,Xeα ∈ dy}

≤ P0{γ − (ν+ε − ν∗ε ) < ν−0 ◦ θν+ε < γ}

≤ P0{ν+ε < ∞, ν+ε − ν∗ε > ε2/3}+ P0{γ − ε2/3 < ν−0 ◦ θν+ε < γ}

≤ O(ε4/3) + P0{ν+ε < ∞, ν−0 ◦ θν+ε > γ − ε2/3} − P0{ν+ε < ∞, ν−0 ◦ θν+ε ≥ γ}

= O(ε4/3) + E0
[
PX

ν+ε {ν−0 > γ − ε2/3} − PX
ν+ε {ν−0 ≥ γ}; ν+ε < ∞

]
= O(ε4/3) + E0

[
PX

ν+ε {ν−0 > γ − ε2/3}
(
1− PX

ν+ε {ν−0 ≥ γ|ν−0 > γ − ε2/3}
)
; ν+ε < ∞

]
= o(ε).

Similarly, ∫ ∞

0
dt e−(r+α)t

∫ ∞

0
e−θy P0{ν+ε < τγ < t, γ − (ν+ε − ν∗ε ) < ν−0 ◦ θν+ε < γ,

ν+ε + τγ ◦ θν+ε < t,Xt ∈ dy}

≤ P0{γ − (ν+ε − ν∗ε ) < ν−0 ◦ θν+ε < γ}
= o(ε)

and

α

∫ ∞

0
dt e−(r+α)t

∫ ∞

0
e−θy P0{ν+ε < τγ , γ − (ν+ε − ν∗ε ) < t− ν+ε < γ ≤ ν−0 ◦ θν+ε , Xt ∈ dy}

≤ P0{ν+ε < τγ , γ − (ν+ε − ν∗ε ) < eα − ν+ε < γ ≤ ν−0 ◦ θν+ε }
= o(ε).
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It follows that

L̂α,γ,0(θ) = o(ε) + E0
[
e−(r+α)ν+ε ;Xν+ε

= ε
] ∫ ∞

0
e−θy Eε[e−reα ; τγ < eα, Xeα ∈ dy]/α

+

∫ ∞

ε+
E0
[
e−(r+α)ν+ε ;Xν+ε

∈ dz
] ∫ ∞

0
e−θy Ez[e−reα ; τγ < eα, Xeα ∈ dy]/α

= o(ε) + Γ1(r + α, ε)L̂+
α,γ,ε(θ) + Γ2(r + α, ε)

∫ ∞

ε
dx η1e

−η1(x−ε)

∫ ∞

0
e−θyLα,γ(x, dy)

= o(ε) + Γ1(r + α, ε)L̂+
α,γ,ε(θ) + Γ2(r + α, ε)Î+α,γ(θ).

Equation (10) can be obtained similarly. �
To put everything together, define:

A2(α, γ, dy) := lim
ε→0+

A1(α, γ, ε, dy)

ε
,

B1(α, γ) :=Λ2(r + α) + lim
ε→0+

Eε
[
e−(r+α)ν−0 ; ν−0 < γ,Xν−0

< 0
]

ε
Γ̂2(r + α, η2),

B2(α, γ) :=Λ1(r + α) + lim
ε→0+

1− Eε
[
e−(r+α)ν−0 ; ν−0 < γ,Xν−0

= 0
]

ε

− lim
ε→0+

Eε
[
e−(r+α)ν−0 ; ν−0 < γ,Xν−0

< 0
]

ε
Γ̂1(r + α, η2).

The existence of A2 follows from the existence of limϵ→0
1
ϵE

ε
[
1; γ < ν−0

]
.

Now equation (8) and (9) can be combined to

B2(α, γ)Lα,γ(0, dy) = A2(α, γ, dy) +B1(α, γ)Iα,γ(dy).

With

B3(α, γ) :=

∫ ∞

0
dx η1e

−η1x Ex
[
e−(r+α)ν−0 ; ν−0 < γ,Xν−0

= 0
]

+

∫ ∞

0
dx η1e

−η1x Ex
[
e−(r+α)ν−0 ; ν−0 < γ,Xν−0

< 0
]
Γ̂1(r + α, η2),

B4(α, γ) :=1−
∫ ∞

0
dx η1e

−η1x Ex
[
e−(r+α)ν−0 ; ν−0 < γ,Xν−0

< 0
]
Γ̂2(r + α, η2),

A3(α, γ, dy) :=

∫ ∞

0
dx η1e

−η1xA1(α, γ, x, dy),

equation (7) reads

B4(α, γ)Iα,γ(dy) = A3(α, γ, dy) +B3(α, γ)Lα,γ(0, dy).

It follows that

Iα,γ(dy) =
B2(α, γ)A3(α, γ, dy) +A2(α, γ, dy)B3(α, γ)

B2(α, γ)B4(α, γ)−B1(α, γ)B3(α, γ)
,(11)

Lα,γ(0, dy) =
B1(α, γ)A3(α, γ, dy) +A2(α, γ, dy)B4(α, γ)

B2(α, γ)B4(α, γ)−B1(α, γ)B3(α, γ)
.(12)
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Finally with

B5(α, γ, x) := Ex
[
e−(r+α)ν−0 ; ν−0 < γ,Xν−0

= 0
]
,

B6(α, γ, x) := Ex
[
e−(r+α)ν−0 ; ν−0 < γ,Xν−0

< 0
]
,

we get for x > 0

(13) Lα,γ(x, dy) = A1(α, γ, x, dy) +B5(α, γ, x)Lα,γ(0, dy)+

B6(α, γ, x)
[
Γ̂1(r + α, η2)Lα,γ(0, dy) + Γ̂2(r + α, η2)Iα,γ(dy)

]
and for x < 0,

Lα,γ(x, dy) = Γ1(r + α,−x)Lα,γ(0, dy) + Γ2(r + α,−x)Iα,γ(dy).(14)

4. The evaluation of the option price

The Laplace transform of the option price with respect to the maturity time T is given by

Ĉ(γ, k, S0, α) :=

∫ ∞

0
dT e−αTC(γ, k, S0, T )

=

∫ ∞

0
dT e−(r+α)T Elog(S0)[(eXT − k)+; τγ < T ]

=
1

α
Elog(S0)[e−reα(eXeα − k)+; τγ < eα]

=

∫ ∞

−∞
Lα,γ(log(S0), dy) (e

x − k)+.

We can also interpret Ĉ(γ, k, S0, α) as the option price with respect to an independent expo-
nential maturity time.
Denote with

Ã1(α, γ, x, k) :=

∫ ∞

−∞
A1(α, γ, x, dy) (e

y − k)+,

and for i = 2, 3

Ãi(α, γ, k) :=

∫ ∞

−∞
Ai(α, γ, dy) (e

y − k)+,

then with the equations (11), (12) and (14) we get for S0 ≥ 1
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Ĉ(γ, k, S0, α) = Ã1(α, γ, log(S0), k)(15)

+
(
B5(α, γ, log(S0)) +B6(α, γ, log(S0))Γ̂1(r + α, η2)

)
× B1(α, γ)Ã3(α, γ, k) +B4(α, γ)Ã2(α, γ, k)

B2(α, γ)B4(α, γ)−B1(α, γ)B3(α, γ)

+B6(α, γ, log(S0))Γ̂2(r + α, η2)

× B2(α, γ)Ã3(α, γ, k) +B3(α, γ)Ã2(α, γ, k)

B2(α, γ)B4(α, γ)−B1(α, γ)B3(α, γ)
,

and for S0 ≤ 1

Ĉ(γ, k, S0, α) = Γ1(r + α,− log(S0))
B1(α, γ)Ã3(α, γ, k) +B4(α, γ)Ã2(α, γ, k)

B2(α, γ)B4(α, γ)−B1(α, γ)B3(α, γ)

+ Γ2(r + α,− log(S0))
B2(α, γ)Ã3(α, γ, k) +B3(α, γ)Ã2(α, γ, k)

B2(α, γ)B4(α, γ)−B1(α, γ)B3(α, γ)
.

Explicit expressions for the Laplace transform of the functions Bi(·) are provided in Section 5
and for the Laplace transform of the functions Ãi(·) in Section 6.

Remark 4.1. In Section 6 it will be shown that the Ãi only exist if the positive roots of
r+α = G(θ) (to be defined there) are larger than 1. Otherwise, we can use a new rate r1 such
that for all considered α, all roots of r1 + α = G(θ) are larger than 1. One can then evaluate
the option price with respect to r1 and afterwards correct the error through multiplying by
e(r1−r)T . �

Remark 4.2. For a barrier L other than L = 1, one has

C(γ, k, S0, T, L) = L C(γ, k/L, S0/L, T, 1).

�

Remark 4.3. If we want to evaluate the price of a Parisian option at the time t and under the
condition that the underlying process is already above the barrier for a duration of γt , then we
only need to change Ã1(α, γ, x, k) to Ã1(α, γ − γt, Xt, k), B5(α, γ, x) to B5(α, γ − γt, Xt) and
B6(α, γ, x) to B6(α, γ − γt, Xt) in the corresponding formula. �

Remark 4.4. Note that due to γ < T the inverse Laplace transform of Ã1(α, γ, x, k) is

e−rTE[(eXT − k)+, τγ < ν−0 ∧ T ]

= e−rTE[(eXT − k)+, γ < ν−0 ∧ T ] = e−rTE[(eXT − k)+, T ∧ γ < ν−0 ].

Hence we can replace Ã1(α, γ, x, k) by Ex[e−reα(eXeα − k)+; eα ∧ τγ < ν−0 ]/α, which will lead
to a simpler expression for numerical purposes (cf. Section 6). �
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5. The Laplace transform of the functions Bi(·)

To evaluate Bi note that

∫ ∞

0
dγ βe−βγ lim

ε→0+

1− Eε
[
e−(r+α)ν−0 ; ν−0 < γ,Xν−0

= 0
]

ε

= lim
ε→0+

1−
∫∞
0 dγ βe−βγEε

[
e−(r+α)ν−0 ; ν−0 < γ,Xν−0

= 0
]

ε

= lim
ε→0+

1− Eε
[∫∞

0 dγ βe−βγI{ν−0 <γ}e
−(r+α)ν−0 ;Xν−0

= 0
]

ε

= lim
ε→0+

1− Eε
[
e−(r+α+β)ν−0 ;Xν−0

= 0
]

ε

= lim
ε→0+

1− Γ∗
1(r + α+ β, ϵ)

ε
= Λ∗

1(r + α+ β)

(16)

and similarly

∫ ∞

0
dγ βe−βγ lim

ε→0+

Eε
[
e−(r+α)ν−0 ; ν−0 < γ,Xν−0

< 0
]

ε
= Λ∗

2(r + α+ β).

It follows that the Laplace transforms of B1 and B2 with respect to γ can be written as

β

∫ ∞

0
dγ e−βγB1(α, γ) = Λ2(r + α) + Γ̂2(r + α, η2)Λ

∗
2(r + α+ β),

β

∫ ∞

0
dγ e−βγB2(α, γ) = Λ1(r + α) + Λ∗

1(r + α+ β)− Γ̂1(r + α, η2)Λ
∗
2(r + α+ β).

Similarly to (16), we get the Laplace transforms of B3, B4, B5 and B6 with respect to γ:

β

∫ ∞

0
dγ e−βγB3(α, γ) =

∫ ∞

0
dx η1e

−η1x Γ∗
1(r + α+ β, x)

+

∫ ∞

0
dx η1e

−η1x Γ∗
2(r + α+ β, x)

∫ ∞

0
du η2e

−η2u Γ1(r + α, u)

= Γ̂∗
1(r + α+ β, η1) + Γ̂∗

2(r + α+ β, η1) Γ̂1(r + α, η2),

β

∫ ∞

0
dγ e−βγB4(α, γ) = 1−

∫ ∞

0
dx η1e

−η1x Γ∗
2(r + α+ β, x)

∫ ∞

0
du η2e

−η2u Γ2(r + α, u)

= 1− Γ̂∗
2(r + α+ β, η1) Γ̂2(r + α, η2),

β

∫ ∞

0
dγ e−βγB5(α, γ) = Γ∗

1(r + α+ β, x),

β

∫ ∞

0
dγ e−βγB6(α, γ) = Γ∗

2(r + α+ β, x).
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6. The Laplace transform of the functions Ai(·)

In this section we provide explicit expressions for the Laplace transforms of A1(α, γ, x, y),
A2(α, γ, y) and A3(α, γ, y) as well as for Ã1(α, γ, x, k), Ã2(α, γ, k) and Ã3(α, γ, k). Put

pα(x) :=
1

α
P0{Xeα ∈ dx}/dx.

Then ∫ ∞

−∞
dx eiθxαpα(x) = E0[eiθXeα ]

= α

∫ ∞

0
dt e(G(iθ)−α)t =

α

α−G(iθ)

(17)

for |θ| either small or large enough such that the real part of G(iθ) − α is negative. With a
partial fraction decomposition we get that

pα(x) =
2

σ2

(
(η1 − β1)(η2 + β1)

(β2 − β1)(β3 + β1)(β4 + β1)
e−β1x +

(η1 − β2)(η2 + β2)

(β1 − β2)(β3 + β2)(β4 + β2)
e−β2x

)
1{x≥0}

+
2

σ2

(
(η1 + β3)(η2 − β3)

(β1 + β3)(β2 + β3)(β4 − β3)
eβ3x +

(η1 + β4)(η2 − β4)

(β1 + β4)(β2 + β4)(β3 − β4)
eβ4x

)
1{x≤0}.

Proposition 6.1. For x > 0 we have

A1(α, γ, x, dy) = A1(α, γ, x, y)dy

where ∫ ∞

0
dγ e−βγA1(α, γ, x, y) = pr+α+β ∗ pr+α(y − x)− Γ∗

1(r + α+ β, x) pr+α+β ∗ pr+α(y)

− Γ∗
2(r + α+ β, x)

∫ ∞

0
du η2e

−η2u pr+α+β ∗ pr+α(u+ y)

(18)

and pr+α+β ∗ pr+α denotes the convolution of the two functions.

Proof. At first, note that

A1(α, γ, x, dy) := Ex[e−reα ; τγ < ν−0 ∧ eα, Xeα ∈ dy]/α

= Ex[e−reα ; γ < ν−0 ∧ eα, Xeα ∈ dy]/α

= Ex[e−reα ; γ < eα, Xeα ∈ dy]/α

− Ex[e−reα ; ν−0 < γ < eα, Xeα ∈ dy]/α.

(19)

For the Laplace transform of the first expectation we get with conditioning on Xγ∫ ∞

0
dγ e−βγ

∫ ∞

γ
dt e−αt Ex[e−rt;Xt ∈ dy]

=

∫ ∞

0
dγ e−(r+α+β)γ

∫ ∞

−∞
Px{Xγ ∈ du}

∫ ∞

0
dt e−(r+α)t Pu{Xt ∈ dy}

=

∫ ∞

−∞
du pr+α+β(u− x)pr+α(y − u)dy

=

∫ ∞

−∞
du pr+α+β(u)pr+α(y − x− u)dy
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and for the Laplace transform of the second expectation we get with conditioning on Xν−0

Ex[e−reα ; ν−0 < eβ < eα, Xeα ∈ dy]/αβ

=

∫ ∞

0
dγ e−βγ

∫ ∞

γ
dt e−αte−rt Px{ν−0 < γ,Xt ∈ dy}

=

∫ ∞

0
dγ e−βγ

∫ ∞

γ
dt e−(r+α)t

∫ γ

0
Px{ν−0 ∈ dl,Xν−0

= 0}
∫ ∞

−∞
P0{Xγ−l ∈ dv}Pv{Xt−γ ∈ dy}

+

∫ ∞

0
dγ e−βγ

∫ ∞

γ
dt e−(r+α)t

∫ 0

−∞

∫ γ

0
Px{ν−0 ∈ dl,Xν−0

∈ du}

×
∫ ∞

−∞
Pu{Xγ−l ∈ dv}Pv{Xt−γ ∈ dy}

=

∫ ∞

0
dγ e−(r+α+β)γ

∫ γ

0
Px{ν−0 ∈ dl,Xν−0

= 0}
∫ ∞

−∞
P0{Xγ−l ∈ dv}

∫ ∞

0
dt e−(r+α)t Pv{Xt ∈ dy}

+

∫ ∞

0
dγ e−(r+α+β)γ

∫ 0

−∞

∫ γ

0
Px{ν−0 ∈ dl,Xν−0

∈ du}
∫ ∞

−∞
Pu{Xγ−l ∈ dv}

×
∫ ∞

0
dt e−(r+α)t Pv{Xt ∈ dy}

=

∫ ∞

0
e−(r+α+β)γ Px{ν−0 ∈ dγ,Xν−0

= 0}
∫ ∞

−∞
dv pr+α+β(v)pr+α(y − v)dy

+

∫ 0

−∞

∫ ∞

0
e−(r+α+β)γ Px{ν−0 ∈ dγ,Xν−0

∈ du}
∫ ∞

−∞
dv pr+α+β(v − u)pr+α(y − v)dy,

where for the last equality we apply integration by parts and the Laplace transform to convo-
lutions of functions. �

We hence (after integration with respect to y) have obtained the Laplace transform w.r.t.
γ of the first term in (15). However, this expression is quite involved and in view of Remark
4.4 we instead consider the following simpler Laplace transform that on the domain {γ < T}
corresponds to the same original function and hence leads to a simplification of the numerical
procedure of Laplace inversion. Mimicking the proof of Proposition 6.1 we obtain

Proposition 6.2.

β

∫ ∞

0
dγ e−βγ Ex[e−reα ; eα ∧ τγ < ν−0 , Xeα ∈ dy]/α

= pr+α(y − x)− Γ∗
1(r + α+ β, x)pr+α(y)

− Γ∗
2(r + α+ β, x)

∫ ∞

0
du η2e

−η2upr+α(u+ y).

Remark 6.1. Lemma 6.1 together with (6), (11) and (12) shows that Lα,γ(x, dy) = Lα,γ(x, y)dy
and Iα,γ(dy) = Iα,γ(y)dy. �
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Remark 6.2. pα1 ∗ pα2(x) is given by

pα1 ∗ pα2(x) = 1{x≥0}

(
A1,1

α1,α2
e−β

α1
1 x +A1,2

α1,α2
e−β

α1
2 x +A2,1

α1,α2
e−β

α2
1 x +A2,2

α1,α2
e−β

α2
2 x
)

+ 1{x≤0}

(
A1,3

α1,α2
eβ

α1
3 x +A1,4

α1,α2
eβ

α1
4 x +A2,3

α1,α2
eβ

α2
3 x +A2,4

α1,α2
eβ

α2
4 x
)
,

where βαi
i denote the absolute values of the roots of G(x) = αi (cf. (1)), for j ∈ {1, 2}

Ai,j
α1,α2

=
2

σ2(α3−i − αi)

(η1 − βαi
j )(η2 + βαi

j )

(βαi
3−j − βαi

j )(βαi
3 + βαi

j )(βαi
4 + βαi

j )
,

and for j ∈ {3, 4}

Ai,j
α1,α2

=
2

σ2(α3−i − αi)

(η1 + βαi
j )(η2 − βαi

j )

(βαi
1 + βαi

j )(βαi
2 + βαi

j )(βαi
7−j − βαi

j )
.

�
It follows that∫ ∞

0
dγ e−βγA2(α, γ, y) = lim

ε→0+
Γ1(r + α, ε)

∫ ∞

0
dγ e−βγA1(α, γ, ε, y)/ε

= lim
ε→0+

∫ ∞

0
dγ e−βγA1(α, γ, ε, y)/ε

= −(pr+α+β ∗ pr+α)
′(y) + Λ∗

1(r + α+ β) pr+α+β ∗ pr+α(y)

− Λ∗
2(r + α+ β)

∫ ∞

0
du η2e

−η2u pr+α+β ∗ pr+α(u+ y)

and ∫ ∞

0
dγ e−βγA3(α, γ, y) =

∫ ∞

0
dx η1e

−η1x pr+α+β ∗ pr+α(y − x)

− Γ̂∗
1(r + α+ β, η1) pr+α+β ∗ pr+α(y)

− Γ̂∗
2(r + α+ β, η1)

∫ ∞

0
du η2e

−η2u pr+α+β ∗ pr+α(u+ y).

Since pr+α+β ∗ pr+α(y) is a mixture of exponential distributions, we can evaluate the corre-
sponding integrals explicitly. At first we find expressions for∫ ∞

−∞
dy (ey − k)+pr+α+β ∗ pr+α(y).

This reduces to the integrals∫ ∞

0
dy e−βy(ey − k)+ =

k + (1− k)+β

β(β − 1)
e−β(log(k))+ ,

and ∫ 0

−∞
dy eβy(ey − k)+ =

(
1− kβ+1

β + 1
− k − kβ+1

β

)
1{k<1}.

To evaluate ∫ ∞

−∞
dy (ey − k)+(pr+α+β ∗ pr+α)

′(y),
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we have to evaluate the same integrals.
Next we consider ∫ ∞

−∞
dy (ey − k)+pr+α+β ∗ pr+α(y − x).

This leads to the integrals∫ ∞

x
dy e−β(y−x)(ey − k)+ = eβx

(
1

β − 1
e−(β−1)(log(k)∨x) − k

β
e−β(log(k)∨x)

)
and ∫ x

−∞
dy eβ(y−x)(ey − k)+ = e−βx

(
e(β+1)x − k(β+1)

β + 1
− eβxk − kβ+1

β

)
1{log(k)<x}.

Further we have to evaluate∫ ∞

−∞
dy

∫ ∞

0
du η2e

−η2upr+α+β ∗ pr+α(u+ y)(ey − k)+,

which, with (x)− = max(0,−x), leads to the integrals∫ ∞

−∞
dy

∫ ∞

(−y)+
du η2e

−η2ue−β(u+y)(ey − k)+

=
η2(1− e−(η2+1)(log(k))−)

(β − 1)(η2 + 1)
− k(1− e−η2(log(k))−)

β
+

η2e
−(η2+β)(log(k))−

η2 + β

k1−β

(β − 1)β

and∫ ∞

−∞
dy

∫ (−y)+

0
du η2e

−η2ueβ(u+y)(ey − k)+

= I{k<1}

(
η2(1− kη2+1)

(β + 1)(η2 + 1)
− η2(k

β+1 − kη2+1)

(β + 1)(η2 − β)
− k(1− kη2)

β
+

kη2(k
β − kη2)

β(η2 − β)

)
.

At last consider ∫ ∞

−∞
dy

∫ ∞

0
dx η1e

−η1xpr+α+β ∗ pr+α(y − x)(ey − k)+,

which leads to the integrals∫ ∞

0
dy

∫ y

0
dx η1e

−η1xe−β(y−x)(ey − k)+ = η1
1− e−(η1−β)(log(k))+

η1 − β

k1−β

β(β − 1)

+
η1e

−(η1−1)(log(k))+

(β − 1)(η1 − 1)
− ke−η1(log(k))+

β

and∫ ∞

−∞
dy

∫ ∞

y+
dx η1e

−η1xeβ(y−x)(ey − k)+ =
η1e

−(η1−1)(log(k))+

(β + 1)(η1 − 1)
− ke−η1(log(k))+

β

+
η1e

−(η1+β)(log(k))++(β+1) log(k)

β(β + 1)(η1 + β)
.
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7. A particular case: Geometric Brownian motion

In this section we show that for λ = 0 the Laplace transforms w.r.t. γ can be inverted
explicitly and indeed reduce to the expressions for Lα,γ(x, y) obtained by Chesney et al. [10,
Sec.5]. Indeed, since then G(θ) = σ2/2θ2 + µθ the roots are

βα
1 = −

√
µ2 + 2σ2α+ µ

σ2
and βα

2 =

√
µ2 + 2σ2α− µ

σ2
.

We get

Γ1(α, b) = e−βα
2 b = e−

√
µ2+2σ2α−µ

σ2 b,

Γ̂1(α, s) =
sσ2

sσ2 − µ+
√

µ2 + 2σ2α
,

Λ1(α) = βα
2 =

√
µ2 + 2σ2α− µ

σ2

and

Γ2(α, b) = Λ2(α) = 0.

For x < 0 we get, similarly to equation (5),

Lα,γ(x, y) = Γ1(r + α,−x)Lα,γ(0, y),

and for x > 0, similarly to equation (6),

Lα,γ(x, y) = A1(α, γ, x, y)− Ex
[
e−(r+α)ν−0 ; ν−0 < γ

]
Lα,γ(0, y).

For the derivative at x = 0 we get

Λ1(r + α)Lα,γ(0, y) = A2(α, γ, y)− lim
ε→0

1− Eε
[
e−(r+α)ν−0 ; ν−0 < γ

]
ε

Lα,γ(0, y).

In this case the Laplace transforms of the involved terms are given by∫ ∞

0
dγ e−βγA1(α, γ, x, y) = pr+α+β ∗ pr+α(y − x)− Γ∗

1(r + α+ β, x)pr+α+β ∗ pr+α(y),

∫ ∞

0
dγ e−βγA2(α, γ, y) = −(pr+α+β ∗ pr+α)

′(y) + Λ∗
1(r + α+ β)pr+α+β ∗ pr+α(y)

and

β

∫ ∞

0
dγ e−βγ Ex

[
e−(r+α)ν−0 ; ν−0 < γ

]
= Γ∗

1(r + α+ β, x),

β

∫ ∞

0
dγ e−βγ lim

ε→0

1− Eε
[
e−(r+α)ν−0 ; ν−0 < γ

]
ε

= Λ∗
1(r + α+ β, x),
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where

pr+α+β ∗ pr+α(x) =

 2

σ2β
(
βr+α
2 − βr+α

1

)e−βr+α
2 x − 2

σ2β
(
βr+α+β
2 − βr+α+β

1

)e−βr+α+β
2 x

 1{x>0}

+

 2

σ2β
(
βr+α
2 − βr+α

1

)e−βr+α
1 x − 2

σ2β
(
βr+α+β
2 − βr+α+β

1

)e−βr+α+β
1 x

 1{x<0}.

It follows that∫ ∞

0
dγ e−βγA2(α, γ, y) =

(
Λ1(r + α) + Λ∗

1(r + α+ β)

β
√

µ2 + 2σ2(r + α)
exp

(
µ−

√
µ2 + 2σ2(r + α)

σ2
y

)

− 2

βσ2
exp

(
µ−

√
µ2 + 2σ2(r + α+ β)

σ2
y

))
1{y>0}

+
βr+α
1 + Λ∗

1(r + α+ β)

β
√

µ2 + 2σ2(r + α)
exp

(
µ+

√
µ2 + 2σ2(r + α)

σ2
x

)
1{y<0}.

With some effort, one can then show that the inverse Laplace transforms of the above expressions
indeed coincides with the terms given in Chesney et al. [10, p.174-175]1.

8. A particular case: Compound Poisson model with upward exponential jumps

In this section we assume that µ < 0, σ = 0, p = 1 and that −µ > λ/η1, which means
that we have a drift to −∞. This corresponds to the process considered by other techniques
in Dassios and Wu [13], so that we can compare the two methods (note that [13] deals with
a down-and-in option in a model with downward jumps, which corresponds to our up-and-in
option in the model with upward jumps). In [13], at first an expression (containing an integral
over a modified Bessel function) for E[e−βXeα1{τγ<eα}|X0 = x, x < 0] is provided. If h(y, x, γ)
denotes the inverse of this Laplace transform, then the Laplace transform (with respect to
maturity time T ) of the option price is given by∫ − log(k)

−∞
dy (e−y − k)+h(y, x, γ).

So essentially [13] proposes to first take the double Laplace transform w.r.t. T and y, then
numerically invert it and finally integrate the result w.r.t. y to obtain the option price.
On the other hand, our approach (applied to this model) avoids the integral over the modified
Bessel for the double-Laplace transform; furthermore the needed integration w.r.t. y can be
done explicitly before numerically inverting the double Laplace transform w.r.t. γ and T .
For the compound Poisson model with upward exponential jumps the Laplace transforms w.r.t.
γ can not be inverted explicitly as in the pure diffusion case of Section 7, but nevertheless the
formulas simplify significantly. In particular we get that

G(θ) = θµ+ λ

(
η1

η1 − θ
− 1

)
1Note that there is a typographical error in [10], namely by the definition of Kλ,D(a) on page 174, the

resulting formula has to be multiplied by D; further a has to be replaced by −a.
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which leads to the two roots

βα
1 =

α+ λ+ µη1 +
√

(α+ λ− µη1)2 + 4µη1λ

2µ

βα
2 =

α+ λ+ µη1 −
√

(α+ λ− µη1)2 + 4µη1λ

2µ

With p → 1 and σ → 0 we get (cf. [17] for a direct derivation)

Γ∗
1(α, b) = eβ

α
1 b = exp

{α+ λ+ µη1 +
√

(α+ λ− µη1)2 + 4µη1λ

2µ
b
}
,

Γ̂∗
1(α, s) =

s

s− βα
1

=
2µs

2µs−
(
α+ λ+ µη1 +

√
(α+ λ− µη1)2 + 4µη1λ

) ,
and

Γ2(α, b) =

(
1− βα

2

η1

)
e−βα

2 b,

Γ̂2(α, s) =

(
1− βα

2

η1

)
s

s+ βα
2

.

For x ≤ 0 we get, similarly to equation (5),

Lα,γ(x, y) = Γ2(r + α,−x)Iα,γ(y),

and for x > 0, similarly to (6),

Lα,γ(x, y) = A1(α, γ, x, y) + Ex
[
e−(r+α)ν−0 ; ν−0 < γ

]
Lα,γ(0, y).

Equation (7) reads

Iα,γ(y) = A3(α, γ, y) +

∫ ∞

0
dx η1e

−η1xEx
[
e−(r+α)ν−0 ; ν−0 < γ

]
Lα,γ(0, y).

It follows that

Lα,γ(0, y) =
A3(α, γ, y)

1
Γ2(r+α,0) −

∫∞
0 dx η1e−η1xEx

[
e−(r+α)ν−0 ; ν−0 < γ

] .
For the involved terms, we get the Laplace transforms∫ ∞

0
dγ e−βγA1(α, γ, x, y) = pr+α+β ∗ pr+α(y − x)− Γ∗

1(r + α+ β, x)pr+α+β ∗ pr+α(y),∫ ∞

0
dγ e−βγA3(α, γ, y) =

∫ ∞

0
dxη1e

−η1xpr+α+β ∗ pr+α(y − x)− Γ̂∗
1(r + α+ β, η1)pr+α+β ∗ pr+α(y),

β

∫ ∞

0
dγ e−βγEx

[
e−(r+α)ν−0 ; ν−0 < γ

]
= Γ∗

1(r + α+ β, x),

β

∫ ∞

0
dγ

∫ ∞

0
dx η1e

−η1xe−βγ Ex
[
e−(r+α)ν−0 ; ν−0 < γ

]
= Γ̂∗

1(r + α+ β, η1),
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where

pr+α+β ∗ pr+α(x) =

(
η1 − βα+r

2

−µβ(βr+α
2 − βr+α

1 )
e−βr+α

2 x − η1 − βα+r+β
2

−µβ(βr+α+β
2 − βr+α+β

1 )
e−βr+α+β

2 x

)
1{x>0}

+

(
η1 − βα+r

1

−µβ(βr+α
2 − βr+α

1 )
e−βr+α

1 x − η1 − βα+r+β
1

−µβ(βr+α+β
2 − βr+α+β

1 )
e−βr+α+β

1 x

)
1{x<0}.

Similarly to [13] we get that the inverse Laplace transform of
1

β
Γ̂∗
1(r + α+ β, η1) = − 2µη1

β
(
r + α+ β + λ− µη1 +

√
(r + α+ β + λ− µη1)2 + 4µη1λ

)
is given by

−
∫ γ

0
dx

η1µ

x
√
−η1λµ

e−x(r+α+λ−µη1)I1

(
2x
√

−η1λµ
)
,

where I1(x) denotes the modified Bessel function of the first kind ([2, p. 374]). Note that this
corresponds to P̃ (r + α) in [13, p.6].
We will now show that our approach is consistent with the one of Dassios and Wu [13]. For this
purpose, we first take the Laplace form w.r.t. y and then invert the result w.r.t. γ to obtain the
corresponding expression of [13]. Concretely, let us hence look for the inverse Laplace transform
w.r.t. β of the double Laplace transform∫ ∞

−∞
dy e−sy

∫ ∞

0
dγ e−βγA3(α, γ, y), −βα

2 < s < −βα
1 .

We start with the inverse of
∫∞
0 dx η1e

−η1xpr+α+β ∗ pr+α(y − x). Note first that∫ ∞

−∞
dy e−sy

∫ ∞

0
dx η1e

−η1x η1 − β2
−µβ(β2 − β1)

e−β2(y−x)1{y−x>0}

+

∫ ∞

−∞
dy e−sy

∫ ∞

0
dx η1e

−η1x η1 − β1
−µβ(β2 − β1)

e−β1(y−x)1{y−x<0} =
η1

µβ(s+ β1)(s+ β2)
.

Hence we have to find the inverse Laplace transform of
η1

µβ
(
s+ βr+α+β

1

)(
s+ βr+α+β

2

) =
η1

β (µs2 + s(α+ r + β + λ+ µη1) + (α+ r + β)η1)
,

which is given by

η1
µs2 + s(α+ r + λ+ µη1) + (α+ r)η1

×
(
1− exp

(
−γ(sα+ αη1 + r(s+ η1) + sλ+ s(s+ η1)µ)

s+ η1

))
.

Further we have to find the inverse of Γ̂∗
1(r + α+ β, η1)pr+α+β ∗ pr+α(y). Note that∫ ∞

−∞
dy e−sy

(
η1 − β2

−µβ(β2 − β1)
e−β2y1{y>0} +

η1 − β1
−µβ(β2 − β1)

e−β1y1{y<0}

)
=

s+ η1
µβ(s+ β1)(s+ β2)

.
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Hence we have to find the inverse Laplace transform of

Γ̂∗
1(r + α+ β, η1)

s+ η1
β (µs2 + s(α+ r + β + λ+ µη1) + (α+ r + β)η1)

,

which is given by

− η1 + s

µs2 + s(α+ r + λ+ µη1) + (α+ r)η1

(∫ γ

0
dx

η1µ

x
√
−η1λµ

e−x(r+α+λ−µη1)I1

(
2x
√

−η1λµ
)

− exp

(
−γ(sα+ αη1 + r(s+ η1) + sλ+ s(s+ η1)µ)

s+ η1

)
×
∫ γ

0
dx

η1µ

x
√
−η1λµ

e
−x

(
λ

η1
η1+s

−(η1+s)µ
)
I1

(
2x
√

−η1λµ
))

.

This eventually gives the Laplace transform of A3 with respect to y:∫ ∞

−∞
dy e−syA3(α, γ, y) =

(η1 + s) exp
(
−γ(sα+αη1+r(s+η1)+sλ+s(s+η1)µ)

s+η1

)
µs2 + s(α+ r + λ+ µη1) + (α+ r)η1

×
(

η1
η1 + s

−
∫ γ

0
dx

−η1µ

x
√
−η1λµ

e
−x

(
λ

η1
η1+s

−(η1+s)µ
)
I1

(
2x
√

−η1λµ
))

.

Note that

1

α
Ex[e−sXeα ; τγ < eα] =

Γ2(α,−x)
∫∞
−∞ dy e−syA3(α, γ, y)

1− Γ2(α, 0)
∫∞
0 dx η1e−η1xEx

[
e−(r+α)ν−0 ; ν−0 < γ

] .
Dassios and Wu [13] express this formula in a slightly different way, but the two expressions
can be reconciled: In [13] one has for x < 0 (in our notation)

1

α
Ex[e−sXeα ; τγ < eα] =

e−sx

α+ λs/(η1 + s) + µs
E
[
exp

(
−
(
α− λ

(
η1

η1 + s
− 1

)
+ µs

)
τ∗γ

)]
=

1

α+ λs/(η1 + s) + µs

η1 + s+ ν−β∗

η1 + s
e
−β∗γ−xν−

β∗−sx P
∗
21(γ)

1− P̂ ∗
12(β

∗)P̃ ∗
21(β

∗)
,

where τ∗γ is the stopping time for a process with c∗ = c, η∗1 = η1 + s and λ∗ = λη1/(η1 + s) and

ν−β∗ =−

√(
−µ(η1 + s) +

(
α− λ

(
η1

η1+s − 1
)
+ µs

)
+ λ η1

η1+s

)2
+ 4µλη1

−2µ

−

(
−µ(η1 + s)−

(
α− λ

(
η1

η1+s − 1
)
+ µs

)
− λ η1

η1+s

)
−2µ

=

√
(α+ λ− µη1)

2 + 4µλη1 − α− λ− µη1

2µ
− s = −βα

2 − s

with

P̂ ∗
12(β

∗) =
η1 + s+ ν−β

η1 + s
=

(
1− βα

2

η1

)
η1

η1 + s
= Γ2(α, 0)

η1
η1 + s
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and

P̃ ∗
21(β

∗) =
η1 + s

η1

∫ γ

0
dt

−µη1√
−µλη1

e−(α+λ−µη1)tt−1I1

(
2t
√

−µλη1

)
.

It follows that

P̂ ∗
12(β

∗)P̃ ∗
21(β

∗) = Γ2(r + α, 0)

∫ ∞

0
dx η1e

−η1xEx
[
e−(r+α)ν−0 ; ν−0 < γ

]
.

In [13] it is shown that

P
∗
21(γ) = 1− η1 + s

η1

∫ γ

0
dt

−µη1√
−µλη1

e
−
(
λ

η1
η1+s

−µ(η1+s)
)
t
t−1I1

(
2t
√
−µλη1

)
and

η1 + s+ ν−β∗

η1 + s
e
−β∗γ−xν−

β∗−sx
=

η1 − βα
2

η1 + s
exβ

α
2 exp

(
−γ

(
α− λ

(
η1

η1 + s
− 1

)
+ µs

))
= Γ2(α,−x)

η1
η1 + s

exp

(
−γ

(η1 + s)α+ λs+ µs(η1 + s)

η1 + s

)
.

So it just remains to show that
1

α+ λs/(η1 + s) + µs
=

(η1 + s)

µs2 + s(α+ λ+ µη1) + αη1
,

but the latter follows from simple algebraic computations.

9. Numerical example

We now provide a numerical illustration to show the effectiveness of the resulting procedure
to obtain the price of the Parisian option. Concretely, we collect the terms in formula (15) for
the Laplace transform of the option price w.r.t. T obtained in the paper, which are given either
directly or in terms of their Laplace transforms w.r.t. γ. We first numerically invert these latter
Laplace transforms and use the results to finally perform the numerical Laplace transform w.r.t.
T of (15).
Assume the barrier L = 90 and parameters k = 95, T = 1, µ = 0.05, σ = 0.2, λ = 4,
η1 = η2 = 10, p = 17/40 and r = 493/9900 ≈ 0.049798. As Bernard et al. [5] who deal with
the diffusion case, we use different values of γ and starting capital S0. Figure 1 depicts some
paths of the resulting asset process with S0 = 80. In Figure 2 we provide a plot of the option
price for different values of γ and S0. We can see that the option price is monotone decreasing
in γ and monotone increasing in S0. In Table 1 we give option prices for different values of γ
and S0, where we used the GWR method of Abate and Valko (cf. [1]) for the calculation of
the inverse Laplace transform, which consists of the Gaver-Stehfest algorithm together with a
special error extrapolation. The algorithm is a numerical approximation of the Post-Widder
inversion formula for Laplace transforms and hence has the advantage that we only need to
know the Laplace transform for real-valued arguments. A disadvantage of this method is that
we have to use multi-precision calculations to avoid numerical instability. Since we have to use
two successive Laplace inversions, the inner inversion has to provide very accurate results, as it
is used as an input for the outer inversion. The GWR algorithm uses two parameters: a param-
eter M which controls the number of points at which the Laplace transform is evaluated and
a parameter precin which specifies the working precision (in digits). The following parameters
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Figure 1. Some sample paths

work quite well for the considered problem: Mi = 41 and precin = 94.5 for the inner inversion
and Mo = 15 and precin = 33 for the outer inversion (a Mathematica implementation of this al-
gorithm can e.g. be found at http://library.wolfram.com/infocenter/MathSource/4738/).
In Table 2 we give the evaluation time of each price.
One should note that the evaluation time is significantly shorter if S0 is below the barrier (due
to the simpler formula). Furthermore, the evaluation time also decreases with increasing γ,
which is due to the fact that a major part of the evaluation time is used for the determination
of the roots of G(θ) = r + α + β. As for the GWR method one has to evaluate the roots
at r + log(2)(i + j/γ) (where i = 1, . . . , 2Mo and j = 0, . . . , 2Mi), this means that for, say,
γ ∈ {1/360, 1/52} one has to evaluate 2490 different roots, whereas for γ = 3/12 one only has
to evaluate 358 different roots.
To estimate the accuracy of our method, we evaluated the option prices with increased param-
eters for the GWR method. The resulting relative errors are provided in Table 3. We see that
with increasing γ the accuracy of the method is decreasing.
For comparison, we also give simulation results for the Parisian option price under these model
assumptions. We employ 10 million sample paths and a discretization of 1/1000 for the diffusion
(resulting in a simulation time of about 1500 sec for each value). As can be seen from Table
4, the achieved accuracy can then still not compete with the one of the numerical method pro-
posed in this paper, although simulation takes at least 75 times as much computation time (for
possible improvements of the simulation method based on hitting times, see e.g. Anderluh and
van der Weide [3]). Note that the simulation was performed in C++, whereas the numerical
procedure using Laplace inversion was implemented in Mathematica, so that the performance
potential of the numerical method is even higher.
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Figure 2. A plot of the option price with respect to up time and start price
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