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Abstract

This work examines collective decision-making under uncertainty. We model
uncertain social prospects as acts mapping states of nature to (social) outcomes.
A social choice function (or SCF) assigns an act to every profile of subjective
expected utility preferences over acts. A SCF is strategyproof if no agent ever
has an incentive to misrepresent her beliefs about the states of nature or her
valuation of the outcomes; it is ex-post efficient if the act selected at any given
preference profile picks a Pareto-efficient outcome in every state of nature.
We offer a complete characterization of all strategyproof and ex-post efficient
SCFs. The chosen act must pick the most preferred outcome of some (possibly
different) agent in every state of nature. The set of states in which an agent’s
top outcome is selected may vary with the reported belief profile; it is the union
of all states assigned to her by a collection of constant, bilaterally dictatorial,
or bilaterally consensual assignment rules.
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1 Introduction

1.1 The problem

Group decisions are often made under conditions of uncertainty. Nations choose
domestic and foreign policies, firms make investment choices, academic departments
face recruitment and promotion decisions: for all of these examples, a given choice
may yield different possible outcomes and the relative likelihood of these outcomes
cannot be assessed objectively. Following Savage (1954), we model such uncertain
prospects as “acts”, namely, mappings from a set of relevant states of nature into a
set of conceivable outcomes. Because these outcomes matter to all the members of
the group, we speak of social acts.

The choice of a social act ought to be based on the preferences of the members
of the group: the government of a democratic country should serve the interests
of its citizens, the manager of a firm is appointed to make decisions on behalf of its
shareholders, and a department head should take into account her colleagues’ opinions
for recruitment and promotion decisions. The resulting collective decision mechanism
may therefore be modeled as a “social choice function” that asks the group members
(henceforth called the agents) to report their preferences, and recommends an act for
every conceivable preference profile.

Under the assumptions of Savage’s theory, an agent’s preferences over acts are
summarized by the utility she attaches to each conceivable outcome and her sub-
jective beliefs about the likelihood of the various states of nature: she compares
acts according to the subjective expected utility they yield to her. Since prefer-
ences are typically private information, it is important that the social choice function
be incentive-compatible: all agents should always find it best to reveal their pref-
erences truthfully. The purpose of this paper is to understand and describe such
incentive-compatible social choice functions. We focus on the specific property of
strategyproofness, which requires that reporting one’s true preferences be a dominant
strategy. In the current context, this means that an agent should never benefit from
misrepresenting the utility she attaches to the outcomes or her beliefs about the states
of nature.

Incentive compatibility is a central theme of the mechanism design literature. The
specificity of the problem studied in this paper arises from the fact that subjective
expected utility preferences form a highly restricted (and structured) domain.! The
Gibbard-Satterthwaite theorem (Gibbard (1973), Satterthwaite (1975)) does not ap-
ply and, as we shall see, non-dictatorial social choice functions do indeed exist.

'With two states of nature and three outcomes, there are 362 880 linear preference orderings over
the 9 possible acts, of which only 96 are of the subjective expected utility type.



1.2 Related work

Rather surprisingly, the problem of describing the class of strategyproof social choice
functions under uncertainty has been overlooked by the literature. The related work
may be divided in three strands. The first strand belongs to the field of statistics.
It is concerned with the problem of eliciting an agent’s assessment of the likelihood
of uncertain events. The best known incentive-compatible elicitation procedures are
the proper scoring rules of McCarthy (1956) and Savage (1971); see Gneiting and
Raftery (2007) for a survey of the literature on the topic. Other procedures include
de Finetti’s (1974) promissory notes method and Karni’s (2009) direct revelation
mechanism. These methods do not elicit the agent’s valuation of the outcomes and
do not address the social choice problem of selecting an act based on the preferences
of several agents.

The second and most closely related strand studies strategyproofness in the con-
text of risk, that is, when society chooses lotteries rather than acts. The seminal
contribution is due to Gibbard (1977), who analyzes social choice rules asking agents
to report their preferences over sure outcomes only. Hylland (1980), Dutta, Peters
and Sen (2007, 2008), and Nandeibam (2013) allow agents to report full-fledged von
Neumann-Morgenstern preferences over lotteries. A central finding in this literature
is that every strategyproof and ex-post efficient social choice function is a random dic-
tatorship. Ex-post efficiency requires that the chosen lottery attach zero probability
to every Pareto-dominated sure outcome. A random dictatorship selects each agent’s
most preferred outcome with a probability that does not depend on the reported
preference profile.

Finally, let us mention that the issue of preference aggregation under uncertainty
has received a good deal of attention: see Hylland and Zeckhauser (1979), Mongin
(1995), Gilboa, Samet and Schmeidler (2004), Chambers and Hayashi (2006), and
Gilboa, Samuelson and Schmeidler (2014), among others. This literature, which is
normative in nature, is not concerned with the incentive-compatibility issue and is
therefore only tangentially related to our work. It shows that aggregation of pref-
erences under uncertainty is problematic; it also questions the desirability of Pareto
efficiency (and proposes weakened versions) when individual beliefs differ.

1.3 Our contribution

In line with the literature on strategyproofness under risk —and primarily for reasons of
tractability— we restrict attention to social choice functions that are ex-post efficient.
Under uncertainty, ex-post efficiency means that the act selected at a given preference
profile should recommend a Pareto efficient outcome in every state of nature. This
does not imply that the chosen act is Pareto efficient. The theorem in this paper
offers a complete characterization of all strategyproof and ex-post efficient social



choice functions.?

We begin by proving that every such function must be a top selection: at every
preference profile, the chosen act must pick in each state of nature the most preferred
outcome of some agent (possibly picking different agents in different states). A top
selection is fully characterized by its associated assignment rule determining in which
states of nature each agent dictates the outcome.

We then describe which assignment rules do generate strategyproof social choice
functions. Constant assignment rules are one first obvious possibility; the social
choice functions they generate are analogous to the random dictatorships identified
in the literature on strategyproof choice of lotteries.

But, in contrast to the findings in that literature, there exist more flexible rules.
It turns out that if the agents’ valuations cannot be used in assigning states, their
beliefs can. To some extent, the mechanism designer can exploit the differences in
subjective probabilities to make sure that each agent selects the outcome in states
that she finds relatively more likely.

This can be done in two primitive ways, which turn out to constitute the building
blocks of all ex-post efficient strategyproof social choice functions. A bilaterally dicta-
torial assignment rule lets one agent, say 1, choose from an exogenous menu of events
(i.e., subsets of states of nature) the one she considers most likely — leaving the com-
plementary event to some other predetermined agent, say 2. The corresponding social
choice function then picks 1’s top outcome in the event she declared most likely, and
2’s top outcome otherwise. Under a bilaterally consensual assignment rule, the state
space is exogenously partitioned into two events. The first is tentatively assigned to,
say, agent 1, and its complement is assigned to, say, 2. However, if agent 1 reports
that the second event is more likely than the first and agent 2 reports the opposite
belief, they exchange events. The social choice function picks an agent’s reported top
outcome in every state that the bilaterally consensual assignment rule has assigned
to her.

As a toy illustration of the social choice functions just described, consider the
following problem. A small economics department consisting of two members 1,2 is
searching for a microeconomist. In an effort to develop experimental research, the
university plans to set up a laboratory. But there is no guarantee that this intention
will materialize, and this is the only source of uncertainty faced by the department:
in state of nature no the lab is not built; and in state of nature yes the lab is built. A
candidate must be hired before this uncertainty is resolved. The recruitment process

2The importance of our theorem lies in the fact that it provides a description of all strategyproof
and ex-post efficient social choice functions under subjective expected utility, which was crucially
missing from the literature. We leave it to the reader to assess whether these social choice functions
are appealing. To put them in perspective, recall that, in a deterministic world, the Gibbard-
Satterthwaite theorem states that every strategyproof social choice function whose range contains
more than two alternatives must be dictatorial.



may yield two possible outcomes:® publications in the field of experimental economics
E; or in microeconomic theory 7. Four candidates are available, and each can be
described as an act — a mapping from {no, yes} to {E,T}. The pure experimentalist
is the constant map (E, E) producing experimental publications in both states of
nature. The pure theorist is the constant map (7,T). The flexible microeconomist
is (E,T): she will publish experimental work if the lab is built and theoretical work
otherwise. The candidate (7', E) is the paradoxical candidate (a theorist with excellent
experimental collaborators): she will publish experimental work if the lab is not built,
and theoretical work if it is built.

An example of constant assignment rule would be to assign state no to agent
1 and yes to 2. The candidate recruited by the social choice function based on this
assignment rule only depends on the agents’ preferences regarding the outcomes E, T
At any profile where both prefer E to T, the experimentalist will be hired. If both
prefer T to E, the theorist will be hired. If 1 prefers £ to T and 2 prefers T' to F,
the flexible microeconomist (E,T') will be hired, while the paradoxical candidate will
be recruited if 1 prefers T" to £ and 2 prefers E to T.

An example of bilaterally dictatorial rule would be to assign to agent 1 whichever
state she finds more likely, and the other state to agent 2. The candidate recruited by
the social choice function based on this assignment rule depends on the preferences
of agents 1 and 2 regarding the outcomes E, T, as well as on the beliefs of agent 1. If,
for instance, 1 prefers E to T" and 2 prefers T' to E, then the flexible microeconomist
will be hired if 1 believes that the lab will be built, but the paradoxical candidate
will be recruited if 1 believes that the lab will not be built.

We leave it to the reader to construct a social choice function based on a bilaterally
consensual assignment rule. Notice that the chosen candidate will then depend upon
the beliefs of both agents. Similar examples can be constructed to illustrate our rules
in the case of presidential elections, decision-making by a board of directors, etc.

Under the basic social choice functions described above, only two agents have a say
in the final decision. But such social choice functions can be combined as follows to
allow more (and sometimes all) agents to take part in the decision. Fix an exogenous
partition of the state space into events. For each event belonging to that partition,
choose a (possibly different) pair of agents. Use a constant, bilaterally dictatorial, or
bilaterally consensual “sub-rule” to assign the states belonging to that event on the
basis of these two agents’ conditional beliefs over these states. Compute the overall
event assigned to an agent by taking the union of the events assigned to her by all

3 Although our theorem assumes the existence of at least three outcomes, the social choice func-
tions we identify are strategyproof and ex-post efficient regardless of this assumption.

41f the lab is not built, her connections with other experimentalists allow her to publish in that
field. If the lab is built, the time and effort required (training technicians, recruiting subjects for
experiments, and applying for funding) prevent her from publishing experimental work; but she still
manages to publish theoretical papers.



these assignment sub-rules. Our theorem asserts that every strategyproof and ex-post
efficient social choice function is a top selection based on such a union of constant,
bilaterally dictatorial, or bilaterally consensual assignment sub-rules.

1.4 Further connections with existing work

Two remarks are in order before starting the formal analysis. The first is a point
of (re)interpretation. Assignment rules, which are mappings from profiles of beliefs
into partitions of the state space, are mathematically equivalent to rules for allocat-
ing (valuable) indivisible objects to agents having additively separable preferences
over bundles of objects.? It is easy to see that the assignment rule associated with a
strategyproof and ex-post efficient social choice function must itself be strategyproof:
by misrepresenting her beliefs, an agent cannot obtain an event she considers more
likely than the one she gets by reporting truthfully. When there are only two agents,
a social choice function is strategyproof and ex-post efficient if and only if it is gen-
erated by a strategyproof assignment rule. In that particular case, as a by-product,
our theorem solves the problem of characterizing all strategyproof assignment rules
for allocating indivisible objects between two agents with additively separable prefer-
ences: these rules are precisely the constant, dictatorial, or consensual unions defined
in Section 4. This two-agent result was proved independently by Amanatadis et al.
(2017), who however do not study at all the problem of choosing social outcomes
under uncertainty, nor consider n-agent assignment rules.

The second remark is technical. The set of acts is a Cartesian product, and sub-
jective expected utility preferences over acts are additively separable. It is known
that when individual preferences over a product set of social alternatives are separa-
ble and form a suitably rich domain, strategyproof social choice rules are products
of strategyproof “sub-rules” defined on the marginal profiles of preferences over the
components of the social alternatives. Le Breton and Sen (1999) offer general the-
orems of this type; earlier papers proving variants of the result include Border and
Jordan (1983), Barbera, Sonnenschein and Zhou (1991), and Barbera, Gul and Stac-
chetti (1993). This decomposition property does not hold in our setting. The reason
is that subjective expected utility preferences do not form a rich domain. Le Breton
and Sen’s (1999) richness condition requires that for any collection of admissible pref-
erences over the components of the social alternatives there exists a preference over
the social alternatives which induces marginal preferences over components coinciding
with the ones in that collection. Since in our setting all state-contingent preferences
over outcomes induced by a subjective expected utility preference over acts are iden-
tical, Le Breton and Sen’s condition is violated. It is this lack of richness that makes

SReinterpret states of nature as desirable objects and observe that beliefs define additively sepa-
rable “preferences” over subsets of states. Pépai (2007) studies various subclasses of n-agent strat-
egyproof allocation rules for arbitrary monotonic preferences.



it possible to define non-decomposable rules where beliefs affect the states where an
agent’s top outcome is selected.

2 The model

There is a finite set of agents N = {1,...,n} with n > 2, a finite set of states of
nature €2 with |©2] > 2, and a finite set of outcomes X with |X| > 3. Outcomes are of
interest to all agents. Subsets of ) are called events. An act is a function f € X*.
Agent i’s preference ordering %=; over acts is assumed to be of the subjective expected
utility type: there exist a valuation function v; : X — R and a subjective probability
measure p; on the set of events such that for all f,g € X%,

frige Y p@ulf) 2 pilwgw)).

we weN

We assume, without loss of generality, that v; is normalized: miny v; = 0 < maxyx v; =
1. Note that we write w instead of {w} and ¢ instead of {i}; we will often omit curly
brackets to alleviate notation.

Throughout the paper, we further assume that %=; is a linear ordering. Although
the valuation function v; and the subjective probability measure p; associated with
=; are not determined uniquely,® it is easy to see that if (v;,p;) and (w;,¢;) both
represent =;, then v;, w; generate the same ranking of the outcomes (i.e., v;(a) >
vi(b) < wi(a) > w;(b)) and p;,q; generate the same ranking of the events (i.e.,
pi(E) > pi(E') < ¢(E) > ¢;(E')). Furthermore, the assumption that »=; is a linear
ordering implies that for any (v;,p;) representing »=;, (i) v; is injective and (ii) p;
is injective.” Because p;(#) = 0, it follows from (ii) that p;(w) > 0 for all w € Q.
The linear ordering assumption is reasonable given that the set of acts is finite. We
make it for convenience. Allowing for indifferences would add considerable technical
difficulties (which we explain in Section 7) but is unlikely to bring much insight.

We denote by V the set of (normalized, injective) valuation functions v; and by P
the set of (necessarily positive, injective) measures p;, which we call beliefs. Formally,
the domain of preferences is the set of pairs (v;, p;) that generate a linear ordering of
the set of acts, that is to say,

weN weN

D= {(vi,pi) EVXP:Y pwulf(w) # Y pilw)uilg(w)),Vf,g € X% s.t. f# g} :

6See for instance Haller (1985) for a discussion of this point.

"To see this, suppose (v;,p;) represents =; but p;(E) = p;(E’) for two distinct events E, E’.
Choose two outcomes a,b and consider two acts f, g such that f(w) = g(w') = a, f(w') = g(w) =,
and f(w") =gW") forallw e E\F',w' € E'\ E,and w” € (ENE)U(Q\ (FUE")). But then we
have f ~; g, and this indifference between distinct acts contradicts the linear ordering assumption.



A social choice function (or SCF) is a function ¢ : DV — X% We denote the
ordered list ((vy,p1), .., (Vn; Pn)) € DY by (v, p). In principle, our formulation allows
a SCF ¢ to choose different acts for profiles (v, p) and (v/, p’) that represent the same
profile of preferences (i=1, ..., %=,). Of course, the requirement of strategyproofness
defined below will rule this out. With a slight abuse of terminology, we therefore call
any (v,p) € DN a preference profile. We call v = (vy, ...,v,) € VYV a valuation profile
and p = (p1,...,pn) € PN a belief profile. For every preference profile (v, p) € DV and
every w € ), we denote by (v, p;w) the outcome chosen by the act (v, p) in state
w.

We emphasize that the chosen act is allowed to change when an agent’s valuation
function is replaced with another that generates the same ranking of the outcomes
but a different ordering of the acts: no information about individual preferences is a
priori discarded.

We now define the key incentive-compatibility property we are interested in. De-
note by v_; € V¥V and p_; € PN\ the valuation and belief sub-profiles obtained by
deleting v; from v and p; from p, respectively. A SCF ¢ is strategyproof if, for all
i€ N,all (v,p) € DV, and all (v},p]) € D,

Zpi(w)vi(s&(vyp; w)) = Zpi(w)vi(<p((vz,'7v—i)7 (P} p—i);w))-

weN weN

This means that distorting one’s preference —by misrepresenting one’s valuation func-
tion or one’s beliefs— is never profitable. At every profile (v, p) and for every agent i,
any pair (w;, ¢;) representing the same ordering =; as (v;, p;) is a dominant strategy
in the preference revelation game generated by ¢ at (v, p).

To facilitate the analysis, we impose the auxiliary property of ex-post efficiency.
A SCF ¢ is ex-post efficient if for all (v,p) € DV and all w € Q, there is no xr € X
such that v;(x) > v;(p(v,p;w)) for all © € N. In words, ex-post efficiency says that
a social outcome that all agents value less than some other outcome x should never
be picked. This requirement does not imply that the acts chosen by ¢ are (ex-ante
Pareto) efficient at all preference profiles.

The purpose of this paper is to describe the class of all strategyproof and ex-post
efficient SCF's.

3 A preliminary result: the Top Selection lemma

In this section we show that, as a consequence of strategyproofness and ex-post effi-
ciency, the designer can only pick outcomes that some agents view as their favorite
ones. This requirement is a crucial step, but it is not a characterization result yet
—as it turns out to be insufficient for strategyproofness.



An assignment is an ordered list A = (Aj,..., A,) of subsets of Q such that
A;NA; = 0 whenever ¢ # j, and U;ey A; = Q. We refer to the condition that Ay, ..., 4,
partition 2 as feasibility. Let S denote the set of assignments. An assignment rule
is a function s : PV — S assigning to each belief profile p an assignment s(p) =
(s1(p), .-y Sn(p)). We refer to s;(p), the event assigned to agent i at p, as i’s share.
Note that an agent’s share may be empty.

For all v; € V, let 7(v;) denote the unique maximizer (or top) of v; in X.

Top Selection Lemma. If a SCF ¢ is strategyproof and ex-post efficient, then there
ezists a unique assignment rule s : PN — S such that, for all (v,p) € DN, w € Q,
and 7 € N, we have

w € si(p) = ¢(v,p;w) = 7(v3). (1)

We say that the assignment rule s in (1) is associated with (or generates) ¢; and
we call ¢ a top selection.

The Top Selection lemma really contains two statements. The first is that every
strategyproof and ex-post efficient SCF can only choose acts that pick in every state of
nature some agent’s top outcome. This forbids choosing acts that select “compromise
outcomes”, as illustrated by the following example.

Example 1. Suppose that N = {1,2}, X = {a,b,c} and consider a preference profile
(v,p) such that vi(a) = va(c) = 1, v1(b) = va(b) = .99, and v1(c) = va(a) = 0. The
Top Selection lemma tells us that the natural compromise outcome b cannot be picked
in any state of nature at this profile. The only admissible form of compromise (at a
fized belief profile p) consists in allowing different agents to choose the final outcome
in different states of nature. An obvious corollary is that no strategyproof SCF 1is
(ex-ante Pareto) efficient.

The second statement contained in the Top Selection lemma, is that the set of states
in which an agent’s top outcome is selected depends only upon the profile of beliefs:
the valuation profile v is not an argument of the function s. An immediate corollary
is that a strategyproof and ex-post efficient SCF is tops-only:® if (v,p), (v/,p) € DV
and 7(v;) = 7(v}) for all i € N, then ¢(v,p) = p(v',p). The chosen act depends only
upon the belief profile and the tops of the valuation functions.

The proof of the Top Selection lemma is in Appendix A but it may be worth
sketching the main lines of the argument here. We proceed by induction. First, it is
shown that every two-agent strategyproof and ex-post efficient SCF must be a tops-
only top selection (Lemma 4). We then focus on the case n > 3 and, making use
of the induction hypothesis, we show in Lemma 5 that a strategyproof and ex-post

8The cumbersome term “valuations tops-only” would be more precise: the SCFs identified in
the Top Selection lemma may certainly use more information than just the tops of the preference
orderings =1, ..., =, in the set of acts.



efficient SCF must select top outcomes whenever two agents (or more) report the
same top. Finally, under our two axioms, we show in Lemma 6 that (a) the chosen
act must select only top outcomes (for all preference profiles and in every state);
(b) the tops-only property holds: the decision must remain the same if some agents
change their valuations of any non-top outcomes. It thus follows from these results
that, at each preference profile (v, p), every strategyproof and ex-post efficient SCF
must partition the state space {2 by assigning some event s;(v, p) to each agent i. We
conclude the proof by arguing that, in fact, each agent’s share of the state space does
not vary with the valuation profile v.

It may be worth noting that three consequences of strategyproofness (stated in
Lemmas 1-3) are pervasive in the proof sketched above. The most important one
is the monotonicity property stated in Lemma 2: if the social planner changes the
chosen act as an agent’s valuation of some outcome a increases (all else equal), then
the probability of the event in which the outcome a is picked must increase.

4 Statement of the theorem

As pointed out in Section 3, the Top Selection lemma is not a characterization result
yet. The SCF generated by an assignment rule is ex-post efficient but need not
be strategyproof. Our task is now to determine which assignment rules do indeed
generate a strategyproof SCF.

In order to state our main theorem, we need to extend some of our notation to
subsets of events. Fix ) # Q' C Q. A belief on € is an injective probability measure p;
defined on 2 and the set of beliefs on €' is denoted P(Q); note that P(Q2) = P. An
assignment of £ is an ordered list of non-intersecting subsets of ' that cover 2 and
S(€2) denotes the set of assignments of '; note that S(Q2) = S. An Q'-assignment
rule is a function s : P(Q)N — S(V).

If p; € P, we denote by p; | £ the conditional belief generated by p; on P (),
namely, (p; | V)(A) = pi(A)/p;(Y) for all A C Y. If p € PN, we write p | Q' = (p1 |
o | ).

Three types of assignment rules will be central in our analysis: the constant,
bilaterally dictatorial, and bilaterally consensual rules. An (Y-assignment rule s is
constant if there exists an assignment A of €’ such that s(p) = A for all p € P(Q)V.

A proper covering of €' is a family A of subsets of Q' such that A\ B and B\ A are
nonempty for all distinct A, B € A, UgcaA = @', and Nycg A = (0. For any belief p;
on ', we denote by argmax p; the event maximizing p; in the family A. If 7, j € N are

A

two distinct agents, an {Y-assignment rule s is called (i, j)-dictatorial if there exists
a proper covering A of €' such that s;(p) = argmax p; and s;(p) = Q' \ argmax p; for
A A

all p € P(Y)N. Note that, by feasibility, sx(p) = 0 for all k # i, j and all p. Note also
that, because A is a proper covering of €)', an (7, j)-dictatorial rule s is not constant;

10



moreover, there is no ordered pair (i, j') # (i, 7) for which s is (¢’, j/)-dictatorial. We
call s bilaterally dictatorial if it is (i, j)-dictatorial for some (unlque) ordered pair of
agents (i, 7).

Finally, given nonempty subset A C ', we say that s is (i, j)-consensual (with
default A) if

(Q\ A A) if (' \ A) > p;(A) and p;(A) > p,; (' A),

(si(p), 5j(p)> - { (A, '\ A) otherwise.

Here and throughout the paper, C denotes strict inclusion. Again, feasibility implies
se(p) = 0 for all k& # 4,5 and all p. We call s bilaterally consensual if it is (i, 7)-
consensual for some pair of agents (i, j).

Bilaterally dictatorial and bilaterally consensual rules exploit beliefs in different
ways. The former allow the mechanism designer to extract detailed information about
the beliefs of a single agent; and their range may be large. The latter have only a
binary range but allow the designer to exploit differences in beliefs between agents.

An assignment rule s : 2 — § is a union of constant, bilaterally dictatorial, or
bilaterally consensual rules (or a C-BD-BC union), if there is an exogenous partition
{Qt}thl of Q, and, for each t = 1, ..., T, a constant, bilaterally dictatorial, or bilaterally
consensual f-assignment rule s’ such that

si(p) = Uiy si(p | )

for all p € PV and all i € N. Merging cells of the partition if necessary, we may assume
without loss of generality that there is at most one t for which s is constant and,
for each ordered pair of agents (i,7), at most one ¢ for which s’ is (i, j)-dictatorial.
This is the canonical representation of a C-BD-BC union. Let us use the following
example to illustrate a C-BD-BC union.

Example 2. Suppose that N = {1,2,3}, Q = {wy, wa, w3, w4 }; and define the partition
of the state space 2 by {Qy, Qa} = {{w1,ws}, {ws,ws}}. First, let the Qy-assignment
rule s' be (1,2)-dictatorial with proper covering A = {{w:}, {wa}} —agent 1 picks be-
tween wy and wy, with agent 2 receiving the other state. Second, let the 2s-assignment
rule s* be (2,3)-consensual with default {ws} —agent 2 receives wy and agent 3 re-
ceives ws, unless the two are willing to swap. Then the Q-assignment rule s = s' U s
is a C-BD-BC union characterized by° for any p = (p1, p2,p3) € P,

) if pi(wi) > pi(wa), pa(ws) > pa(ws) and ps(ws) > pa(ws);

) ifpi(wi) > pi(wa) and [pa(ws) < pa(ws) or ps(ws) < ps(ws)l;
woswiwz;wa) if pr(wr) < pi(wz), pa(ws) > pa(wa) and ps3(ws) > p3(ws);

) ifpi(wi) < pi(ws) and [pa(ws) < pa(ws) or ps(ws) < ps(ws)].

s(p) =
(p) =
s(p)
s(p

W1; Walz; Wy

W1, Waldg; W3

~—~ I~

Wo; Wilyg; W3

9To ease on notation, we have removed curly brackets and commas from these four expressions
of s(p). In the top case for example, the rigorous notation should be s(p) = ({w1 }; {w2, w3 }; {wal}).
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At every preference profile (v, p), the SCF generated by s will pick each agent i’s top
T(v;) in all states w € s;(p).

It is not difficult to check that every SCF that is a top selection generated by
some C-BC-BD union is strategyproof and (obviously) ex-post efficient. Our charac-
terization result in the theorem below precisely states that the SCFs of this type are
the only ones satisfying the two axioms.

Theorem. A SCF ¢ is strategyproof and ex-post efficient if and only if it is a top
selection whose associated assignment rule s is a C-BD-BC union.

Note that our assumption |X| > 3 is needed for this result. When there are two
outcomes and an odd number of agents, majority voting between the two constant
acts defines a strategyproof and ex-post efficient SCF.

Remark also that a dictatorial assignment rule —which allows a single agent to
select the assignment that maximizes the subjective probability of her own share (over
the range of the rule)— does not generate a strategyproof SCF if it is not the union
of bilaterally dictatorial sub-rules. The following example illustrates this point.

Example 3. Suppose that N = {1,2,3}, Q = {wy,ws, w3}, X is arbitrary, and define
the assignment rule s : PV — S by

(fwr}, {w2}, {ws}) if argmaxqpr = wi,
s(p1,p2,p3) = ({wa}  {ws}, {wi}) if argmaxgpr = wy,
({ws}, {wi}, {ws}) if argmaxg pr = ws.
Note that s is not a union of bilaterally dictatorial sub-rules [there exist py, p!, p' € P
s.twy € s1(p)) Nse(p]) Nss(pl’)]. To see why the top selection SCF ¢ generated by
s s not strategyproof, consider a preference profile (v,p) such that py(wy) = .52,
pr(we) = .12, p1(ws) = .36, v1(7(v2)) = 1, and v1(7(v3)) = 0. If all agents report their
preferences truthfully, the selected act p(v,p) = (p(v, p;wr), (v, P;ws), e(v, pP;ws)) =
(T(v1), 7(va), T(v3)) yields to agent 1 an expected wutility of .64. If agent 1 reports
(v1, py) with argmaxg, py = ws, the selected act (v, (py, p2,p3)) = (T(v2), 7(v3), 7(v1))
yields an expected utility of .88, which is higher.

A similar example can be constructed to illustrate the importance of bilaterality
for consensual assignment rules. The detailed proof of the characterization result
stated in the theorem is available in Appendices B, C and D. In the following sections,
we offer a description of the key steps of this proof.

5 Proof of the theorem: local bilaterality

As already mentioned, it is easy to check that every SCF generated by a C-BD-BC
union is strategyproof and ex-post efficient. In order to prove the converse state-
ment, given the Top Selection lemma, it suffices to prove that the assignment rule s
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associated with a strategyproof and ex-post efficient SCF ¢ is a C-BC-CD union. In
the current section, we show that s satisfies a strong incentive-compatibility property
—dubbed super-strategyproofness— and we use this property to characterize the local
behavior of s. It turns out that this behavior is bilateral: an elementary change in an
agent’s belief may only affect her own share and that of one other agent.

Call an assignment rule s : PN — S strategyproof if p;(si(p)) > pi(si(p}, p—s)) for
alli € N, p € PV, and p, € P: no agent can increase the likelihood of the event
assigned to her by misrepresenting her belief.

For any assignment A = (Ay,...,4,) € S and any M C N, write Ay = U;enrA;.
Call s super-strategyproof if p;(sy(p)) > pi(sym(pi,p—i)) for all ¢, M such that i €
M C N,all p e PV, and all p, € P: by misrepresenting her belief, an agent can never
increase the likelihood of the event assigned to any group to which she belongs.

For any w € Q and p € PV, it will be convenient to let a,(p) denote the agent to
whom s assigns w at the belief profile p, that is,

a,(p) =1 w € si(p). (2)

Super-strategyproofness Lemma. The assignment rule s associated with a strat-
egyproof and ex-post efficient SCF ¢ is super-strateqyproof.

Proof. Let ¢ be a strategyproof and ex-post efficient SCF and let s be the assignment
rule associated with it through (1). Suppose, by way of contradiction, that there exist
i, M such that i € M C N, p € PV, and p, € P such that p;(sp(p}, p_i)) > pi(sm(p)).
Choose v € VN such that (v,p), (v, (p},p—;)) € DV and v;(7(v;)) = 1 for all j € M
and v;(7(v;)) =0 for all j € N\ M. Then,

Y pi@uile(o, 0 p-i)iw)) = Y pilw)oi(T(Vastrpp)
Z pi(w)

weay (pj,p—i)EM

pi(sar (D p—i))

> pi(sm(p))

= Z pi(w)
we:aw(p)eM

= sz (7(Vaw ()
weN

- sz Up, ))7

contradicting the assumption that ¢ is strategyproof. [J

An immediate consequence of the Super-strategyproofness lemma which will prove
crucial in the remainder of the proof is that the assignment rule s associated with
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a strategyproof and ex-post efficient SCF must satisfy the well-known property of
“non-bossiness”.

An assignment rule s is non-bossy if, for all i € N, p € PV and p] € P, we have:
si(p) = si(pl,p—i) = s(p) = s(p},p—;). In other words, non-bossiness says that no
agent can affect another agent’s share without affecting her own.

Non-Bossiness Corollary. The assignment rule s associated with a strategyproof
and ez-post efficient SCF ¢ is non-bossy.

Proof. Given the super-strategyproofness lemma, it suffices to show that every
super-strategyproof assignment rule s is non-bossy. Let s be super-strategyproof and
suppose, by way of contradiction, that there exist i,j7 € N, p € PN and p; € P
such that s;(p) = s;(p}, p—i) and s;(p) # s;(p}, p—i). By super-strategyproofness ap-
plied to M = {i,j} and because p; is injective, p;(s;;(p)) > pi(si;(p;, p—:)), hence
pi(sj(p)) > pi(s;(p;, p—s)). Since such a strict inequality holds for every j such that
Sj<p) # Sj(p;p*i)’ we have 1 = ZjeNpi(sj<p)) > ZjeNpi@j(p;?p*i)) = 1, a contra-
diction. [J

We are now ready to characterize the local behavior of a super-strategyproof
assignment rule. Define H = {{A,B}:0# A, BC Qand ANB =0}, the set of
pairs of disjoint nonempty events. Two beliefs p;,q; € P will be called {A, B}-
adjacent if

(pi(A) — pi(B))(¢%:(A) — ¢:(B)) < 0and
(pi(C) = pi(D))(@i(C) — qi(D)) > 0for any {C,D} € H\ {{A,B}}.

We say that p;, q; are adjacent if they are {A, B}-adjacent for some {A, B} € H.

Adjacency is an ordinal property. Every belief p; € P generates a likelihood
ordering R(p;) over events defined by A R(p;) B < p;(A) > p;(B). Call two beliefs
pi, ¢i ordinally equivalent if R(p;) = R(q;). If p;, q; are adjacent and p) is ordinally
equivalent to p;, then p., ¢; are adjacent. From the above definition of adjacency,
observe that two beliefs are adjacent if the likelihood orderings they generate differ
on a single pair of disjoint nonempty events.

Example 4. Let Q = {w,ws, w3} and consider the simplex A depicted in Figure 1.
Every point in A implicitly defines a measure p; € P, where P denotes the closure
of P in [0, 1]29 . Every line segment corresponds to (the intersection with A of) the
hyperplane p;(A) = p;(B) generated by some pair of disjoint events {A, B} € H. Each
connected component of the complement of (the union of ) these line segments defines
a region of ordinally equivalent beliefs: the shaded area is an example. Two beliefs
are adjacent if they lie on the same side of all but one hyperplane. For instance, the
beliefs py, p?, which lie on the same side of all hyperplanes except p;({ws2}) = pi({ws}),
are {{ws} ,{ws}}-adjacent. These beliefs generate the likelihood relations
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pi(wr) =1

pi(wsz) =1 pi(w2) = pi(ws) piws) =1

Figure 1: Beliefs, likelihood orderings, and adjacency

R(Pg) = {wi,wy, w3} {wr, we}, {wr,wst, {wa,ws}t, {wi}, {wa}, {ws},
R<p7,2) = {W17W27W3}>{W17W3}>{W17w2}a{w2vw3}>{w1}>{w3}>{w2}a

where events are listed in decreasing order of likelihood. Note that R(p}) and R(p?)
disagree not only on {wa},{ws} but, as a consequence, also on {wy,ws}, {wy,ws}: this
does not contradict the definition of adjacency because {wy,wq}, {wr,ws} intersect.

We now focus on the local implications of strategyproofness, that is, we study the
restrictions imposed by strategyproofness when some agent i’s reported belief varies
in the slightest possible way (from some belief p; to another belief p. such that p; and
P} are adjacent).

Local Bilaterality Lemma. Let s be a super-strategyproof assignment rule. Let
{A,B} € H and let i € N, p € PN, p, € P be such that p;,p; are {A, B}-adjacent
and p;(A) > pi(B). Then, either (i) s(p) = s(pl,p_;) or (ii) there exists j € N \ 1
such that

si(p) \ si(pip—i) = A = s5(p;,p-i) \ 55(p),
si(Pi,p-i) \ si(p) = B = s;(p) \ s;(p}sp-i),
Sk(p> = Sk(p;;p_i) fO’I” all ke N \ {27.7} :

This is a complete description of the local behavior of s. By reporting a belief
adjacent to her own, an agent ¢ can only change the event that is assigned to her
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and one other agent j. Moreover, if the assignment is indeed modified, ¢ and j
must precisely exchange the disjoint events that have been switched in ¢’s likelihood
ordering.

Proof. Fix a super-strategyproof (hence also non-bossy) assignment rule s. Let
{A,B} € H and let i € N, p € PN, p, € P be such that p;, p; are {A, B}-adjacent
and p;(A) > p;(B).

Step 1. We show that for all M C N such that i € M, either (i) sy (p) = sa(pl, p—s)
or (ii) sp(p) \ sy (Pl p—i) = A and sy (pl, p—i) \ sm(p) = B.

To see this, suppose (i) fails. Define Ay = sy (p) \ su(pi,p—i) and By =
sy (P, p—i) \ sam(p). These sets are disjoint and super-strategyproofness of s implies
that both are nonempty; hence, they belong to H. Suppose, by way of contradiction,
that Ay # A or By # B. Since p;, p} are { A, B}-adjacent, their associated likelihood
orderings must agree on the ranking of Ay, By, : either (a) p;(Ax) > pi(By) and
Pi(Anr) > pi(Bur), or (b) pi(Anr) < pi(Bar) and pl(An) < pi(Bar). If (a) holds, then
pi(sm(p)) > pi(su(pi, p-i)) whereas if (b) holds, then p(su(pi,p—i)) > pi(sm(p))-
Each of these two inequalities contradicts super-strategyproofness.

Step 2. Applying Step 1 with M = {i}, either (i) s;,(p) = s;(p}, p—;) or (ii) si(p) \
si(ph,p—i) = A and s;(pl, p—i) \ si(p) = B.

If (i) holds, non-bossiness of s implies s(p) = s(p}, p—;), and we are done.

If (ii) holds, let j € N \ i. Applying Step 1 with M = {i,j} = ij, we have either
(a) sij(p) = 5ij(Pj; p—i) or (b) 5i;(p) \ s4(p}, p—i) = A and s45(p}, p—i) \ si5(p) = B. If
(a) holds, then (ii) implies

sj(pisp—i) \ 5;(p) = A and s(p) \ s;(pi, p—:) = B (3)

whereas if (b) holds, (ii) implies
si(p) = 55 (i, p—i). (4)
By feasibility, (3) can hold for at most one agent 7 € N \ i. Because of (ii), it

must hold for exactly one such agent. Since (4) holds for every other agent j € N\ i,
the proof is complete. [

6 Proof of the theorem: the bilateral consensus
and bilateral dictatorship lemmas

This section describes the last key step towards our characterization result. We show
that (under a super-strategyproof assignment rule) a state w that is assigned to agent
1 at some belief profile p must necessarily be assigned to some fixed agent j at all
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profiles ¢ such that a,(q) # i¢. This property, which we refer to as bilaterality, is
shown by exploiting the Local Bilaterality lemma; and the conclusion that a super-
strategyproof assignment rule is a C-BD-BC union then follows.

Fix a super-strategyproof assignment rule s : PV — S. Let Qg, Q1, Qs denote the
sets of states whose assignment is either constant, varies with the belief of a single
agent, or with the beliefs of at least two agents. Using the definition of a,, in (2), we
thus have:

(i) we Q& a, is constant on PV;

(i) w € Q) < [there exist i € N, p € PV, and p] € P such that a,(p) # au(p}, p—s)]
and [aw(.,p_j) is constant on P for all j # ¢ and p_; € PN\j];

(iii) w € Qy < there exist distinct agents 7,5 € N, p,q € PN, and pl, q; € P such
that au(p) # aw(pi, p—i) and au(q) # aw(qj, 4—;)-

By definition, {Q, 1,2} is a partition of Q. This is because the definition in (iii)
allows the assignment of states in {2 to vary with the beliefs of more than two agents.
Note also that the set of agents to whom a state in {2y may potentially be assigned is
a priori unrestricted.

We proceed by considering the states in €25 first. We show that, in fact, these
states can only be assigned to two distinct agents, and the assignment must be based
on the beliefs of these two agents only. More specifically, states in 23 must be assigned
through bilateral consensus:

Bilateral Consensus Lemma. For every w € ()y there exists a unique event
E“ C Qy containing w, and there exists a bilaterally consensual E“-assignment rule
s“ such that

si(p) N EY = s7(p | E)

for all p € PN and i € N.

The long proof of this lemma is relegated to Appendices B and C, but here is a
quick overview. The proof is “by contagion”.

Appendix B derives a “semi-global” characterization. For any given state w € €2,
we fix a profile 7 of beliefs over 2\ w, and we consider the sub-domain P (r) of all
belief profiles on {2 generating the same profile of likelihood orderings as m on the
subsets of Q \ w. Using the Local Bilaterality lemma, we show that there exist two
disjoint events A, B, whose union contains w, such that the restriction of s to AU B
coincides with a bilaterally consensual (A U B)-assignment rule on the sub-domain
PN (7).

In Appendix C, we consider every belief profile (7}, 7_;) over Q \ w such that x/ is
adjacent to m; for some agent ¢ and, in a series of “contagion lemmas”, we describe
how the behavior of the restriction of s to AU B on the sub-domain PV (7}, 7_;) is

linked to the behavior of its restriction to AU B on P¥ (7). Using the connectedness
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of the set of all beliefs on Q \ w, we conclude that the restriction of s to AU B

must be bilaterally consensual on the whole domain P¥. The claim follows by setting
EY=AUB.

The Bilateral Consensus lemma fully determines the behavior of s on €. For
any two states w,w’ € (2o, since there exist a bilaterally consensual E“-rule s* and a
bilaterally consensual E*'-rule s such that s;(p) NE* = s¥(p | E¥) and s;(p)NE¥ =
s<'(p | E¥) for all i € N, we must have either (i) E¥ = E* and s¥ = s, or (ii)
E“ N E* = (. This delivers at once the following corollary:

Bilateral Consensus Corollary. There exists a partition {Qt}tTil of Qy and, for
each t = 1,..., Ty, a bilaterally consensual Qt-assignment rule st such that

si(p) N Qe = U2 sk(p | Q)

for all pe PN and i € N.

Next, we turn next to the assignment of the states in €2;. Let €21; be the subset of
those states in 2; whose assignment varies with the beliefs of agent 1. We show that
these states are assigned by bilateral dictatorship of agent 1.

Bilateral Dictatorship Lemma. There exist a set Ny C N \ 1, a partition
{jSl}jeNl of Y1, and for each j € Ny a (1,j)-dictatorial QO -assignment rule s’
such that

si(p) N Q1 = Ujeny s (0 | 1) (5)
for all p € PN and i € N.

The proof is in Appendix D, but let us outline it here. Consider the family of
all subsets of €);; that are assigned to agent 1 at some belief profile. We begin by
showing that s;(p) N €41 maximizes p; over that family whenever p; is a so-called
11-dominant belief —one in which only the probability differences between events in
(211 are large. We then use the Local Bilaterality lemma to extend this observation to
all belief profiles p. The next and crucial step consists in proving that every state in
11 can only be allocated to a single agent other than 1. The set {2;; can therefore be
partitioned into a collection of subsets {Q]H} such that every state in 7, is allocated
to either 1 or j, and super-strategyproofness can be used to show that s;(p) N Q{l
maximizes p; over the family of all subsets of Q7 that are assigned to agent 1 at some
belief profile. The argument is completed by appealing to non-bossiness.

We have stated the Bilateral Dictatorship lemma for agent 1, but a corresponding
lemma obviously holds for every agent. It now follows from these Bilateral Dictator-
ship lemmas, the Bilateral Consensus corollary, and the definition of €2y, that s is a
C-BD-BC union. Together with the Top Selection lemma, this completes the proof
of the Theorem.
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7 Concluding comments

We have shown that strategyproof and ex-post efficient social choice functions are top
selections generated by assignment rules that are unions of constant, bilaterally dicta-
torial, or bilaterally consensual sub-rules. Thus, under uncertainty, strategyproofness
and ex-post efficiency are compatible with a form of consensuality that cannot be
achieved under risk. This generates efficiency gains: any random dictatorship (that
is, any SCF generated by a constant assignment rule) is Pareto-dominated by the
SCF generated by some consensual rule.

The assumption that preferences are linear orderings (which rules out indifference)
could be dispensed with. Under the SCF's identified in our theorem, the act selected
at a given preference profile picks some agent’s top outcome in every state of na-
ture. When this best outcome is not unique, one faces the problem of characterizing
the tie-breaking rules (for choosing between multiple top outcomes) which guaran-
tee that the resulting SCF is strategyproof. Likewise, if an agent may assign the
same subjective probability to two events, the assignment rules on which our SCF's
are based are no longer well-defined and one must characterize which refinements
generate strategyproof SCFs. These are difficult but rather technical issues.

We conclude by mentioning some open problems.

(1) How should we choose between the social choice functions identified in our
theorem? Assuming a given (for instance uniform) distribution over the set of all
preference profiles, one could search for SCFs that maximize some measure of expected
welfare —the expected sum of normalized utilities for instance. Alternatively, one could
proceed axiomatically and impose properties that complement strategyproofness and
ex-post efficiency. It is a corollary of our theorem, however, that no strategyproof
SCF is (ex-ante Pareto) efficient. Anonymity and neutrality are also impossible. On
the other hand, it also follows from our theorem that all strategyproof and ex-post
efficient SCFs are group-strategyproof: the members of a group cannot all benefit
from jointly misrepresenting their preferences. It would be interesting to explore
what lower bounds can be guaranteed on each agent’s welfare.

(2) Strategyproof SCFs that are not ex-post efficient deserve to be studied. If
there is an odd number of agents, majority voting between two pre-specified acts is
clearly strategyproof. But more flexible strategyproof SCFs are possible. Partition
the state space into a collection of events. For each event specify two “sub-acts”,
that is, two mappings from that event into the set of outcomes, and apply majority
voting to choose between these two sub-acts. Let the chosen act be the concatenation
of all the chosen sub-acts. The additive separability of subjective expected utility
preferences guarantees that this SCF is strategyproof; it is also anonymous. Non-
anonymous variants of such SCFs can be defined by using a committee rule (rather
than majority voting) to decide between the two pre-specified sub-acts on each event.
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(3) We conducted our analysis under the assumption that all acts are feasible.
While this unconstrained social choice framework is a natural benchmark (just like
Hylland’s model is in the case of risk), some applications will require imposing con-
straints on the set of feasible acts.

An interesting generalization of our model consists in assuming that well-defined,
but possibly different subsets of feasible outcomes, are associated with the respective
states of nature. The set of feasible acts remains a cartesian product under this
extended framework; and this feature should allow some tractability. We conjecture
that the strategyproof and ex-post efficient SCFs in such a “statewise-constrained”
model have a structure very similar to the one identified in the current paper.

For more general models, the class of strategyproof and ex-post efficient SCF's may
depend in a subtle way upon the considered feasibility constraints, but our results
should provide a good starting point in the search for a characterization. It is worth
noting that the generalization to constrained sets of alternatives was successfully
achieved in the literature on strategyproofness on rich domains of additively separable
preferences originally defined over product sets: see in particular Barbera, Mass6 and
Neme (2005) and Reffgen and Svensson (2012).

(4) In many contexts, it will also be natural to impose restrictions on preferences.
An interesting case is that of shareholders of a firm choosing acts with monetary out-
comes —the profits to be shared. Here all agents have the same monotonic preference
ordering over outcomes but not necessarily the same valuation functions or the same
beliefs. While the unconstrained problem is uninteresting —the constant act choosing
the highest profit level in all states is dominant, the problem of choosing acts under
some feasibility constraints is entirely nontrivial.
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8 Appendix A: proof of the Top Selection lemma

We first define two consequences of strategyproofness. Given a pair (v;,p;), let

EP(f) == > pi(w)vi(f(w)) denote agent i’s expected utility associated with the act
wel

f. We say that a SCF ¢ : DY — X% is misvaluation-proof if no agent ever benefits
from distorting her valuation function (while reporting her actual belief), that is, for
alli € N, (v,p) € DY and v} € V¢,

Ef: ((v,p)) 2 B} ($((vj; v-i),p)) -

Likewise ¢ : DY — X will be called misbelief-proof if: for alli € N, (v,p) € DV

and p} € P?,

EY (v, p)) = BV (80, (P p-i)))
This says that no agent should ever benefit from distorting her belief p; (while truth-
fully reporting v;). Obviously, just as misvaluation-proofness, misbelief-proofness is
implied by strategyproofness.

Let o : DY — X be a strategyproof and ex-post efficient SCF. Unless explicitly
specified otherwise, we assume in what follows that p € P¥ is fixed (but arbitrary),
and we write p(v) and E,, instead of the respective (v, p) and EF:. Given the fixed
p, the set of i’s admissible valuation functions is V,, := {v € V : (v;,p;) € D}; and
(with a slight abuse of notation) we write V, :=V,, x ... xV, . For any z € X and
feX? welet f:={weQ: f(w) =x}. Likewise, we will often write (v, p).

The preliminary result below says that, if the chosen acts at two given profiles
(v,v") disagree only in states where either a; or ay is selected, then they must coincide
as long as every agent’s ordering of the set {ai, as} does not change from v to v'.

Lemma 1. Invariance for binary-differentiated acts
Ifa;,a9 € X and v,v' € V, are such that (vi(a1) — vi(az)) (vi(a1) — vi(az)) > 0 for all
i € N, then [p®(v) = ¢"(v), V& # a1, as] = [p(v) = (v")] .

Proof. The result follows from the fact that an agent’s preferences over binary-
differentiated acts f, f’ (that is, acts that may only differ in states where a; or as
is chosen) remain unchanged as long as her ordering of these two outcomes is the
same. =

The Monotonicity lemma below states that, if the chosen act changes as agent i’s
reported valuation of the outcome a increases (all else equal), then the probability
assigned to this outcome a in the chosen act must increase as well.

Lemma 2. Monotonicity
Ifae X,ie N, v,w eV, are such that v_; = w_;, v;(z

) = w;(x) for all x # a, and
1> wvi(a) > wi(a) > 0, then [p(v) # p(w)] = [pi (¢*(v)) > pi (

¢ (w))] .
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Proof. Fix i,a,v,w as in the statement of Lemma 2 and suppose that p(v) = f #

{ vi(z), ifr#a

) and
z, ifr=a

g = ¢(w). Next, for any x € X and z € [0,1), let v7(z) =
define the following function of z:
Agg(2) =Y pilw) [ (f (@) = v (g(w))].-
we
Factoring out z and reshuffling, one can rewrite A (z) as
Agy(2) = [pilF*) = pilg")] 2+ D pw)ui(f (@) = > pilw)v

wife wig®
B

Q4

Thus, Asy(z) = a- z + [ is a linear function of z € [0,1).
wy, if z = w;(a)
v, if 2z =w;(a)
proofness implies: (i) Agy(w;(a)) < 0 and (i) Asy(vi(a)) > 0. Given that Ay, is
linear and w;(a) < v;(a), we necessarily have that the slope is positive, that is to say,
o = pi (°(v) — pr (°(w)) > 0. .

Moreover, observe that v; = { Therefore, misvaluation-

The next lemma asserts the following: ceteris paribus, as an agent i’s reported
valuation of her second-best outcome ay gets infinitely close to 1 (the valuation of her
top ay), there necessarily comes a point where (i) the chosen act becomes constant
and (ii) for the two possible orders of i’s two top outcomes a; and ay, the respective
outcomes chosen must be the same in each state where a; and a, are not selected.

Lemma 3. Invariance at the bottom (with close tops)
Consider ay,as € X, with a; # as, and fir i € N, v € V, such that v;(a;) = 1. Let

)

0, ot €V, be such that 13@< )_1>Q_]i(a2>_1_1/m>q_]i() vil®), for
(ag) =1 > 0"(ay) =1 —1/m > o"(z) = v;(z),

any m > mg > 1 and any x ¢ {a1,a2}. Then the following statements hold:

(i) 3f,fe X%andIm e N s.t.: m > m = [Lp(”&,{”,v_i) = [ and (0", v_;) = f|.
(i) For all x € X \ {ay,as}, we have f* = f*.

Proof. Let a,b € X, 1 € N, v € V,, ¥
statement of Lemma 3.

M
7 /U’L

€ V,, satisfy the conditions of the

7

(i) Suppose by contradiction that (i) is false. Then one of the two sequences

A~

fm = (07", v-), fn = @(0",v_;) is not stationary.'® Assuming without loss of
generality that fm is not stationary, there exists a subsequence of fm (say, fmk)

10We say that a sequence (¢, )men is stationary if there exists m € IN s.t.: m > M = ¢ = Gyt
In words, a stationary sequence is one that becomes constant after a finite number of steps.
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such that fn, # fin, .., forall k € IN (Where my, increases with k). Given that
0" (ag) = 1 — 1/mpyy > 1 —1/my, = v *(az) and 0" (z) = 0, (z) Vz # b, it
comes from Lemma 2 that p;(fn,,,) > 9i(fm,). Hence, for any k > 1, we may write:

4 | fa2 | fa2
(i) <m () << (32.) <m (i) <m ()

Since p; is injective, we have thus found an infinite sequence (fn, )e=0 of pairwise
distinct acts. But this is impossible because the set of acts, X*, is finite.

(ii) By way of contradiction, let us assume that f= # f* for some z € X\ {a1, as}.
We define two new acts g and g as follows:

§(w) = f(w),Yw ¢ for U fo; g(w) = f(w),Yw & [ U fo2;
{ g(w) =ag,Vw € f‘” Uf‘”; and { (W) = a;,Vw € fau fo. (6)

Note that g # g because there exists x # aq, as such that f“’c #£ f*. Thus, since the
pair (v;, p;) defines a linear ordering over the set of acts, we must have FE,, (§) # E.,(g):

> i@ vix) + pi(fr U f)vilar) # O pi(fF)vilx) + pa( U F2)wia).
z#a,b x#a,b
Without loss of generality, suppose that E,. (§) — E,,(g) > 0. It then comes from the
above equation, and the fact that v;(a;) = 1, that

> ild) = i) o) + (pa(Fr U =) = (U ) > 0.
r#a,b
Hence, since §° = f%.Va # a1, as (g* = f*,Vx # a1,ay) from Equation (6), we
have

€= Z (Pz(fx) _pz(]?x)) vi(z) +pi(fa1 U faQ) —pi(f* U f2) > 0. (7)

r#a,b

Consider now m > m, where m is defined in (7). Then we have fm = f and f, = f
and, given that v;(ag) =1, 07*(a;) = 1 — 1/m, it follows that

B (f) = Eip () = 3 (0l = pilF) ()

zeX

= Z (pi(f*) = pi(F)wsl) + (s (f*) = pi(F)) 07" (a1)
T#ai,a2
+(pi(F™) = pi(£%)) 07" (az)

= 3 i) — pi(F)wile) + pa(F U f2) — pi(Fr U Fo2)

x#a1,a2

i)~ (7))

= e Lty - i)
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Since € > 0 from (7), and lim %(pi(f‘“) — pi(f)) = 0, there exists m* > m such
m—0o0

that %(pi(f'“l) — pi(f®)) < e, for m > m*. Hence, for all m > m* > m, we finally
get Eym(f) — Egm(f) > 0. But this is a contradiction since, together, misvaluation-
proofness, f = f™ = (0™, v_;) and f = f,, = @(®™, v_;) (for all m > m*) imply

that we must rather have Eym(f) — Egn(f) > 0. O

Lemma 4. Top selection in the case of two agents.

Let N = {1,2}, a1,a0 € X, and v,v'€ V,. If 7(v;) = 7(v]) = a; for all i € N, then
/ Q

p(v) = (V') € {ar, a2}

Proof. Fix N = {1,2}, a1,a2 € X, and v,v'€ V, such that 7(v;) = 7(v]) = a; for
1 = 1,2. If a; = ao, ex-post efficiency alone delivers the desired result. In what
follows, assume a; # as. We prove the claims below.

Claim 1. For any z,y € X, let T,y == {w € V, : wi(x) = we(y) = 1} and call
DOM,, the subset of V, containing all profiles w € Ty, such that any z € X\ {z,y}
is ex-post dominated by z or y. Then there exists f,, € {z,y}® such that

p(w) = (W) = fuy, Yo,y € X,Yw,w' € DOM,,.

To prove Claim 1, fix z,y € X and w € DOM,, and observe that, by ex-post
efficiency, we have f,, = @(w) € {z,y}*. In addition, remark that for any agent
i € {1,2}, we have (w;(x) — w;(y))(wi(zx) —wi(y)) > 0 for all w,w" € DOM,,. Thus,
Lemma 1 yields the desired result: p(w) = p(w') = f,,, for all w,w’ € DOM,,,.

Note that, in particular, Claim 1 implies that p(w) = @(w') = fa e, € {a1, a2} for
all w,w’ € DOMy,,,. To prove Lemma 4, it thus suffices to show that ¢(w) = f4,a,
for any w € Tgya, \ DOM,,q,. Let us then consider a fixed v € 75,4, \ DOM,, 0, -

By way of contradiction, suppose that ¢(v) # fi,4,- Then there exists b €
X\ {a1,as} such that ©b(v) # 0 —otherwise, Lemma 1 would yield o(v) = fa,a,-
Moreover, by monotonicity (Lemma 2), remark that it is not restrictive to assume
that b is the second-best outcome for both players, that is,

vi(ar) =1 > v1(b) > vy(x), Vo # ay,b; (8)
va(ag) =1 > ve(b) > va(x), Vo # ag, b.

Next, we define 03, 05" € V), by:'!

05'(az) = 1>03'(b)=1—1/m > 05" (x) = vo(x) (9)
u'(b) = 1>05(az) =1—1/m > 03" (x) = v;(x), (10)

Since the set of acts X is finite, note that the starting point m¢?> of the sequence {02} m>mz,

can be conveniently chosen so as to have 05" € V,, for all m > my? (and likewise for v5").
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for any m > mg? and any = ¢ {as,b}. We then prove the additional claims below.

Claim 2. For all m > my? and uy € V,, such that (u1,05") € 74,4y, we have:

@(ur,05") # faras = [P1(9™ (w1, 05")) < pr(f22,,) and pa(™ (ur,95")) < pa(fot,)] -

Let us prove Claim 2. Consider m > mg? and u; € V,, such that (u1,05") € Taas;
and suppose that o(u1,05") # faa,- Then we know from Claim 1 that (uy,05") ¢
DOM ,,q,; but defining w by

{ we(a;) =1—1/(2m) > wy(b) =1—1/m
wy(x) = 05 (x) for all x # aq,

we get (up,ws) € DOM,,., and hence, by Claim 1, p(u1,ws) = fa4,- Observe
that wy obtains from 05" by merely raising the value of a;: thus, it follows from
monotonicity (Lemma 2) that ps(¢® (u1,05")) < p2(fil,,) = p2(¢(u1, w2)). The proof
of p1 (9 (u1,05")) < p1(f§?,,) is similar and will be omitted.

Claim 3. There exists ¢* € (0, 1) such that, for any u; € V,,, we have:
[ur(ar) = 1> " > uy(z), Vo # a1] = [p(ur, 95') = fajae, Ym > mg?].

To prove Claim 3, define a := EIEl/iIClQ Ip1(E) — p1(E")| and let e* = &g > 0. Let
E #E’'

us fix m > mg? and u; € V! such that uy(a;) = 1 > &* > uy(z) for all z # ay; and
by contradiction suppose that ¢(u1,05") # faya,- Then it follows from Claim 2 that
p2(p™ (u1,05")) < pa(fet,,) and, therefore, ™ (uy,95") # f,,. Since p; is injective,
this means that either p; (¢ (u1,03")) < p1(fel.,) or pr(@™ (u1,95%)) > p1(fil,,). We
show below that either case leads to a contradiction.

Suppose first that py (o (u1,05")) < pi(fel,). Then, recalling the definition of «,

we have pi(fg1,,) — p1(¢® (u1,05")) > ; and one can hence write

By (faras) — Buy (0(u1,93"))

<e*
a1 a1 ~m T ~m
= p1(flay) — (™ (w1, 05) + Y [p1(£0y) — Pr(0" (un, 05"))] ()
r#a1
> pi(fila,) = P1(9" (ur,0) =" Y p1(fiha,) = p1(p"(ur, 85))]
>a—e*|X]| @#a1 <1

> X[ - (| X]-1)=¢">0.

But this contradicts misvaluation-proofness: agent 1 will deviate from u; to u} such
that (u}, 05") € DOM,,,, and obtain the preferred act f,,q,-
Suppose now that p; (¢ (u1,05")) > pi(fsl,,) and consider w; € V,, such that

wi(ay) =1 > & > wy(ag) > wo(x) for all x # as. Note that (wq,05") € DOM,,a,,
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hence, p(wy,05") = fa,a,- But then agent 1 prefers reporting u; to telling the truth
when receiving wy:

Ew1 (@(ulv '&;n)) - Ew1 (fmaz)

< *
a ~m -
- pl(SO 1<U1,U2 )) pl a1a2 + Z pl u17U2 ) pl(falag)] wl(x)
r#ay
> ?1(90(11 (ulﬁ@;n)) a1lz2 —€” Z ‘pl a1a2 (wz(uhﬁgz))’l
za;*|X| 7a1 <1
> X - (|X]-1)=¢">0.
This also contradicts misvaluation-proofness of ¢; and Claim 3 is shown.
To conclude the proof of Lemma 4, let us now fix u; € V,, such that
» a
ui(a) =1>¢ :mzul(az), Vo # aq; (11)

and consider the sequences defined by ¢(v1,05") and @(uq,05"), for m > mg*. By
Lemma 3-(i), there exist f,, € X? and 1, > m¢? such that: ¢(vy,85") = f,,, for all
m > my,. And Lemma 3-(ii) then gives

(™ (01, 95") = p2(fi) = 0™ (01, 8")), Y = iy, (12)

On the other hand, it follows from Claim 3 that the sequence p(uy,05") is constant.
Precisely, ¢(uy,05") = fa,a, for any m; and hence, applying Lemma 3-(ii), we get

Pa(fo2) = pa(f2,) = pa(0™ (ur, 03")),Ym > 1y, (13)

Next, since ¢”(v) # ), note from monotonicity (Lemma 2) that py(°(vy, 95*) > 0
and therefore ¢(vy,08") # Jara, for any m > mm,,; and it then follows from Claim
2 that po(p®™(v1,05")) = pof al) < pa(fdl,,). Plugging this inequality in (12)-(13)
finally gives

p2( i) = P (01, 05)) < pa(p™ (ur, 05")) = pa(fila,), ¥m > maz{ii, i} (14)

But note from (14) that the inequality po(©® (vy,05")) < p2(©® (uy,05")) contradicts
Claim 1. Indeed, remark from (8), (9) and (11) that (vy, 95"), (u1, 95") € DOM,,p; and
by Claim 1 we should rather have po(¢® (v1,95")) = pa(® (u1,05")) for any m. O

We emphasize that our proof of Lemma 4 only makes use of misvaluation-proofness
and ex-post efficiency; it does not require the full force of strategyproofness. Indeed,
up to now, we have kept the belief profile fixed.
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Next, using an induction argument, we prove in Lemma 5 below that ¢ selects
only tops at each profile where two players report the same top. The statement and
proof of this result require variations of the belief profile p; we hence return to our
original notation, writing (v, p) and EF rather than just p(v) and £,,.

Lemma 5. Induction lemma

Suppose that |[N| =n > 3. Assume by induction that for all S such that |S| <n—1
every misvaluation-proof, misbelief-proof and ex-post efficient SCF ¢ : D5 — X is a
top and tops-only selection. Then, for any distinct k,1 € N and any (v,p) € DV, we
have: [T(vy) = 7(v)] = ¢(v,p) € {T(v;) : i € N}

Proof. We will prove Lemma 5 in two steps. Suppose that the conditions in the
statement are satisfied; and let us fix k,l € N such that k # .

Step 1. For any (v, p) € DV such that vy = v; and pr = p;, we have ¢(v,p) € {7(v;) :
i € N}, Moreover, we have p(v/,p) = ¢(v,p) for any v’ € V, such that v, = v} and

(T(vi))ien = (7(v)))ien-

Proof. Let N_; :== N \ [ and consider ¢ : DN-t — X defined by:

cyN epN
V(w,q) € DV, g(w,q) = elw, i), (g, a ). (15)

l l

That is to say, ¢(w, q) obtains as the decision under ¢ at the profile of DV constructed
from (w, q) by assigning to agent [ the same valuation function and beliefs as agent
k. It is straightforward to see from its definition that ¢ is ex-post efficient (since ¢
is). We show next that ¢ is also misvaluation-proof and misbelief-proof.

It is easy to see from (15) that misreporting v; or p; will never benefit any agent
i € N\ k (it would contradict strategyproofness of ). To show that agent k €
N_; cannot profitably misreport either, pick an arbitrary pair (w,q) € DM~ and let
(wy, qi.) € D. Since ¢ is misvaluation-proof, agent &k cannot profitably misreport wj,
when receiving (wg, qx):

EZ}Z (@((w—kv w;), q) = Egulz (w((w—lﬂiujli/v \w:’i,)’ ((L Qk>>> < EZ;IZ (@((w—k; Wk, w;c)v (Q7 Qk)))

k l
(16)

Likewise, agent [ cannot profitably misreport wj when receiving (wy, gx), that is,

E&i(gp((w—h Wk, w;c)7 (Q7 Qk))) < Egui(QO((w—kv Wi, wk)a ((L Qk>) - E’ZJIZ (@(w7 Q)) (17)

Combining (16) and (17) thus gives B (¢((w_g,wy), q) < EZ (P(w, q)), which shows
that ¢ is misvaluation proof.
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Using the same procedure, we also get E% (¢((w, (¢-&,q1))) < EZ (p(w, q)); and
hence ¢ is misbelief-proof. It thus follows from the induction hypothesis in the state-
ment of Lemma 5 that ¢ is a top (and tops-only) selection. That is to say, for
any (v,p) € DV such that v, = v, and p, = p;, the following results hold: (i)
P(v-1,p—1) = (v,p) € {T(v;),i € N} (i) $(v'y,p1) = (v',p) = ¢(v,p) for any
v" €V, such that v, = v] and (7(v;))ien = (7(v]))ien

Step 2. For all (v,p) € DV such that v, = v;, we have p(v,p) € {7(v;) : i € N}

Proof. In order to complete this step, let us first state some preliminary results.

Preliminary 1. Let (u,q) € DY and suppose that z* € X satisfies u;(x*) € [0, 1), for
any i € N. Then there exists ¢, > 0 such that: (v/,q) € DV and p(v/,q) = ¢(u, q),
(1) = uy(z), if .
whenever u' € VY satisfies ul,(:v) wilz), itz #a
|ui(27) = ui(2")| < eu

The proof of Preliminary 1 is left to the reader: it follows from the facts that (i)

for each i € N.

the expected utility operator £ (-) is a continuous function of u,; and (ii) all players
have identical preferences under (u, q) and (', ¢) if u and " are sufficiently close (the
decision must hence be the same by misvaluation-proofness). It is important to note
that €, may vary with u, but not with p.

Preliminary 2. Suppose that (u;, ¢;), (u;, ¢;) € D. Then there exists a finite sequence

of beliefs {q! : t = 0,...,T} such that: (i) ¢{ = ¢ and ¢/ = ¢/; (ii) (u;, ¢!) € D, for
t+1

every t =0,...,T; forall t =0,...,T — 1, we have at most one q; € [g},q "] such
that (u;, q;) ¢ D.

The proof of Preliminary 2 is also omitted: it obtains as well from the continuity
of the expected utility function £, and the fact that the set of acts X © s finite. In
words, Preliminary 2 means that, given a fixed u;, any deviation from a belief ¢; to
another belief ¢/ can be decomposed as a sequence of deviations ¢! — qf“ that are

elementary in the sense that the segment [qf, qf*l] contains at most one g; such that

(ui, @) & D.

Let us now proceed with the proof of Step 2. Fix (v,p) € DV such that v, = v,
and p, # p;; and suppose by contradiction that f := ¢(v,p) & {7(v;) : i € N}
Using Preliminary 2,'2 we will without loss of generality assume that there exists a
unique p; € [pg, pi] such that (vg, px) ¢ D.

First, let g := o(v, (P_p1, Prs Pk))s b = (v, (P—ki, 1, p1)); and remark that, for any
Pi € (pr, pr), misbelief-proofness or ¢ gives

o, (P-rt, P> 1)) = (0, (Dt PR, 21)) = [ (18)

12Note from Preliminary 2 that we are ignoring here the case where there exists no py. € [px,pi]
such that (vg,pr) ¢ D. In this case, (vg,px) and (vg, p;) generate exactly the same ranking over the
set of acts X*?; and hence misbelief-proofness of ¢ trivially gives the desired contradiction. We thus
focus on the interesting case, where there exists exactly one Py € [pg, p1] such that (v, pr) ¢ D.
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Indeed, note that (vg,pjs) and (vk,p;) necessarily yield the same ranking of all acts
because there is no pj, € [pr,pi] \ D D (pr, Pr) 3 pi such that (vg,p,) ¢ D. Likewise,
using misbelief-proofness of ¢ (established in Step 1) yields

(v, (p—w, Pk, i) = (v, (D—wi, P, Pr)) = 9, VD" € (Pk, Pr) (19)
:¢(Uflvz;—kl’PZ)) :SB(”fleIrLkl,Pk))

Second, we get from Step 1 that g = p(v, (p_k1, Pk, Pk)) = G(v_,p—y) € {T(v;) 1 i €
N} and also h = @(v, (p-p, pi, 1)) = @(vi, (p-w,m1)) € {7(v;) : i € N}*. Note
that f ¢ {g,h} since both g and h are top selections (whereas f is not). Since
(v,p) = (v, (p—ki, Pr,)) obtains from (v, (p_g;, Pk, Pr)) When agent [ changes her
reported belief from pj to p;, misbelief-proofness of ¢ implies (a.1) EP*(g) > EP*(f)
and (a.2) EP'(f) > EP'(g). Doing the same for agent k, from (v, (p_w, pr, 1)) to
(v, (P—rt, p1, 21)), we may write (b.1) EP¢(f) > EP+(h) and (b.2) E}'(h) > EP'(f).
Finally, using misbelief-proofness of ¢, which has been established in Step 1, we obtain
(c.1) EPr(g) > EP*(h) and (c.2) EP*(g) > EPF(h) —where the equalities hold only
if g = h. We distinguish two cases below.

Suppose first that g = h. Then observe that (a.1) and (b.1) above respectively
become EPF(g) > EPF(f) and EP:(f) > EP¢(g), and we obviously have a contradic-
tion.

Suppose now that g # h. Combining the intermediate value theorem with the
fact that pj is the only belief in [pg, pi] such that(vy, pr) ¢ D, we get from (a.1) and
(a.2) that ET*(g) = EP*(f). By the same token, using (c.1) and (c.2), note that we
must as well have EP*(g) = EPk(h). That is to say,

ER(9) =Y pea Pe(w)vr(g(w)) = 3 eq Pr(w)ve(f(w)) =: ER(f); (20)
ER(9) = XueaPe(w)vr(g(w)) = 3 yeq Pr(w)ve(h(w)) =: ED:(h). (21)

Given that f = ¢(v,p) ¢ {7(v;) : i € N} there necessarily exists (z*,w*) €

X x Q such that vg(z*) € [0,1) and f(w*) = z*. Next, recall the definition of ¢,

(in Preliminary 1) and define v’ € V¥ by { Ug(m = vilo), if w2 2 for alli € N.
vi(x*) = vi(x*) + €, /2

Note from this definition of v’ that v(z) = v;(x) for all i € N and all z € {r(v;) : j €

N}. Combining that observation with the fact that g,h € {7(v;) : j € N}, we may

use (20) to write

Eff (9) = Epk Zpk Zpk = Epk(h) - Ef;’j(h)
weN we

(22)
Also, since v}(z) > v;(x) for any € X [with the strict inequality for 2* € f()], it
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comes from (22) that

=v},(9(w))
Ef;’:(g) = Zﬁk(w) vk(g(w)) = Zﬁk(w)vk(f(w)) < Zﬁk(w)vé(f(w)) = Ef;’:(f)-

(23)
Using the continuity of Eg,;j with respect to the belief p), Equation (23) implies that
there exists p; € (pk, px) such that Ef;’: (9) < Ef;’:(f) In addition, note that (vg,py) €
D —because of our assumption that there exists no p). € [px, pi]\px such that (vg, p).) ¢
D. Hence, applying Preliminary 1 also gives (v, p;) € D and

(', (p—rt, Pk, 1)) = PV, (P—kt, Pis 1) = £, (24)

where the last equality comes from (18).
Finally, recalling from Step 1 that ¢ is a tops-only selection —and noting that
7(v;) = 7(v}) for all i € N, we get

@ (V' (P—kts P> Pr)) = GV 1 p1) = P(v_i,p—1) = (v, (D—1s P Pi))- (25)

Combining (25) and (19) then gives ¢ (', (P, Pf, P})) = 9 = © (v, (P—kt> i, Px))- But
remark that this is a contradiction to misbelief-proofness of ¢. Indeed, agent [ will
profitably deviate from (v, (p—x, Py, ;) to (v, (p—w, Pk, p1)) since we have v, = vy,
and

B (g) = BTHg) < EH(F) = B3 (F)
© (V' (p—ki, Py D)) = G;
© (V' (Pt Py, 1)) = f [from (24)].

This concludes the proof of Step 2. Combining Step 1 and Step 2, we thus have
o(v,p) € {T(v;) : i € N} for all (v,p) € DV such that v}, = v;. O

For the case where n = 2, the top (and tops-only) property has been shown in
Lemma 4. The following lemma states this property for n > 3.

Lemma 6. Top Selection (and tops-only) for n > 3

Let |IN|=n >3, A, = (a1,...,a,) € XV and fir p € PN. Ifv,0' €V, are such that
7(v) = 7(v)) = a; for alli € N = {1,...,n}, then o(v,p) = p(v',p) € {ai,...,a,}*"
Proof. Suppose that n > 3; and fix A, = (a1,...,a,) € XV and p € PN. Next,
define Ty, = {v € V, : v(q;) = 1,Vi € N} and, for any v € Tyu,, let fy =
li£1 (0™, v_1),p). That is, f, is the value taken by the stationary sequence ((97*,v_1), p)

for m large enough [recall Lemma 3-(i)]. We will prove the result by showing two
claims: (1) Jv € Ty, such that p(v,p) € {ay,...,a,}"%; (2) p(v,p) = p(v',p) for all
v,V € Tay.
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Claim 1. There exists v € T4, such that p(v”,p) € {a1,...,a,}*.

To prove Claim 1, we distinguish two cases. Fix any v € Ty, .

Case 1. Suppose that ap = a; for some distinct k,I € N. Then the result of Claim 1
holds by Lemma 5.

Case 2. Suppose now that a; # a;, for any distinct ¢, 7 € N, that is, A,, consists of n
distinct tops. Take i = 1 in Lemma 3 and recall that ™ is such that 07*(az) =1 >
1—1/m = v"(a1) > v7*(x) for  # a1, as. Since 7(07") = ag = 7(v), we do not have
n distinct tops at (07", v_1); and it thus comes from Lemma 4 and Lemma 3-(i) that,
for m large enough, o(v7*,v_1) = f, € {ay,...,a,}*. That is to say, f* = 0, for all
x ¢ {as,...,a,}. Moreover, Lemma 3-(ii) tells us that f* = f* for all  # ay, ay.
Therefore, we have fj” = f* =10, for all z ¢ {ai,...,a,}. That is to say, there exists
(a sufficiently large) m” € IN such that (07", v_1),p) = f, € {a1, ..., a,}?. It thus
suffices to take v = (07", v_;) to see that Claim 1 is satisfied.

Claim 2. For any v,v" € T4, we have p(v,p) = p(v, p).
To prove Claim 2, let us state two additional preliminaries.

Preliminary 3. Let i € N and suppose that (w;,q), (w},q) € D, with 7(w;) =
7(w!). Then there exist two finite sequences w}, w?, ..., wl € V, and 2*,2?,... 27 €
X \ 7(w;) such that:*® (a) w! = w and w? = w'; (b) for all t = 2,...,T, and
wh(x) = wi™(z) for every z # x* and (wy, ¢;) € D.

)

The proof of Preliminary 3 is easy (and left to the reader). This preliminary
means that we can always find a path w}, ..., w! of valuation functions (starting at
w; and leading to w!) such that, for each ¢t = 2,..., T, w! and wlt_l disagree on at
most one ! € X that is not 4’s top.

Let us introduce some notation before the next preliminary. Consider distinct
wi,wy € . For any a > 0,47 € N and ¢;, ¢, € P', we write ¢ = ¢; ® aw; © aw, if, for
all w € ), we have

¢i(w), if w £ wy,wo,
if w=wy,

2
—~
&
SN—
|
R
—
&
g
_I_

a?
¢i(w) —a, if w=uw,.

Preliminary 4. Suppose that (u,q) € D. Then there exists o, > 0 such that:
(u,q') € D and p(u,q) = ©(u,q) whenever ¢ € P satisfies ¢, = ¢q_; and ¢, =
¢ D aw; © aws for some i € N, o € (0, o) and distinet wy, ws € Q.

Preliminary 4 obtains as the analog of Preliminary 1 when one slightly varies

the belief profile at (u,q). Its proof follows from the fact that the expected utility
operator Ey: is a continuous function of the belief ¢/.

13Remark that (b) implies 7(w!) = 7(w;) = 7(w}).

i i
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We are now ready to prove Claim 2. Using Preliminary 3, it suffices to show
that, starting from a profile v € 74, , the decision does not change if any single
agent changes her valuation of one non-top outcome. By contradiction, suppose that
h = @(v,p) # h' = (v, p) for two profiles (v,p), (v/,p) € DV such that v, = v; and,
for some i € N and a € X'\ 7(v;), satisfying: (i) v, = v_;; (ii) vi(z) = v;(x) if x # a;
(iii) v!(a) > v;(a). In addition,'* since the set of acts is finite, it is not restrictive to
assume that there exists at most one z € (v;(a),vi(a)) such that (v7,p;) ¢ D. Note

()

that, if z indeed exists, this assumption (along with ordinality) implies

¥ ((U—hvf*)?p) =@ ((U—ia Ui)’p) =h, Vz"€ (Ui(a)v 2) : (26)

Next, remark that misvaluation-proofness of ¢ requires: (1) EP:(h') — EPi(h) < 0
when z = v;(x); and (2) EYi(h) — EP:(R') > 0 when z = vj(z). Since E”: is a
continuous function of z, we may use the intermediate value theorem to claim that

there exists z € (v;(2),v(z)) such that Ef}’;i(h’) — Ef}’z(h) = 0, that is to say,

> @) (B (@) = of (h(@)] = Y pilw)v; (h(w)) = oi (W' (w))],  (27)
weN_
where ¥, = {w € Q : v}(W(w)) > vi(h(w))} and Q" = {w € Q : V(P (w)) <
vi(h(w))}. Note that €, # 0 and Q" # 0. Indeed, we have p;(K'*) > p;(h*) from
Lemma 2 (monotonicity); and hence () # A'*\ h* C ¥, UQ' . Then, assuming that
Q #0 (or Q. # 0), we may use (27) [and p;(w) > 0 for all w € Q)] to see that
Q. #0Q (or €, # 0) must also hold.

Next, pick any wy € € and w, € Q_; and define p = p; ® FLw; © Fw,, where
a, comes from Preliminary 4. Note from (27) that > pi(w)[v?(h (w)) —vi(h(w))] >

we,

S p(w)vi(h(w)) — vE (W (w))], that is to say, E”: (k') — E":(h) > 0. Hence, since
weN_ K 2

Eff (+) is a continuous function of z, we can claim that there exists z* € (v;(a), Z) such
that Ef; (h') — E:, (h) > 0. In other words, i prefers b’ to h at (v ,p}). But this is
a contradiction to misvaluation- proofness. Indeed, observe that (vi",p;) € D —since
there exists no 2 € (v;(a),v(a)) \ {Z} such that (v, p;) ¢ D. Therefore, we have
((v7",v_;),p) € DN. It then follows from Preliminary 4 that: ((v",v_;), (b}, p—)) €
DN and ¥ ((Uz‘z*av—i)7 (pgvp—i)) = ¢ ((U,L-Z*,U_i),p). Since ¥ ((Uz ) —i)vp) = h from
(26), it holds that ¢ ((v7",v_;), (p},p—;)) = h. Moreover, given that ((v},v_;),p) =
(v',p) € DY, Preliminary 4 once again gives: (v/, (p}, p_;)) € DY and o (v/, (p}, p_;))
o(v',p) = K. Thus, agent i can profitably manipulate ¢ at ((vi",v_;), (p},p_i)) by
misreporting (v}, p;) in order to get h’ (which she prefers to h).

Therefore, we must have o(v,p) = o(v',p) € {ai,...,a,}* for all v,v' € Ty, ; and
Lemma 6 is proved. O

vi(x), ifz#a

1Recall from the proof of Lemma 2 that v € V' is defined by v7(z) = { ; o
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Lemmas 4 and 6 imply that, if a SCF is strategyproof and ex-post efficient, then at
each preference profile the state space must be partitioned into a collection of events
{E; € 2 : i € N} such that agent i dictates the outcome in all states w € F;. Note
that (i) some E; may be empty (ii) E; may vary if we change the beliefs p or the
valuations v —or more precisely, if we change the tops (7(v1),...,7(v,))). That is to
say, there exist functions o : DV — (2)V such that, for all (v,p) € DV,

UiENO-i(Uap) = and (p(U,p, w) = T(Ui) fwe O-i(vap)' (28)

Remark that there exist many functions o satisfying (28); but for any two of them (say,
o’ and ¢”), we must have:'® o'(v,p) = o”(v,p) at any (v,p) € DV such that 7(v;) #
7(v;) if i # j. To conclude the proof of the Top Selection lemma, it just remains to
notice that there is a unique function s(p) = o*(v, p) that satisfies (28) and does not
vary with v. Since we have shown the tops-only property in Lemmas 4 and 6, we
slightly abuse notation and conveniently write ¢((a4, ..., a,),p) to refer to the chosen
act at each (v,p) € DV such that (7(v;))ien = (ai,...,a,). We then define s(p) =
o*(v,p) as follows. For any distinct a1, as € X, let 3“1“2 (p) = " ((a1,az,...,as2),p).
Define s7'“?(p) in a similar way for all i # 1; and write s(p) := “1“2( ) = (s7*"%(p))ien-
We leave it to the reader to check [by using Lemma 3-(ii) and the now established
top-and-tops-only property| that we have: (i) s%(p) = s%%(p) = s(p), for all
ai,as,as,ay € X (a; # as and az # a4) and all p € P; (ii) ¢((@1, ..., 0,), p;w) = a;
if w € s;(p), for all p € PV and (a@i,...,d,) € XV. Observing that s meets the
feasibility constraint Usens;(p) = Q (for all p € PV) then allows to conclude. O

9 Appendix B: semi-global results

Let w € (). This state is fixed throughout this appendix. It will be convenient to
further simplify notation as follows: we write  instead of Q\ @, P instead of P(1Q2),
and a instead of ag. For any 7; € P, define

P(m)Z{piEP:piHN) %m}.

This is the set of beliefs on €2 generating on Q a likelihood ordering that coincides
with that generated by ;.

For any two beliefs p;,q; € P, we write p; =~ ¢; if p;, ¢; are ordinally equivalent,
that is, if R(p;) = R(q;). We abuse this notation and, for any profiles p,q € PV, we
write p &~ ¢ if p; =~ ¢; for all « € N. We write p;Jq; if p;, ¢; are adjacent according to
the definition in Section 5. The adjacency relation J is obviously a symmetric binary
relation. If p;,q; € P° C P, a J-path between p; and g¢; in P’ is a finite sequence

5That is to say, o’(v,p) # o”(v,p) may occur only at profiles (v, p) where some distinct agents
have the same top.
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p; = (pY)L, such that p} = p;, p! = ¢;, ptJp.™ fort =1,....,T — 1, and p! € P’ for
t=1,...,T. We call P’ connected if such a J-path exists between any two beliefs in
P

Finally, define the relation J on P(m;) by

piJq; < p;, q; are {A, B} -adjacent for some {A,B} € H,w € A, and p;(A) > p;(B).

This is a sub-relation of the adjacency relation J. Contrary to J, the relation J is not
symmetric. For an illustration, see Figure 2, where an arrow stands for J. Observe
that if two beliefs p;, ¢; € P(m,) are {A, B}-adjacent, then w € AU B : this is because
the likelihood relations generated by p;, ¢; coincide on Q. Just like J, the relation J is
ordinal: if pzj ¢i, Pt = p; and ¢ =~ ¢;, then p| J ¢;. All its maximal elements in P(7;) are
ordinally equivalent; any such maximal element p; is characterized by the property
that

pi (@) > p (Q). (29)
Likewise, all the minimal elements of J are ordinally equivalent and any such minimal
element p; is characterized by the property that

p; (CUD) < p; (D) whenever m;(C) < m;(D).

Example 5. If Q = {1,2,3}, @ = 1, and m; is a belief on {2,3} generating the
ordering {2,3},{2},{3}, then any belief on {1,2,3} generating the ordering

{1,2,3},{1,2},{1,3}, {1} ,{2,3} , {2} . {3}

is a mazimal element pf of J on P(m;), and any belief on {1,2,3} generating the
ordering

{1,2,3},{2,3}, {1, 2}, {2}, {1, 3}, {3} , {1} .

15 a minimal element p; of J on P(m;). See again Figure 2 for an illustration.

A complete J -path in P(m;), or simply a complete path, is a finite sequence p; =
(p!)L, such that p! is a maximal element of J (in P(m;)), p7 is a minimal element,
piJpttfort=1,.., T —1, and p! € P(m;) fort = 1,....T.

Observation 1. For each complete J-path p; = (p!)L_, in P(m;), T =| {{A, B} € H
:weAUBY}.

This is because any maximal and minimal elements p;, p;” lie (i) on opposite sides
of every hyperplane p;(A) = p;(B) such that w € AU B, and (ii) on the same side of
every hyperplane p;(A) = p;(B) such that w ¢ AU B.

Observation 2. For each complete j—path pi in P(m;) and each t € {1,...,T — 1},
there is a unique {A!, B} € H such that pt,pi™ are {A*, B'}-adjacent. Moreover,
{A", B}y £ {AY, B} if t £ 1.
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Observation 3. Each belief p; € P(m;) lies on some complete J-path in P(m;) :
there exist p; and t € {1,...,T} such that p; = p..

The proofs of observations 2 and 3 are straightforward and left to the reader.

Lemma 7. For all i € N, m; € P, and p_; € PN\, either (a) si(.,p_i) is constant
on P(m;), or (b) there exist disjoint sets A;(m;,p—;), Bi(mi, p—i), Ci(mi,p—i) C Q such
that @ € A;(mi, p—i), mi(Ai(mi,p—i) \ @) < m(Bi(mi, p—i)), and for all p; € P(m;),
) Ai(mip-i) W Cilmisp—i)  if pi(Ai(mi p-i)) > pi(Bi(mi, p-i),
si(pis p—i) =

Bi(mi, p—;) U Ci(mi, p—s) otherwise.

The inequality m;(A;(m;, p—;) \ @) < m;(B;(m;, p—;)) implies that the function s;(.,p_;)
in statement (b) is not constant: the assignment actually varies with agent ¢’s beliefs.

Proof. Let i € N, m; € ﬁ, p_i € PN\ Since 7, p_; are fixed throughout the proof,
we omit them from our notation. It is important to keep in mind, however, that the
sets whose existence is asserted in Lemma 7 may depend on our choice of m;, p_;. Let

T=|{{A,BYeH B AUB}|.

Step 1. We claim that for any complete J-path p; = (p!)L, in P(m,), one of the
following statements hold:

() si(pi) = s:(P}) = ... = (P} ),
(B) there exist disjoint sets A;(p;), Bi(pi), Ci(p:) C Q@ such that w € A;(p;), m(Ai(pi)\
w) < m;(B;(pi)), and there exists t*(p;) € {1,...,T — 1} such that
Ai(pi) U Ci(pi it t <t*(pi),
si<pz>={ (PG TS ) (30
Bi(p:)) UCi(pi) it >1"(pi).

To prove this claim, fix a complete J-path p; in P(m;). For each t = 1,...,T — 1,
let {A?, B} be the unique pair in H such that pt,pi™ are {A!, B*}-adjacent. By
definition of .J, & € A’ and p(A!) > p!(B!). By the Local Bilaterality lemma, one of
the following statements holds:

(i) si(pf) = Si(p§+1)>

(ii) si(pf) \ s:(P;"") = A" and si(p;™) \ si(p}) = B".

If (i) holds for ¢t = 1,...,7 — 1, then statement («) is true. Otherwise, let t* be the
smallest ¢ € {1,...,T — 1} such that s;(p!) # s;(p"™). By (ii), s:(pl ) \si(pl ™) = A"".
Since @ € A", we have @ ¢ s;(p! ™). This means that statement (ii) cannot hold
for any t = t* +1,...,T. Hence, s;(p!) = si(p! ™) for t = t* + 1,...,T. Defining
Ai(ps) = AV, Bi(p;) = BY, Ci(p;) = si(p}) \ AT, we obtain (30).

Step 2. Let p;” and p; be maximal and minimal elements of J in P(m;).
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If s;(p;) = si(p;), define C; = s;(p]") = s;(p; ). For any p; € P(7;) there exists
some path p; and some t € {1,...,T} such that p;, = p! (Observation 3). By Step 1,
si(pi) = si(pt) = Ci, that is, statement (a) in Lemma 7 holds.

If s;(p) # si(p; ), we know from Step 2 that statement (3) holds for every com-
plete J-path p; = (P, in P(m,). We claim that the sets 4;(p;), Bi(p:), Ci(p:) do
not change with p;. To see why, let p;, q; be two paths. If A;(p;) # Ai(q;) or Ci(p;) #
Ci(a:), then s;(p;") = si(p;) = Ai(p:) U Ci(pi) # Ai(a) U Ci(ai) = silai) = si(p;), a
contradiction. Thus A;(p;) = A;(q;) and C;(p;) = Ci(q;). Next, if B;(p;) # Bi(qi),
then s;(p; ) = si(p]) = Bi(p:) UC;(p:) = Bi(pi) UCi(q;) # Bi(q:) UC;(q;) = si(q) ) =
si(p; ), again a contradiction.

Let A;, B;, C; be the sets such that A;(p;) = A;, Bi(p;) = B;, and C;(p;) = C; for
all complete j—paths p; in P(r,). For any p; € P(m;) there exist some path p; and
some t € {1,...,T} such that p; = p’, and, by Step 1, an integer t*(p;) € {1,....,T — 1}
such that

i) = { Aucn e 1)
B;uC; ift >t (py).
This integer may —and typically does— change with the path p;, as Figure 2 illustrates.

If pi(A;) = pi(A;) > piB;) = pi(B;), then t < t*(p;) : otherwise (31) would
imply s;(p;) = Bi U Cj, hence pi(si(p;)) = pi(A: U Ci) > pi(B: U Cy) = pilsi(pi)),
contradicting strategyproofness. Since t < t*(p;), (31) implies s;(p;) = A; U C;.

Likewise, if p;(A;) < pi(B;), then ¢t > t*(p;) and (31) imply s;(p;) = B; U C;. We
conclude that statement (b) in Lemma 7 holds with A;(m;, p—;) = A;, Bi(mi, p—i) = B,
and C;i(m;,p—;) = C;. O

We record below two immediate consequences of Lemma 7 that will be used later.

Corollary 1. Forall i € N, m; € P, pi, 1 € P(m;), and p_; € PN\,

(a) W € si(pi,p—i) N si(p i) = 8i(pi, p—i) = si(D}, p—i),

(b) @ & si(pi, p—i) U si(Di, p—i) = 5:(pis p—i) = 5:(P}s P—i)-

Given the other agents’ beliefs, i’s assignment is fully determined by whether it con-
tains w or not.

Corollary 2. For all © € N, m; € ﬁ, p_; € PNV and any mazimal and mini-
mal elements pi,p;of J in P(m), if s(.,p_:) is not constant on P(m;), then & €
si(pi s p—i) \ si(p; s p—i)-

We now show that the sets A;(m;,p_;), Bi(mi,p—;), Ci(m;, p—;) in Lemma 7 do
not vary with p_; as long as the ordering generated on P by each p;, j € N\ ¢,
remains unchanged. If 7 € PV and i € N, we write PY(7) = IenP(m,) and

/PN\Z' (W_i) = Hk;,glp(ﬂk)

Lemma 8. Forall i € N and w € PN, there exist disjoint sets A;(r), Bi(w), Cy(w) C
Q such that @ € Ay(n), m(Ai(7)\@) < 7;(Bi(7)), and, for all p_; € PN\i(x_,), either
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(a) si(.,p—;) is constant on P(m;), or (b) for all p; € P(m),

S‘(]?‘ D ) — A’<7T) U Cl(ﬂ-) Zf pz(Al(ﬂ-» > pi(Bi<7T))7
e Bi(m)UCi(m)  otherwise.

We emphasize that Lemma 8 does not assert that s;(p;, .) is constant over PVV(7_;).

Proof. Let i € N and let 7 € PV. Define the set
PNVi(r_) = {p-i € PMV(r_;) : si(.,p—;) is not constant on P(m;)} . (32)

Let p_i,q_; € PY \i(w_i). By Lemma 7 —and dropping 7; from the notation— there exist
disjoint sets A;(p—;), Bi(p—:), Ci(p—;) C Q such that w € A;(p_;), m(Ai(p—;) \ W) <
WZ(BZ(]?,J), and

Ai(p—i) U Ci(p—i) if pi(Ai(p—i)) > pi(Bi(p—i)),
for all pr € P(ms). 5i(ps.ps) = (i) U Cilp—i) if pi(Ai(p—i)) > pi(Bi(p-i))
Bi(p—i) U Ci(p—;) otherwise,
(33)
and there exist disjoint sets A;(q—;), Bi(q—i), Ci(q—;) C Q such that @ € A;(q-;),

mi(Ai(q-i) \ W) < mi(Bi(g—:)), and

for all p; € P(m;), si(pi,q_i) = { 21231; B glizl; ;fti;tj;(im S B
(34)

We must prove that A;(p—;) = Ai(q—i), Bi(p—i) = Bi(q-:), and C;(p—;) = Ci(q—:)-

There is obviously no loss of generality in assuming that there exists some j # ¢
such that pp = g for all k € N\ {i,j}. We therefore drop the beliefs of the agents
other than ¢, j from our notation. Moreover, since P(7;) is connected, there is no loss
in assuming that p;, ¢; are adjacent.

Let pf,p; be maximal and minimal elements of J in P(r;). By Corollary 2,

w € sipfipi) \sip;ip)),s

w € silpla5) \sipi s 4j)-

Since @ ¢ s;(p;,p;) Us;(pf,q;), Corollary 1 implies s;(p;, p;) = s;(p;, q;). By non-
bossiness, s;(p;, p;) = si(p;, q;). Since & € s;(p, p;) N si(p, qj), it follows from (34)
that

Ai(pj) U Ci(ps) = Ailg;) U Ci(gy).

Next, we claim that either @ € s;(p; ,p;) Ns;(p; ,q;) or w ¢ s;(p; ,p;)Us;(p; ,qj)-
Suppose, on the contrary, that, say, w € s;(p; ,p;) \ s;(p; ,¢;). Since w ¢ s;(p; ,q;),
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there exists k € N\{4, j} such that w € s;(p; , ¢;)\sk(p; , pj). By the Local Bilaterality
lemma, s;(p; ,q;) = si(p; ,p;), that is,

Bi(pj) U Ci(p;) = Bi(g;) U Ci(gy).

Since A;(p;), Bi(p;), Ci(p;) are disjoint and A;(q;), Bi(g;), Ci(q;) are disjoint, these
equalities imply A;(p;) = Ai(q;), Bi(p;) = Bi(g;), and C;i(p;) = Ci(g;). O

We are now ready to describe the structure of s on any sub-domain P (7).

Terminology. Given 7 € ﬁN, we say that s varies only with agent i’s beliefs (on
PN (7)) if there exists p_; € PN\V{(7_;) such that s(.,p_;) is not constant on P(7;) but
s(.,p_;) is constant on P(7;) for every j # i and every p_; € PNV (7r_;). We say that
s waries with the beliefs of agents i and j (on PN (7)) if there exist p_; € PN\i(1_,)
such that s(.,p_;) is not constant on P(m;) and there exists p_; € PNV (r_;) such
that s(.,p_;) is not constant on P(7;). We emphasize that this definition allows s to
potentially vary with the beliefs of agents other than i, j as well.

We say that {A, B} € H cuts P(m;) if there exist p;, ¢; € P(m;) such that (p;(A) —
pi(B))(¢:(A) — q:(B)) < 0. Observe that if @ € A, then {A, B} cuts P(m;) if and only
if m(A\ @) < m(B).

Lemma 9. For every m € PV there exists a partition {A(r), B(r),Cy(7), ..., Co(m)}
of Q such that © € A(r) U B(w) and

(a) if s varies only with agent 1’s beliefs on PN(w), then {A, B} cuts P(m) and
there exists an agent i € N \ 1, say agent 2, such that for all p € PN (x),

s(p) = { (A(m) U Cy(7), B(m)UCy(m), Ca(m), .., Culm)) if pi(A(m)) > pr(B(m)),
(B(m) U Cy(m), A(m) U Cy(rm), Cs(m),..., Cyp(m)))  otherwise,

(b) if s waries with the beliefs of agents 1 and 2 on PN(m), then {A, B} cuts
P(m1), P(me) and for all p € PN(rm),

(A(m) U Cy(mr), B(m) U Cy(m), Cs(m), ..., Culm)) if pr(A(m)) > pr(B(m))
s(p) = and pa(A(m)) < pa(B(7)),
(B(m) U Cy(m), A(m) U Cy(m), Cs(m),..., Cp(m))  otherwise.

Remark 1. (a) We stated Lemma 9 with reference to agents 1 and 2 for notational
convenience but of course the result holds, up to a relabeling, for any pair of agents.

(b) Statement (b) does not assume that the assignment is independent of the be-
liefs of agents 3,...,n. Rather, it is a corollary to Lemma 9 that, on PN (x), (i) the
assignment may vary with the beliefs of at most two agents and (ii) only the events
assigned to two agents may change.
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Proof. Let 7 € PV. This profile is fixed throughout the proof and dropped from the
notation whenever this causes no confusion.

Step 1. Suppose first that s varies only with agent 1’s beliefs.

Recall the definition of P \1(7,1) in (32). By Lemma 8, there exist disjoint sets
Ay, By, C such that for all p; € P(m) and all p_; € Pﬁv\l(w_l),

Al U Cl if pl(Al) > pl(Bl)a
B, UC, otherwise.

31<p17p—1) = {

Moreover, @ € A; and 7 (A4; \ @) < m1(By (7)), implying that {A;, By} cuts P(m).

Since s does not vary with the beliefs of agents 2,...,n, the above expression
must, in fact, hold for all (p;,p_1) € PY(x). Statement (a) now follows from the
Local Bilaterality lemma and non-bossiness.

Step 2. Suppose next that s varies with the beliefs of agents 1 and 2 on PN (7).

Since P(my), P(m) are connected, there are adjacent beliefs py, pj € P(m), adja-
cent beliefs py, pf, € P(m3), and sub-profiles p_; € PY\'(7_1), q_o € PN\?(1_,) such
that

s(p1,p-1) = a # o = s(py,p-1), (35)

s(q2,q-2) = B # g = S(QQa q-2). (36)

Sub-step 2.1. We show that the assignment varies locally with two agents’ beliefs:
there exist two agents i,7 € N, two adjacent beliefs p;,p, € P(m;), two adjacent
beliefs p;, p; € P(m;), and a sub-profile p_;; € PN\ () such that s(pl,p;,p_ij) #
s$(pis js p-ij) # s(Di, D}, D—ij)-
Suppose not. Then (35) implies
s(p1, P, p-15) = a # o’ = s(pl, pj,p-1j)

for all j # 1 and all p} adjacent to p;. Since P(m;) is connected, it follows that

s(pi,p7y) = a # o' = s(ph,py) (37)

for all p’ ; € PM\(7_y).
By the same token, (36) implies

s(q2.q"5) = @ # o' = s(¢3,4",) (38)

for all ¢, € PN\2(1_y).
Statement (37) implies s(p1, ¢2,p_12) = $(p1, g5, p_12) and statement (38) implies
S(ph qQap—12) ?é 5(])17 QQap—IQ)a a contradiction.
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Sub-step 2.2. We show that there exist disjoint sets A, B, (Y, ...,C,, such that
A/B#0,we AUB, and, for all k # 1, j,

(Shsj?Sk)(piaphpf’ij) = (AU Cia BU Cj7 Ck)a (39)
(56,55, 55) (5, Py P—ij) = (8,55, s) (P} 0j> P—ij) = (BUCy, AUC;, Cy).

Since p_;; is fixed, let us drop it from the notation. By Sub-step 2.1 and Lemma
8, there exist disjoint sets A;, B;, C; and disjoint sets A;, B;, C; such that w € A;NA;,
B;,B; # 0, and

[si(pi, pj) = AU Cy, si(ph,p;) = BiUC;] or [s;(pi,pj) = B; UC, si(ph,p;) = A UG
and

[55(pi,pj) = A; UGy, s;(pi,0y) = B;UCS] or [s;(pi,p;) = B; UGy, s;(pi,py) = A; UC] .

Since w € A;NA; and s;(p;, pj) N s;(pi, p;) = 0, we need only consider three cases.
Case 1. (1) Si(piypj) = A,L U Ci, (11) Sl(p;,p]) = Bl U Ci, (111) Sj(pi7pj) = Bj UC]', (1V)
sj(pi, ;) = A; U ;.

Define A = A;, B = B;, C, = si(pi,p;) for k # i,j. By the Local Bilaterality
lemma, (i), (i), and (iv) imply A; = A, B; = B, si(p;,p}) = BUC;, and sy (p;, pj) =
Cy, for k #1, 5.

Next, since s;(pi,pj) = AU C;, si(pi,pj) = BUC;, and s;(p;, p;) = BUC;, the
Local Bilaterality lemma implies s;(p}, p;) = AU C; and si(p}, p;) = Cy for k # 1, j,
establishing (39).

Case 2. (1) Sz(pzap]) = Bz UCZ, (11) Sz(pé,pj) = Az UC“ (111) Sj(p“p]) = AJ UCJ, (IV)
sj(pi, P;) = B; U Cj.

Define A = B;, B = A;, C, = si(pi,p;) for k # i, j. Statement (39) follows by the
same argument as in Case 1, mutatis mutandis.

Case 3. (1) Sz(pzap]) = Bz UC“ (11) Sl(p;,p]) = Az UC“ (111) 8]<p7,,p]) = B] UCJ, (IV)
sj(pi, ;) = A; UCj.

This case is impossible. To see why, note first that (i), (ii), (iii), and the Local
Bilaterality lemma imply s;(p;,p;) = B; U C; whereas (i), (iii), (iv) and the Local
Bilaterality lemma imply s;(p;, p}) = B; U C;.

Since (Si, Sj)(p;,pj) = (Az U Ci7 Bj U C]) and (Si, S])(pl,p;) = (Bz U CZ',AJ' U Cj),
Lemma 3 implies that one of the following statements holds:

(Siasj)(p;ap;‘) = (AiUCi’ BjUCj)’
(si,85)(Pip;) = (BiUC;, A;UC).
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In either case, the Local Bilaterality lemma requires A; = A; and B; = B;. The latter
equality implies that s;(p;, p;) N s;(pi, p;) # 0, violating feasibility.

Sub-step 2.3. Assume from now on that @ belongs to the set A in (39). The case
where w belongs to B is identical up to a permutation of agents ¢ and j. We show
that for all (¢;, q;) € P(m) x P(w;) and all k # i, j,

(55.55,50) (05, G5 pss) = (AUC;, BUC, Cy) if qi(A) > ¢;(B) and ¢;(A) < ¢;(B),
e e BUC;, AUuC;, () otherwise.
J

(40)

Since p_;; is fixed, let us drop it again from the notation. By Sub-step 2.2 and
Lemma 8, p;(A) > p;(B) and p;(A) < p;(B), and it follows that (40) holds for the
case where ¢; = p; or ¢; = pj.

Next, for any ¢; such that ¢;(A) < ¢;(B), the fact that s;(¢;,p;) = AU C; implies
that s;(g;,.) is constant, hence, by non-bossiness, (s;, s;, sx)(¢;, q;) = (BUC;, AUC},
Ch).

Similarly, for any ¢; such that ¢;(A) > ¢;(B), the fact that s;(p;,¢;) = B U C;
implies that s;(., ¢;) is constant, hence, by non-bossiness, (s;, s;, sx)(¢, q;) = (BUC;,
AUC;, Cy).

Finally, for any (g;, ;) such that ¢;(A) > ¢;(B) and ¢;(A) < g;(B), the fact that
si(.,q;) and sj(., g;) are not constant, together with non-bossiness, implies (s;, s, i)
(gi,q;) = (AUC;, BUC;, Cy), completing the proof of (40).

Sub-step 2.4. We show that for all ¢ € PN (7) and all k # 1, j,

(5, s0)(q) = | AUCHBUC,C) i 4(A) > ¢(B) and g5(4) < 44(B),
o ud;, Aud,, C%) otherwise.
’ (BUC,, AUC;, Cy) oth

(41)

Let ¢ € PY(rm). Given Sub-step 2.3 and because each P(m;) is connected, we
may assume without loss of generality that there exists some k # 7, j such that ¢ is
adjacent to py and ¢ = py for all k' # 4, j, k. In what follows, we drop q_;;x = p_ijk
from our notation. Suppose, by way of contradiction, that s(¢;, g, k) # s(¢i. 45, Pk)-

If (si, 85, 86)(, g5, pi) = (AUC;, BUC, Cy), non-bossiness implies sy (q;, ¢, qx) #
sk(Qi, qj.pr). Since py,qr € P(my), the pair of events {E, E'} for which py, g, are
{E, E'}-adjacent is such that @ € EU E'. Since w € AU C; = s;(¢;, ¢j, i), we must
therefore have s;(¢:, q;, k) # si(4i, ¢;, pr) and Lemma 8 implies s;(¢;, ¢j, qx) = BUC;.
By the Local Bilaterality lemma, s;(¢;, g, qx) = si(¢i, ¢;,px) = B U C;. This means
that s;(¢;, 45, ax) N $j(qi, g5, @) # 0, contradicting feasibility.

If (s4, 85, 56)(qi 45, pe) = (BUC;, AU G}, Cy), exchanging the roles of ¢ and j in
the above argument yields the same contradiction.
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Sub-step 2.5. Since s varies with the beliefs of agents 1 and 2 on PV (7), (41) must
hold with {i,j} = {1, 2}, completing the proof of statement (). O

Terminology. Given 7 € PN , arule s of the type identified in part (a) of Lemma 9
is called (1,2)-dictatorial (with respect to {A(r), B(m)}) on PN(r) : the assignment
varies only with agent 1’s beliefs and only the events allocated to agents 1 and 2
change. For such a rule, there is no loss of generality in assuming that w € A(w): we
maintain that convention throughout.

A rule of the type identified in part (b) is called {1,2}-consensual (with respect
to {A(r), B(m)}) on PN(x). We call it (1,2)-consensual if @ € B(w) and (2,1)-
consensual if @ € A(7): under an (¢, j)-consensual rule, the “default option” assigns
state w to agent 1.

We call the sets C(7), ..., Cy () residuals.

10 Appendix C: proof of the Bilateral Consensus

lemma

10.1 Contagion results

As in Append1x B, @ € Q remains fixed throughout this sub-section, and we keep
the notation Q = Q \ @ and P = P(Q) For any fixed belief profile 7 € P, Lemma 9
describes the structure of s on the sub-domain PV (7). We will now describe how this
structure varies with m. We begin with two “contagion lemmas” and an “independence
lemma”, which link the behavior of s across “adjacent” sub-domains. These lemmas
require extending the notion of adjacency to beliefs defined over an arbitrary subset of
Q. Forany @ C Q (e.g., ¥ = Q), let H(Y) = {{A, B} : 0 # A, B C ' and ANB = 0}
and say that m;, 0; € P(Y') are {A, B}-adjacent if (m;(A) —mi(B))(0:(A) —0:(B)) < 0
and (m;(C) — m(D)) (0;(C) — 03(D)) > 0 for all {C,D} € H(Y)\ {{A4, B}}. With
a slight abuse of notation, we use J to denote the adjacency relation between beliefs
on any 2. Connectedness of a subset of P(€?) is defined in the obvious way.

First, an intermediate result.

Lemma 10. Let 7 € ﬁN, let 01,09 € P be adjacent to my, T, respectively, and let s
be (2,1)-consensual with respect to {A, B} on PN () with residuals Cy, ..., C,,.

(a) If s is (2,1)-consensual with respect to some {A’,B'} on PN (09,7 _5), then
{A", B’} cuts P(ma) and {A, B} cuts P(o2).

(b) If s is (2,1)-consensual with respect to some {A’, B’} on PN(oy,7_1), then
{A", B’} cuts P(m) and {A, B} cuts P(oy).
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Remark 2. We stated Lemma 10 for the ordered pair (2,1) for notational simplicity
only: up to a relabeling, the result applies to any ordered pair (i,j) of agents. This
comment applies also to the results below.

Proof. We only prove statement (a). Although statement (b) is not a mere permuta-
tion of statement (a) (because s is (2, 1)-consensual in both cases), its proof is almost
identical and therefore omitted. Fix 7 € PV and o9 € P adjacent to my. Suppose
s is (2, 1)-consensual with respect to {A, B} on PV (r) with residuals C, ..., C,,, and
(2,1)-consensual with respect to {A’, B’} on PV (09, 7_5) with residuals Cf, ..., C!.
Fix an arbitrary sub-profile p_j5 € PY\12(7_15) and drop it from the notation. Then,
for all p = (p1,p2) € P(m1) x P(ma),

(AUC,,BUCy)  if p1(A) > p1(B) and pa(A) < pa(B),

, ,p _
( 1 )( 1 ) { (B J 017 A U Cg) otherw isea

and for all (p1, q2) € P(m) X P(02),

(AuC,Bucy) ifpi(A) > pi(B) and ¢2(A’) < qo(B’),
(51,82)(p1, q2) = .
(B'UC],AUC))  otherwise,
(43)
where w € AN A, {A, B} cuts P(m),P(m2), and {4, B’} cuts P(m),P(02). In
particular, writing A := A\ w, A’ := A"\ @, we have

mo(A) < ma(B). (44)

oo(A') < 0o(B). (45)

Let pi,ps,q5 and py,py,q, be, respectively, maximal and minimal elements of
J in, respectively, P(m), P(ms), and P(oy). Let {E, E'} € H(Q) be the unique pair
of disjoint subsets of Q such that 7 and o, are {E, E'}-adjacent with, say, ma(FE) >
mo(E'). Recall that 7, 0o are beliefs on © = Q\ @; this implies that & ¢ E U E'.
Observe now that py, g3 are {E, E'}-adjacent beliefs on : this follows directly from
the characteristic inequality (29). In contrast, p; , g5 need not be adjacent, as Figure
2 illustrates.

We will only prove that {A’, B’} cuts P(ms); the proof that {A, B} cuts P(o3) is
the same, mutatis mutandis. Suppose, by way of contradiction, that

ma(A') > mo(B). (46)

We first claim that for every @ € EU E’,
P Q=g [Q (47)
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where Q := Q \ @. To see why, fix disjoint events C, D C Q) and observe that

Py (C) <py (D) & m(C\w) <m(D\w)
& 0u(C\D) < 0a(D\ D)
& ¢ (0)<g (D).

The first equivalence holds by definition of p; . The second holds because W € F'U E’
and @ ¢ C'U D imply that {C'\ @, D\ w} differs from {E, E'}, the unique pair of
disjoints subsets of Q on which the likelihood orderings generated by m,, 09 disagree.
The third equivalence holds by definition of ¢, .

Next, let T, be a belief on Q such that 2 O~ q5 | QO ~ 7. We emphasize that
the belief 75 is not defined on the same event as 7, 09, which are beliefs on Q. Define

P(ma) = {pg EP:p | Qr /7%2} . For every o € [0,1], define

Yo =ap; + (1 —a)g, .

Observe that *qe € P(T2) N (P(o2) UP(m2))) for every a € [0,1], where the upperbar
denotes the closure operator. Furthermore, because we assumed that {A’, B’} does
not cut P(ms) (i.e., (46) holds), there exists some « € [0, 1] such that

“qe € P(0,) and “ga(A") > “qo( B'). (48)

We omit the easy proof for brevity.
Pick p; € P(m1) such p1(A) > p1(B) and p;(A") > pi(B’). By definition of ¢, and
thanks to (45), ¢5 (A’) < q5 (B’), hence from (43),

s2(p1,° ¢2) = s2(p1,¢5 ) = B'U G5, (49)
Choosing « such that (48) holds, (43) again implies
Sg(pl,a QQ) = A/ U Cé (50)

But since ?q, € P(7,) for all B € [0,1], (49), (50), and Lemma 8, applied with Q
instead of §2, imply
s2(p1," q2) = sa(p1,py) = AU CY.

However, by definition of p; and thanks to (44), p; (A) < p; (B), hence from (42),

32(1017]72_) =BU CZ)

contradicting the previous equality since w € (AU CY) \ (BUCy). O

First Contagion Lemma. Let 7 € ﬁN, let o5 € P be adjacent to my, and let s be
(2, 1)-consensual with respect to {A, B} on PN (w) with residuals C4, ..., Cy,.
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(a) If {A,B} cuts P(o2), then s is (2,1)-consensual with respect to {A, B} on
PN (o, 7_2).

(b) If {A,B} does not cut P(os), then s(p) = (BUCy, AU Cy,Cs,...,C,,) for all
p € PN (0g, 7).

Remark 3. Statement (a) does not assert that the residuals C1, ..., Cl, associated with
the (2,1)-consensual rule s on PN (0q,™_3) coincide with the residuals Cy, ....,C,, on
PN(7) : in fact, they generally do not.

Statement (b), on the other hand, asserts that s is constant on PN (oo, 7_5) and the
residuals are the same as on PN (7): the assignment outside AU B remains constant
when 2’s beliefs switch from P(ms) to P(og). It may be worth explaining why a C-BD-
BC union indeed possesses this property. The reason is the following. Since we have
assumed that s is (2,1)-consensual with respect to {A, B} on PN(x), we know that
{A, B} cuts P(ms), that is, m(A) < ma(B). On the other hand, since {A, B} does not
cut P(03), we have o3(A) > oo(B). It follows that the adjacent beliefs m, 05 must,
in fact, be {A, B}-adjacent. This means that any two beliefs py € P(ms), gz € P(02)
agree on the ranking of all events C,D C Q\ (AU B). As a result, the assignment
outside AU B remains unchanged under a C-BD-BC union.

Proof. Fix 7 € PV, 0, € P such that m, 0, are adjacent. Suppose s is (2,1)-
consensual with respect to {4, B} on P (7) with residuals C}, ..., C,, : (42) holds for
all p € PN(7), @ € A, and {4, B} cuts P(m), i.e., (44) holds. For any k € N, let
pi,p,. denote maximal and minimal elements of J in P(mk), 45 ;g5 be maximal and
minimal elements of J in P(0), and let E, E' be the disjoint subsets of { such that
79 and oy are {E, E'}-adjacent with mo(FE) > mo(E’). Recall that © ¢ F U E'.

Step 1. We show that for every agent k # 2 and every k' # k, s is neither (k, k')-
dictatorial nor (k, k’)-consensual on P (oq, 7_3).

Fix k # 2, k' # k. Fix a sub-profile p_g, € PN\ (7_y;,) and drop it from the
notation. Since s is (2, 1)-consensual on PV (7), we have & € so(py,p)). If s is
(k, k')-dictatorial or (k,k’)-consensual on P (09,7 ), then & € si(qy,p; ). These
two statements contradict the Local Bilaterality lemma because py,q; are {E, E'}-
adjacent and w ¢ EU E'.

Step 2. We prove statement (a).
Suppose {4, B} cuts P(03), that is,

02(A) < o3(B). (51)

Sub-step 2.1. We show that s varies with the beliefs of agents 1 and 2 on P (g, 7_3).
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Fix a sub-profile p_1, € PV \12(77712) and drop it from the notation. Because
{A, B} cuts P(o3), there exist adjacent beliefs D, € P(ms) and g, € P(09) such that
Do(A) < Py(B). These beliefs are, in fact, { £, E'}-adjacent.

Choose p; € P(m;) such that p;(A) > pi(B). From (42), so(p1,ps) = AU Cy and
So(p1,Py) = B U Cy. By the Local Bilaterality lemma,

so(pr,q3) = AUCyor (AUCLUE')\E,
82(p1,62> = BUCQ or (BUCQUE/>\E

It follows that @ € sa(p1,q5) \ s2(p1,Gs): s varies with agent 2’s beliefs.
Next, choose ¢; € P(m) such that ¢;(A) < ¢1(B). From (42), so(q1,D5) = AU Ch.
By the Local Bilaterality lemma,

82(91762) =AU CQ or (A U CQ U E/> \ E.

Thus @ € s52(q1,Qy) \ S2(p1,qy): s varies with agent 1’s beliefs.

Sub-step 2.2. Since s varies with the beliefs of agents 1 and 2 on PN (oy, 7 ),
Lemma 9 and Step 1 imply that s is (2, 1)-consensual with respect to some {A’, B’} on
PN(0y, m_5) with, say, residuals C1, ..., C. Thus, (43) holds for all (py,qs) € P(m) x
P(o2), w e A', and {A’, B'} cuts P(m;), P(02). In particular, (45) holds. To complete
the proof of statement (a), it remains to prove that {A, B} = {A’, B'}.

Suppose, contrary to our claim, that {A, B} # {A’,B’}. Define the positive
numbers

(5 = 7T1<B)—7T1(1/4:2,
§ = m(B")—m(A).

Assume § # ¢’. This is without loss of generality: if 6 = ¢, simply replace m; with
an ordinally equivalent belief for which the two corresponding numbers differ. Either
0 < & or & < 6. We will only treat the former case; the latter is identical, mutatis

mutandis.
For each « € [0, 1], define p{ € P(m,) by

PS(@) = a and pf(w) = (1 — a)m (w) for all w € Q.

Elementary algebra shows that p{(A) < p}(B) & «a <

!
a< 1+5, Since § < &', we havem< 1+6'

pi(A) > pi(B) and py(A") < pi(B'). (52)

1+5 and Pl 1(A) <pi(B) &

Choosing == < a <

1+5 1+§' , we have

Because of (44) and (51), there exist adjacent beliefs po € P(m2) and go € P(02)
such that pa(A) < pa(B). This is illustrated in Figure 3 with A = {1}, B = {2}; we
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omit the easy proof for brevity. From this inequality, (42), and the first inequality in
(52), we obtain
so (PY,p2) = BU Ch.

From (43) and the second inequality in (52),
s2 (pf's q2) = AU Cs.

It follows that W € s5 (pf, g2) \ s2 (p§, p2) , contradicting the Local Bilaterality lemma
because p, go are {E, E'}-adjacent and w ¢ F U E'.

Step 3. We prove statement (b).
Suppose {A, B} does not cut P(o3), that is,

O'Q(A) > O'Q(B). (53)

Sub-step 3.1. We prove that s is neither (2, k)-dictatorial nor (2, k)-consensual on
PN (09, 7o) for any k # 2 .

Suppose it is.

Case 1: {A', B’} cuts P(m), that is, m(A") < ma(B').

Fix a sub-profile p_g, € PN\ (7_5,) and drop it from the notation. Because of
(53), there exist adjacent py € P(ms) and g € P(02) such that ps(A) > po(B) and
(A < g2(B).

Choose py € P(m) such that pp(A’) > prp(B’). From (42), w € s9(p2, pi). But since
s is (2, k)-dictatorial or (2, k)-consensual on PV (09, 7_5), @ € sp(qa, pr), contradicting
the Local Bilaterality lemma.

Case 2: {A’, B’} does not cut P(ms), that is, m(A") > m(B’).

Fix a sub-profile p_y € PN\?(7_,) such that p;(A) > py(B) and pp(A") > pp(B)
(where 1 and k may coincide). Drop this sub-profile from the notation.

We derive a contradiction using a variant of the argument in Lemma 10. Fix
& € EUE'. As we proved in Lemma 10, there exists a belief 7, on Q\@ such that p; | O
~ ¢, | Q ~ 7, and there exists a € [0,1] such that “g := ap; + (1 — a)g; € P(o,)
and “ga(A’) > “q2(B).

Since g, (A') < q5 (B') and s is (2, k)-dictatorial or (2, k)-consensual on PN (g, 7_5),

$2(°qe) = sa(qy) = B'UCY,
a(h) = A/UCé

Since Pqy € P(7) for all B € [0, 1], these equalities and Lemma 8 imply

sa('q2) = sa(py) = A'U Gy
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But (42) implies s2(p; ) = B U Cs, a contradiction.

Sub-step 3.2. Step 1, Sub-step 3.1, and Lemma 9 together imply that s is constant
on PN (oy,m_5). To complete the proof of statement (), we need to show that the
constant assignment prescribed by s is (BUCy, AU Cy, Cs, ..., Cy).

Fix again @ € EUE and 7 ~ p; | Q ~ ¢; | Q. Because {4, B} does not cut
P(09), there exists o € [0, 1] such that *gs := ap; + (1 —a)g; € P(w,) and *g2(A) >
“go(B). Pick p; € P(m) such p,(A) > p,(B). Fix p_12 and drop it from the notation.
From (42),

82(]_9171(12) = 82(ﬁ17p2_):BU027
Sg(ﬁl,a(h) = AUCQ

Since #qy € P(7) for all B € [0, 1], Lemma 8 implies

$52(D1," q2) = $2(D1. @5 ) = AU s,

hence, since s is constant on PN (09, 7_5), s2(p1, q2) = AUC, for all (py, q2) € P(m) x
P(03). The claim now follows from non-bossiness. [

Second Contagion Lemma. Let 7 € PN and let oy € P be adjacent to .

(a) If s is (2,1)-consensual with respect to {A, B} on PN () and {A, B} cuts P (o),
then s is (2,1)-consensual with respect to {A, B} on PN (o1, m_1).

(b) If s is (2,1)-consensual or (2,1)-dictatorial with respect to {A, B} on PY(m)
and {A, B} does not cut P(o1), then s is (2,1)-dictatorial with respect to {A, B} on
PN(oy,7_1).

Remark 4. Statement (a) is not the permutation of statement (a) in the First Con-
tagion lemma because the rule is assumed to be (2,1)-consensual in both cases.

Proof. Fix 7 € PY and oy € P adjacent to m. For any k € N, let p{,p, denote
maximal and minimal elements of J in P(m1), let ¢, q; be maximal and minimal
clements of J in P(01), and let now E, E' denote the disjoint subsets of € such that
m and oy are {E, E'}-adjacent with m (E) > m(E'). Again, w ¢ EU E'.

Step 1. We show that if s is (2, 1)-consensual or (2, 1)-dictatorial on PV (7), then
for every k # 2 and k' # k, s is neither (k, k')-dictatorial nor (k, k’)-consensual on
PN (o1, m_1).

Fix k # 2, k¥ # k. Fix a profile p € P¥(7) such that p; = pf, po = pg,
and pr = p; (where k may coincide with 1). Since s is (2, 1)-consensual or (2,1)-
dictatorial on PY(r), we have @ € sy(p). If s is (k, k')-dictatorial or (k, k")-consensual
on PN(oy,m 1), then @ € s,(q],p_1). These two statements contradict the Local
Bilaterality lemma because py, ¢ are {E, E'}-adjacent and & ¢ E U E'.
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Step 2. We show that if s is (2, 1)-consensual or (2, 1)-dictatorial on PV (7r), then s
it is not constant on PN (o, 7_4).

Fix a sub-profile p_15 € PY\M2(7_15) and drop it from the notation. If s is (2, 1)-
consensual or (2, 1)-dictatorial on PN (7), there exist disjoint sets A, B, Cy such that
w e A and

sa(pi,py) = AUC,,
so(py,p3) = BUGC,

and the Local Bilaterality lemma implies

s2(qi,p3) = AUCyor (AUCLUE)\ F,
so(qf,p;) = BUCyor (BUCLUE)\ E'.

Hence, @ € s2(q;,py) \ s2(qf, py ), proving that s is not constant on PV (o, m_1).
Step 3. We prove statement (a).

Suppose s is (2, 1)-consensual with respect to {A, B} on PV (7) with, say, residuals
Ci,...,Cpn, and {A, B} cuts P(oy). Fix p_1o € PN\2(7_15) and drop it from the
notation. By assumption, (42) holds for all (p1,p2) € P(m) X P(ms) and 01(A) <
0'1(B>.

Sub-step 3.1. We show that s varies with agent 1’s beliefs on P¥ (oq,7_1).

Because {A, B} cuts P(oy), there exist adjacent beliefs p, € P(m;) and g, € P(01)
such that p;(A) < p;(B). These beliefs are, in fact, {E, E'}-adjacent.

Choose py € P(my) such that pa(A) < po(B). From (42), so(py, p2) = BUCy and
So(Py, p2) = AU Cy. By the Local Bilaterality lemma,

so(q,p2) = BUCyor (BUCL,UE')\E,
$2(qy,p2) = AUCyor (AUCL,UE')\ E.

It follows that @ € s5(qy,p2) \ $2(qy, p2): s varies with agent 1’s beliefs.

Sub-step 3.2. By Step 1, Sub-step 3.1, and Lemma 9, s is (2, 1)-consensual on
PN(oy,7_1) with respect to some {A’, B’} and residuals C7, ..., C!. For all (q1,p_1) €
PN(O'l,ﬂ',l),

S(q1.p_1) = {(A’ UC], B UC, Cs,...,C) if (A7) > qi(B') and po(A’) < pa( B'),
(BuC;,AucCi, Ci,...,Cl) otherwise,
(54)
where w € A" and {A’, B’} cuts P(01), P(ms). It remains to prove that {A’, B’} =
{A, B}.
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Fix p_1p € PM\2(1_15) and drop it from the notation. If {4’ B’} # {A, B},
define the positive numbers

5§ = @(B)—WQ(ZQ,
§ = m(B') —m(A)

and assume without loss of generality ¢ # ¢’

If 6 < ¢', there exists py € P(m2) such that py(A) > po(B) and pa(A") < po(B’).
From (42), so(py, p2) = AUC, and from (54), so(q;, po) = B'UCY, contradicting the
Local Bilaterality lemma.

If &' < 4, there exists py € P(ms) such that pa(A) < po(B) and pa(A") > po(B’).
From (42), sa(py, p2) = BUC, and from (54), sa(q; , p2) = A’ UCY, contradicting the
Local Bilaterality lemma again.

Step 4. We prove statement (b).

Sub-step 4.1. Suppose first that s is (2, 1)-consensual with respect to {A, B} on
PN () and {A, B} does not cut P(ay).
By Steps 1, 2, and Lemmas 9 and 10, s is (2, 1)-dictatorial on P¥ (o, 7_;) with
respect to some {A’, B’} and residuals Cj, ..., C".. For all (q1,p_1) € PN(o1,7_1),
(AUC,BUCCY,...,ClY) if pa(B') > pa(A'),
3((]1,]7—1) - / ! / ! 1 1 : (55)
(BUC, AUy, Cs,...,Cl)  otherwise,

where w € A" and {A’, B’} cuts P(07). It remains to prove that {A’, B’} = {A, B}.

If {A",B'} # {A, B}, consider again the numbers 0,9’ defined in Sub-step 3.2
and assume without loss of generality § # ¢’. Note that ¢’ may now be negative as
{A’, B’} need no longer cut P(m). This, however, does not affect the rest of the
argument: combining (42) with (55) rather than (54) delivers the same contradiction
to the Local Bilaterality lemma.

Sub-step 4.2. Suppose next that s is (2, 1)-dictatorial with respect to {A, B} on
PN () and {A, B} does not cut P(ay).

By Steps 1, 2, and Lemma 9, s is either (2, 1)-consensual or (2, 1)-dictatorial on
PN(oy, 7).

If s is (2, 1)-consensual on PN (o, 7_1), it must be with respect to some {A’, B'} #
{A, B} since {A, B} does not cut P(oy).

Suppose first that {A’, B’} does not cut P(m) : exchanging the roles of {A, B},
{A’, B’} and 7,07 in the argument in Sub-step 4.1 leads to the conclusion that s is
(2, 1)-dictatorial with respect to {A’, B’} on P¥(r), contradicting the assumption of
the current sub-step.

Suppose next that {A’, B’} cuts P(m): exchanging the roles of {A, B} ,{A’, B’}
and 7,07 in statement (a) leads to the conclusion that s is (2, 1)-consensual with
respect to {A’, B’} on P¥(7), again a contradiction.
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We conclude that s is (2,1)-dictatorial on P (o, 7_1). The proof that it must
in fact be (2,1)-dictatorial with respect to {A, B} proceeds in the same way as in
Sub-step 4.1. [J

Independence Lemma. Let 7 € PV, k€ N\ {1,2}, and let o}, € P be adjacent
to m. If s is (2,1)-consensual with respect to {A, B} on PN(x), then s is (2,1)-
consensual with respect to {A, B} on PN(oy, 7_4).

Proof. Fix 7 € PV and suppose s is (2, 1)-consensual with respect to {4, B} on
PN(7) : there exists a partition {A, B, (4, ...,C,} of Q such that @ € A, {A, B} cuts
P(my), P(ms), and, for all p € PV (m),

o(p) = { (AUCY, BUC,,Cs,....C,)  if pi(A) > pi(B) and pa(A) < pa(B),
(BUCL, AUCy,Cs,...,C,)  otherwise.
(56)
Fix k € N\ {1,2}, say, k = 3, and let o5 € P be adjacent to ms.

By calibrating the probability assigned to w, we can find {A, B}-adjacent beliefs
p1, 0] € P(m) and {A, B}-adjacent beliefs po, py € P(ms) with, say, p1(A) > pi(B)
and py(A) < po(B). Let p_193 € PY\2(1r_153). This sub-profile is fixed through-
out the argument and therefore omitted from the notation. Let p3, g5 be maximal
elements of J in P(m3), P(03).

By (56),

s(p1,pa,p3) = (AUCL, BUCy, Cs, ..., C),
s(py,p2,p3) = (BUC, AUCy,Cs, ..., Cy), (57)
s(p1,phy, p3) = (BUC, AUy, Cs, ..., Cy).

Step 1. We show that there exists a partition {C, ..., C/} of 2\ (AU B) such that
s(p1,p2,q5) = (AUC], BUCS, CL ... Ch). (58)

By definition, p3, g5 are adjacent. By the Local Bilaterality lemma and the first
equality in (57), there are only three cases.
Case 1. There exists some j # 1,2,3 such that s;(p1, p2,q3) N s3(p1,p2,p3) # 0,
33(p17p27qg_) N Sj(plap%p;) 7é wv and Si(plap%q;_) = Si(plap%p;_) fOI' all ¢ 7é j73

In this case (58) holds with C! = C; for all i # 7, 3.

Case 2. s1(p1,p2,q3) N s3(pr,p2,p3) # 0, s3(pr,p2,q3) N s1(p1,p2,p3) # 0, and
si(p1,p2,q3 ) = si(p1,pe, Py ) for all i # 1,3.

If A si(p1,p2, 45 ), then since py, p} are {A, B}-adjacent with p;(A) > pi(B), the
Local Bilaterality lemma implies s(p}, p2, g3 ) = s(p1, p2, ¢ ). Comparing with (57),

Sl(p/17p27Q§F>mB - (Z) and Sl(pll,p%p;)ﬂB#@,
SQ(p/pr)q;_)mB 7é @ and Sg(pll,pQ,p;)ﬁB:@,
83(p/17p27q;_>m/4 7é Q) and Sg(pll,psz;—)ﬂA:@’
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implying s;(p}, p2, @3 ) # si(p}, p2,p3) for i = 1,2, 3, contradicting the Local Bilater-
ality lemma.
This shows that A C s1(p1, p2, g3 ). Then (58) holds with C! = C; for all i # 1, 3.

Case 3. 52(]917292761;) M 33(]017172,]0;) # 0, 53(]01,192761;) N 52(1717272717;) # 0, and
si(p1,p2,q3) = si(p1, pa, ps) for all i # 2, 3.

If B s3(p1,pa, g ), then since ps, ph are {A, B}-adjacent with py(A) < p2(B), the
Local Bilaterality lemma implies s(p1, py, g3 ) = s(p1, p2, g5 ). Comparing with (57),

si(pr,ph.ad) N A # 0 and si(py,ph,p3) NA=0,
32(]91,p/2,q;_) NA = @ and Sg(php;?p;—) NA 7£ @7
ss(p1,ph, g3 ) N B # 0 and ss(py, py,pi) N B =0,

implying s;(p1, Ph, g3 ) # si(p1, Py, p3) for i = 1,23, contradicting the Local Bilater-
ality lemma again.
This shows that B C so(p1, p2, g5 ), Then (58) holds with C! = C; for all 7 # 2, 3.

Step 2. We show that

s(p1,p2,q3 ) = s(p1,py,q5) = (BUCL, AUC,,C5, ..., C)). (59)

n

Since pp,p| are {A, B}-adjacent, Step 1 and the Local Bilaterality lemma im-
ply that either (i) s(p},p2,q3) = (AUC], BUCS, C4,....C") or (ii) s(p},p2,q5) =
(BUC, AU, CY,...,Cl). Statement (i) and the second statement in (57) to-
gether contradict the Local Bilaterality lemma, hence (ii) must hold. Likewise, the
third statement in (57) and the Local Bilaterality lemma imply that s(py,ph,q5) =
(BUC],AuCy, CL,...,Ch).

n

Step 3. Combining statements (58), (59), and statement (b) in Lemma 9, we obtain
that for all (¢1,q2,q3) € P(m1) x P(m2) x P(03),

(AuCl, BUCy,Cs, ..., C) if ¢1(A) > ¢1(B) and ¢2(A) < q2(B),

S\q1,492,43) =
e { (BUCT, AUy, Cy, .., C) otherwise.

Since p_123 was chosen arbitrarily in PN\123(7_153), this proves that s is (2,1)-
consensual with respect to {4, B} on P¥ (03, 7_3). O

Next, we derive two corollaries of the above results which link the behavior of s
across sub-domains that need not be adjacent.

First Contagion Corollary. Let m € PN et 0y € P, and let s be (2,1)-consensual
with respect to {A, B} on PY(m) with residuals Cf, ..., C,,.

(a) If {A,B} cuts P(oa), then s is (2,1)-consensual with respect to {A, B} on
PN(oy, m_5).
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(b) If {A, B} does not cut P(o2), then there exists a partition {C1,...,Cl} of 2\
(AU B) such that s(p) = (BUC}), AUC,, C%, ....,CL) for all p € PN (0q,7_2).

Proof. Let 7 € PV, 0, € P, and suppose s is (2, 1)-consensual with respect to
{A, B} on P¥(r) with residuals C1, ..., C,,. Define

P, = {03 €P:0s(A) < 0x(B)},
P = {o3€P:0s(A) > 0a(B)}.

These sets partition P: oy € ﬁ+ if and only if {4, B} cuts P(o,). Clearly, ﬁ+ and
P_ are connected: any two beliefs in one set are linked by a J-path of adjacent beliefs
in that set. Since s is (2,1)-consensual with respect to {A, B} on P¥(x), we have
Ty € P+.

Step 1. We prove statement (a).

Let 05 € Py. Let (o4)Z, be a J-path in P, with 03 = m and o7 = oy. Since
s is (2, 1)-consensual with respect to {A, B} on PN (ol 7_5), repeated application of
statement (a) in the First Contagion lemma implies that s is (2, 1)-consensual with
respect to {4, B} on PV (o], 7_5) = PN (09, 7_3).

Step 2. We prove statement (b).

Call two distinct events C', D C Q adjacent in oy € P if (02(C) — 05(E))(02(D) —
o9(E)) > 0 for all E C Q different from C, D. Define

P* = {0, € P: A, B are adjacent in 0y},
73:(_ - ﬁ+ N ,ﬁ*,
P = P_NP".

We will first prove that statement (b) holds if o5 € P*, then show that it holds for
all o9 € P_. The argument is illustrated in Figure 4.

Sub-step 2.1. If 0, € P*, then o5 is {4, B}-adjacent to some belief o, € 751 By
statement (a), s is (2, 1)-consensual with respect to { A, B} on PY (0%, 7_5). Statement
(b) now follows from statement (b) in the First Contagion lemma.

Sub-step 2.2. If 0, € P_\ P, recall first that, since {A, B} does not cut P(0,), we

have o3(A) > 09(B). Fix p = (p2,p_2) € PN (09, 7_3). Consider, for each a € (0,1),
the probability measure 0§ defined over the subsets of €2 by

B A% B G

09 (Z) 09 <Z>
where A := Q) \ A. Each 0% is a variant of the belief oo where the probability of the
states in A relative to those outside A is modified, but the conditional beliefs on the

+(1-a) for all E C €, (60)
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subsets of E, as well as on the subsets of Z, are kept unchanged. If a = o9 (Z), then

0§ coincides with oy. If a = %, then 0§ (A) = 0¢(B). This means that if o
o2(B) : « >

o Troa(B)-0a (A’ the belief 0 belongs to P*. Elementary algebra

shows that oqy(A) > %.

Write py(w) = 7 and define, for each a € (0,1), the measure p§ over the subsets
of Q2 by

is sufficiently close to

pﬂE)zyZ@NHﬁH+{1—yﬁﬁ<Eﬂ§)ﬁnaﬂEQ(L (61)

where 1(EN{@w}) =1if 0 € E and 0 otherwise.

Choose an increasing sequence of numbers a(1),...,a(T) in (0,1) such that (i)
o5 is adjacent to o5V for all t = 1,...,T — 1, (ii) o5™ € P*, and (iii) 05™ = oy,
Define the J-path (¢4)7, in P_ by o = 05 for t = 1,...,T. Define the associated
finite sequence (p4)L, in P by p4 = p5® for t = 1,...,T. Observe that pZ = p, and

ph € P(a}b) for each t, but pb, p5' need not be adjacent. Finally, for eacht = 1,..., T,
let y4 be a maximal element of J in P(o%). Observe that yb, y5™' are adjacent and
write y2 = ys.

Since y3 € P(o4) and ol € 73: Sub-step 2.1 implies that there exists a partition
{C1,...,CI} of Q\ (AU B) such that s(yi,p_2) = (BUC], AU Cy,C4,....,C!). We
will show that s(p) = s(p2,p—2) = (BUC], AU C4,CY, ..., C). By non-bossiness, it
suffices to prove ss(p) = AU C4.

We have
S2(Y%7p—2) =AU Cé

Proceeding now by induction, fix ¢ € {1,...,7 — 1} and suppose that
32()’5710—2) =AU Cé

Let {E", E"'} € H(Q) be the pair of disjoint events such that o, o4 are {E", B

adjacent with ob(E?) > o (E**!). Because of, 05" coincide on A as well as on A4,

E'NA+0and B A A # 0.

If so(yht™, p_s) # sa(yh, p_2), the Local Bilaterality lemma implies sy(y5™, p_s) \

so(yh,p_2) = B! Since A C so(ybh, p_a), we conclude E'"' N A = (), a contradiction.
Therefore so(y5t, p_o) = AU C, and finally

Sg(yg,pfg) =A U Cé (62)

Next, we claim that
s2(p) = s2(p2,p—2) = AU Cy.
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First, observe that since pi € P(0l) and o} € P*, we have
32<pé7p72) =AU Cé

Next, suppose, by way of contradiction, that sy(ps, p_2) = D # AU C. By Lemma
9, w¢D.
o2(C\D) _ o2(A\D)
o2 (A) o2 (A)
By strategyproofness, p(s2(p2, p—2)) > p2(s2(y2,p—2)), hence by (62), p3 (D) >
p2 (AU CY). Given (61), this means

Case 1.

(A U C’> — oT(D)

< —7. (63)
1+ 0o7(D) — of (A U (Jg)

From (60),
op) <ﬁ\ D> o2(Ch) — o9 (D N Z)
- () - (3)
By assumption of Case 1, the second term of this convex combination is smaller than

the first. Since (1) < a(T), it follows that ok (AUC,) —o}(D) < 6L (AUC)) -l (D),
hence from (63),

05 (AUCy) — a3 (D)) = o(T) +(1—a(T))

(A U 0') — ol(D)

1+ 03(D)— o, (AUC”) =

which, given (61), implies p3(D) > p3(AUC), that is, p3(sa(g2, p—2)) > P3(s2(P3, P-2)),
contradicting strategyproofness.
o2(Co\D) ~, UQ(‘KXD).
o2 (K) = o024 B
Define C}, := 0\ €. Because o5 (C}) < 02 <,Z[> and oy (ﬁ) <oy (Ch),

Case 2.

7 (1\D) _ oycy\ D)
N AR ATGAR

Notice that this is the very same inequality as the one defining Case 1 —except that
the roles of C% and A have been exchanged.

For each o € (0, 1), define the probability measure 75 over the subsets of Q by

g2 (E N Cé)
a2 (Cy)

g9 (E N C/)

09 (C”)

(E) = +(1-a) forallECQ
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and the measure 7§ over the subsets of 2 by
re(E) =~ 1(EN{&})+ (1 —7) 7 (Eﬂ (NZ) for all £ C Q.

These constructions are the same as in (60) and (61), except that C) plays the role
of A.

Choose an increasing sequence a(1),...,a(T") in (0, 1) such that (i) Tza(t) is adjacent
to 75U for all ¢, (ii) 5@ € P*, and (iii) 75 = 0. Define the path (7£)Z_, in P_ by
7 = 75 for all ¢, and define the sequence (ry){; in P by rf =13 @ for all t. Finally,
for each ¢, let z5 be a maximal element of .J in P(75) and let z} = 2.

Since 75 € P*. Sub-step 2.1 implies that there exists a partition {C],...,CI"} of

Q\ (AU B) such that s(z3,p_o) = (BUCY, AuCY,CY,...,C"). In particular,
s9(zg,p_2) = AU CY.

By the same inductive argument as in Case 1, we obtain
$9(20,p_2) = AUCY.

But since both z5 and 1, are maximal elements of J in P(03), we have sa(z9,p_o) =

$2(y2, p—2), hence (62) implies

52(2271?72) =AU Cé-

The proof that ss(pa, p_2) = AUCE now follows by the same argument as in Case
1, provided that we exchange the roles of A and CY. [

Second Contagion Corollary. Let m € j’vN, let 01 € 75, and let s be (2,1)-
consensual with respect to {A, B} on PN (x) with residuals Cy, ..., C,,.

(a) If {A,B} cuts P(o1), then s is (2,1)-consensual with respect to {A, B} on
PN (o, m_1).

(b) If {A, B} does not cut P(oy), then s is (2,1)-dictatorial with respect to {A, B}
on PN (o1, m_1).

Proof. Let 7 € PV, o, € P, and let s be (2, 1)-consensual with respect to {A, B} on

PN () with residuals C1, ..., C,,. Define ﬁ+, ﬁ,, 751, P* asin the proof of the previous
corollary. By assumption, m; € P,. The argument below is illustrated in Figure 5.

Step 1. To prove statement (a), let oy € P, and let (¢7)7, be a J-path in P,
with o} = m and of = ;. Since s is (2,1)-consensual with respect to {4, B} on
PN (of,m_1), repeated application of statement (a) in the Second Contagion lemma
implies that s is (2, 1)-consensual with respect to {A, B} on PN (o1, 7_1) = PV (01, 7_1).
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Step 2. To ) prove statement (b), we proceed again in two stages.

If o0y € P*, there exists a belief o} € 79* to which oy is {4, B}-adjacent. By Step
1, s is (2,1)-consensual with respect to {A, B} on PN(o},7_1). By statement (b)
in the Second Contagion lemma, it follows that s is (2, 1)-dictatorial with respect to
{A, B} on PN(01,7T 1)-

If oy € P_\ P, let (08)Z, be a J-path in P_ with o € P* and o7 = ;. Since
s is (2, 1)-dictatorial with respect to {A, B} on PN (oi,7_1), repeated application of
statement () in the Second Contagion lemma implies that s is (2, 1)-dictatorial with
respect to {4, B} on PN (ol ,7_1) =PN(c!, 7). O

10.2 Proof of the Bilateral Consensus lemma

We are finally ready to prove the Bilateral Consensus lemma. Let w € 5. This state
is again fixed throughout the sub-section, but observe that we now assume that its
assignment varies with the beliefs of at least two agents.

We must show that there exist an event E¥ C , such that @ € E“, and a
bilaterally consensual E“-assignment rule s such that

si(p) NE® = s%(p | E¥) for all i € N (64)

and all p € PV.
Recall the definition of ag in (2) and the notation @ = ag.

Step 1. There exist 7 € PV, two distinct agents i,j € N, p,q € PN (), and
p; € P(n)), q; € P(r}) such that a(p) # a(p}, p—i) and a(q) # a(q}, q-;)-

By definition of 2, there exist two agents, say 1,2, profiles p, ¢ € PV, and beliefs
Py, ¢4 € P such that

a(p) # a(py, p-1) and a(q) # a(gy, ¢—2)- (65)

Because P is connected, we assume without loss of generality that py, p| are adjacent
and po, py are adjacent. Let {E, E'} be the pair of events such that py, p| are {E, E'}-
adjacent. By the Local Bilaterality lemma and the first inequality in (65) we FEBUF,
hence, (p1(C) — pl(D))(pl(C’) pi(D)) > 0 for all distinct C, D C Q. This means
that there exists 70 € P such that 6 p1 | Q~p, | Q~ a0 that is, p,p, € P(x?). By
the same token, there exists 79 € P such that p,, py € P(73).

To keep notation simple, suppose n = 3; the argument is easily extended to any
number of agents. Suppose first that p3 = g3. Dropping that belief from the notation,
(65) reads

a(pr,p2) # a(py,p2) and a(qu, ¢2) # alqu, gz)-

Case 1: a(p}, q2) # a(p1,q2) # a(p1,¢5). In this case the claim is trivially true.
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Case 2: (i) a(p1,¢2) = a(py, ¢2) or (i) a(p1, ¢2) = a(p1, &)
Assume (i); the argument is the same, up to a relabeling, if (ii) holds. Let (pb)Z,
be a J-path between p3 = py and pl = go. From (65) and (i), there exists an integer

t such that
a(p1, ph) # a(p, ph) and a(py, p5™) = a(py, p5) (66)

Using the Local Bilaterality lemma, the same argument as in Sub-step 1.1 shows that

there exists 7 such that p4 | Q ~ p5™ | Q ~ 79, that is, pb, p5™ € P(x?). Moreover,

statement (66) implies

a(py, ph) # a(pi, ph) # alp1, ps™)
or
Zi(pla pé—i_l) 7é a(pllv p§+1) 7£ a(plla pg)
In either case the claim is true.

Finally, let us drop the assumption that p3 = g3. Suppose that there exist p3 # g3
such that

a(p17p27p3) # 5(17/1,192,]93) and E(Ch, q2, Q3) # 5(Q1> q;, Q3)-
and
a(p1,p2, q3) = a(py, p2, q3) and a(qu, g2, ps) = alqu, g, P3).-

Let (p4)]_, be a J-path between pi = p3 and pl = ¢3. There exists an integer ¢ such
that

a(p17p27 pé) 7& Zi(p/hp% pé) and 6<p17p27 p§+1) - a(pllup% p?_l)' (67)

By the Local Bilaterality lemma again, there exists 79 such that p4 | Q ~ p5 |

~ w9, that is, p}, p5™' € P(r). Moreover, statement (67) implies

Ei<p17p27 pg) # fd<p/17p27 pg) # a<p,17p27 p?_l)

or

a(p17p27 ngrl) 7& a(php% Pg) ;é a(pllap% pg)

In either case the claim is again true.

Step 2. Step 1 has established that there is some 7° € PN such that s varies
with the beliefs of two distinct agents, say 1 and 2, on PV (7). By statement (b) in
Lemma 9, s is bilaterally consensual on PV (7°) and we may assume without loss of
generality (in light of Remark 2) that s is (2, 1)-consensual on that domain: there
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exists a partition {A, B, Cy, ...,C,} of Q such that @ € A, {A, B} cuts P(x?), P(n9),
and for all p € PN (70),

3(p) _ (AUCl,BUCQ,Cg,....,Cn) lfpl(A) >p1(B> and p2<A) <p2(B>,
(BUC,,AUC(Cy,Chs,....,C,)  otherwise.
(68)

Define E¥ := AU B and define the bilaterally consensual E“-assignment rule s®
as follows: for all p € P(E“)N,

sa’(N) _ (A,B,@,...,Q)) lff)&(A) >ﬁ1(B) and ﬁg(A) <ﬁ2(B),
P (B,A,D,....0)  otherwise.

We claim that (64) holds for all p € PV.

By definition, statement (64) is true for all p € PN (n%). Next, fix an arbitrary
sub-profile 7_q, € PN\I12,

Sub-step 2.1. By repeated application of the Independence lemma, s is (2,1)-
consensual with respect to {A, B} on PV (7,79, 7_12), hence, (64) is true for all
pE PN(’TF?,’TFg,’ﬂ'_u).

Sub-step 2.2. For any profile (7, 1) € ﬁ+ X ﬁ+, combining Sub-step 2.1 with part
(a) of the First Contagion Corollary and part (a) of the Second Contagion Corollary
shows that s is (2, 1)-consensual with respect to {4, B} on P (my, 7, m_12), hence,
(64) is true for all p € PN (my, mo, T_12).

Sub-step 2.3. For any profile (71,03) € ﬁ+ x P_, Sub-step 2.2 and part (b) of the
First Contagion Corollary imply that there is a partition {C7,...,C!} of Q\ (AU B)
such that s(p) = (BUC], AUCY, C5, ..., C") for all p € PN (7, 09, m_12). Since {A, B}
does not cut P(oq), we have py(A) > po(B) for all py € P(09), hence (64) is true for
all p € PN(my, 09, 7_12).

Sub-step 2.4. For any profile (o1, 7ms) € P x 75+, Sub-step 2.2 and part (b) of
the Second Contagion Corollary imply that s is (2, 1)-dictatorial on PY (oy, 72, 7_12).
Since {A, B} does not cut P(oy), we have p;(A) > pi(B) for all p; € P(0y), hence
(64) is true for all p € PN (o, 72, 7_12).

Sub-step 2.5. Consider finally a profile (o1, 05) € P_ x P_. By definition, g5(A) >
o2(B). For each o € (0,1), consider again the measure 405 defined on Q by (60).
Recall that .09 coincides with oy for o = ag(;f) and observe that ,o9 € 75+ for any
generic a < ﬁ.

Choose an increasing sequence of numbers a(1),...,(T) such that (i) 4@ o2 is
adjacent to 4uq1)09 for all ¢t = 1,...,7 — 1, (i) 4)yo2 € ”ﬁJr, and (iii) o1)o2 = 0o.

Consider the J-path (¢%)Z, in P_ defined by o} =ay o2 fort =1,..,T.
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Since o} € 75+, Sub-step 2.3 implies that there exists a partition {C1,...,C!} of
Q\ (AU B) such that s(p) = (BUC;, AUCY,, C},...,C!) for all p € PN (01,05, 7 _12).
The same argument as in Sub-step 2.2 of the proof of the First Contagion Corollary
then establishes that s(p) = (BUC}, AUCS, C%, ..., C!) for all p € PN (01,00, 7_19) =
PN(oy, 09, 7_12).

Since {A, B} does not cut P(02), we have pa(A) > po(B) for all p, € P(02), hence
(64) is true for all p € PN (oy, 09,7 12).

Since P = U_ 5P (7;), the proof of the Bilateral Consensus lemma is complete.
O]

11 Appendix D: proof of the Bilateral Dictator-

ship lemma

Let €211 be the set of states whose assignment varies only with the beliefs of agent 1,
namely,

w € Q1 < |[there exist p € P and p| € P such that ay,(p) # au(p},p-1)] and
[aw(.,p_j) is constant on P for all j # 1 and p_; € PN\j] )

To avoid triviality, assume Qy; # 0. Let @ € Q1. We must show that there exist a
set N C N\ 1, a partition {Qil}jeNl of 1, and for each j € Ny a (1, j)-dictatorial

Q] -assignment rule s7 such that
si(p) N Qu = Ujensl(p | 24)) (69)

for all p € PY and i € N.

Define the family

A = {A Cyy:dpe PY such that s1(p) Ny = A}
= {A C Qll . E|p1 € P such that 31(]91,]9_1) N Qll = A for all p_1 € ’]DN\l} ’

where the first equality constitutes the definition and the second follows from the
definition of ;.

Let Q1 = Q\ Qu;. Call a belief p; € P Qi-dominant if |pi(A) — pi(B)| >
Ip1(A") — pi(B")| for all distinct A, B C Qy; and all distinct A’, B’ C Qy; (or, equiv-
alently, |pi(w) —p1(w')] > pi(Q1) for all distinct w,w’ € Q7). In such a belief,
the probability differences within §2;; overwhelm the differences outside €21;. To see
that such beliefs exist, write 1; = {1,...,m} and observe that any belief p; such
that p1(1) > p1(Q\ 1), p1(2) > p1(Q2\ 12), ..., and py(m) > p(2\ 1..m — 1), is
Q11-dominant. Let P;; denote the set of 2;;-dominant beliefs.
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Step 1. We show that

s1(p) N Q1 = argmax p; (70)
A1l

for all p = (pl,p_l) € 7311 X PN\l.
The claim is obviously true if Q;; = Q; in what follows we assume ;7 # 2. For
any two beliefs p1, ¢, € P and for any p_; € PY\' we claim that

[p1 | Q11 =q1 | ﬁ11] = [Sl(plap—l) ﬁﬁn = 81(Q1,p—1) ﬁﬁn] . (71)

To see why this is true, fix p1,q1 € P, p_; € PV\, and note that the definitions of
Qy and €y, for j # 1 trivially imply

s1(p1,p-1) N [Qo UU,j2115] = s1(q1, p—1) N [Qo U Uj21Q24,] .

Moreover, by the Bilateral Consensus corollary, agent 1’s share of (), is determined
by bilateral consensus, hence does not depend on her belief outside 25. Therefore,

[pl | Q1 =aq | 611} = [51(p1,0-1) N Q2 = s1(q1,p-1) N Q] ,

and (71) follows.

Let now p = (p1,p_1) € P11 x P\ Since p_; is fixed in the argument below,
we drop it from the list of arguments of s;. Suppose, contrary to the claim, that
s1(p1) N Q1 # argmaxp;. Choosing ¢; € P such that s1(q;) N2y = argmaxp;, we

A1l A1
have

p1(s1(q1) N Q1) > pi(si(pr) N Q).

Because p; is €21;-dominant,

pi(s1(q1) N Q1) — pa(si(pr) N Q)

> pi(si(p1) N 1) — pa(si(@) N Q).

Combining these inequalities yields p; (s1(q1)) > p1(s1(p1)), contradicting strategyproofness.

Step 2. We prove that (70) holds for all p € PV.

Let p = (p1,p_1) € PV and drop again p_; from the list of arguments of s;. For
each a € (0,1), define the probability measure ,p; over the subsets of {2 by

p1<Alel) pl(Aﬂﬁn)
apr(A) = o2 2 )P P g all A C Q. 72

If @« = p1(€Q11), then ,p; coincides with p;. If « is sufficiently close to 1, then ,p; is
Qy1-dominant. For every a, op1 | Q11 = p1 | Q11 and 4p1 | Qu=p | Q1.

63



Choose an increasing sequence of numbers «(1),...,a(7T") such that (i) oup1 is
adjacent to 4uqnypr for all t = 1,...,T — 1, (ii) oyp1 = p1, and (ili) oyp1 is Qu1-
dominant. Consider the J-path (p})/_; in P defined by p} =) p1 for t =1,...,T.

Let A" = s;(pt) N Qyy for t = 1,...,T. Suppose, contrary to the claim, that A' #

argmax p;. Since p? is Qi;-dominant and p? | Q1 = py | Qu1, Step 1 implies AT =
A1l

argmax p;. Let ¢ be the largest integer in {1,...,T — 1} such that A® # argmaxp;. Let
A1l A

{E!, E'™*'} be the pair of disjoint events such that p%,pi*! are {E*, E**!}-adjacent
and p}(E?) > p!(E*!). Because p! | Q11 = pi™! | Q1 and pt | Q11 = p4tt | Quy,

Et N 511 7A (Z) and EtJrl N QH 7é Q)

By the Local Bilaterality lemma,

5P\ s1(p) = B and 5, (pt™) \ s (p}) = B,

It follows that (s1(p%) \ s1(pi™)) NQuy # 0, that is, s1(pt) N Q1 # s1(p™) N O,
contradicting (71).

Step 3. We show that for all p,q € Py x PN\

[pl | Qll = | Qll] = [Sl(p) M Qll = Sz(Q) N Qll for all 7 € N] .

Let p,q € P11 x PN\, Since we are only concerned with the restriction of s to
11, we may assume p_; = ¢_; and omit that sub-profile from the notation. Suppose
p1| Qi1 = a1 | Q1. By Step 1,

s1(p1) N Q1 = s1(q) Ny = ar%lmaxpl. (73)

Because p1, ¢1 € P11, (73) and super-strategyproofness imply
si(p1) N Q1 = si(q1) N Qqy for all i € N.

Indeed, if, say, so(p1) N1 # s2(q1) N1, then (73) and the assumption p; | Q11 = ¢ |

QH 1mply that either (1) P1 (Slg(pl) N QH) > p1<812(ql) N QH) and Q1(312(p1) N QH) >
¢1(s12(p1) N Qq1), or (ii) both of these two strict inequalities are reversed. Because
p1.q1 are j3-dominant, each of (i) and (ii) violates super-strategyproofness.

Step 4. We claim that for every w € 4 there is a unique j # 1 such that a, (P11 X
P ={1,j} .

From Step 3, the assignment of all states in §2;; depends only on the conditional
beliefs of agent 1 over €2;;. We may thus drop p_; from the notation and regard s
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as a function from P(Q41) to S(41). By assumption, s is super-strategyproof (hence
also non-bossy) and it is not constant on P (7).
We want to show that

s;(p1) N sk(q1) = 0 for any distinct j,k € N\ 1 (74)

and any p1,q1 € P(11). For any Q1 C Q41, an Qqq-assignment rule § : P(Qn) —
S(Q1) will be called 1-C-BD union if it is a union of constant or bilaterally 1-
dictatorial fules on QH, namely, if there is a partition {Qlu}f:l of €41 such that, for
all p; € P(Q11),

Si(p1) = Ul sk(py | Q) for alli € N, (75)

where each s' is a constant or (1,j')-dictatorial },-assignment rule. With a slight
abuse of terminology, we will call (the restriction to P of) § a 1-C-BD union over P
if (75) is satisfied for all p; € P C P(€y;). We prove Step 4 by induction on the size
of Qll-

Sub-step 4.1. Suppose that |11 = 2 and consider a super-strategyproof assignment
rule §: P(Qq1) — S(241). Then there exists j € N \ 1 such that §;,(p) = Qy; for all
p1 € P(Qq1). Tt follows that § is a 1-C-BD union.

Indeed, suppose that Q17 = {wy,ws} and let p; € P(Q1). If we have either §;(p;) = 0
or §1(p1) = 1, then § is constant over P(£211) and the result of Sub-step 4.1 trivially
holds. Without loss of generality, suppose now that $;(p1) = {wi}. Then there
exists some agent j # 1 such that we € s;(p;) and obviously §1;(p1) = Q41. By
super-strategyproofness of §, we have p;(51;(p1)) > p1(51;(p1)) = p1(£11) = 1, hence,
p1(51;(p1)) = 1, for all p € P(£211), meaning that § is (1, j)-dictatorial. Thus, in all
possible cases, s is a 1-C-BD union.

Suppose now that |2;;] = K > 3 and assume by induction that every assignment
rule § : P(QH) — S(QH) such that ]QH\ < K —1is a 1-C-BD union.

Recalling that the range of s1(-) is &€ = {E C Qq1 : s1(p1) = FE for some p; €
P(Q41)}, strategyproofness of s obviously implies s1(p;) = argmaxp; for all p; €

£
P(Q41).

Given any w € 1, define the set of w-lexicographic beliefs L(w) = {p; €
P(QH) . pl(wl) > pl(Qll \w)} For any qp < P(QH> U P(QH \w), let L& ((U) =
{pr € L(w) :p1 | (Q1\w)=p1 | (211 \w)} and, for any o € (%, 1), define ¢;“ €
L7 (w) as follows: for all W' € Qy,

vy o if W = w,
GUEN ww g,

Sub-step 4.2. Consider ¢; € Q1 such that w € s1(¢1); and suppose that p; € L9 (w).
Then we have s(p1) = s(q1)-

65



The proof of Sub-step 4.2. is rather straightforward, and left to the reader. It follows
from non-bossiness of s and the fact that p;(w) > 1/2 for all p; € LT (w).

Sub-step 4.3. Fixw € Q; and a € (3,1). Define the mapping o5 : P(Q41 \w) —
S(1 \ @) as follows: (i) o57%(q1) = s1(¢7") \ @; (i) o5 (1) = si(g™"), Vi # 1.
Then ,5 ¢ is an (€21 \ @)-assignment rule and a 1-C-BD union.

To prove Sub-step 4.3, note first that @ € s1(py) for all p; € L(@). Indeed, since
the range £ of s1(+) is a proper covering of €11, there exists p; € P(Qn) such that
w € s1(p1). Therefore, if @ ¢ s1(p1) for some p; € L(w), we would have p;(s1(p1)) >
p(w) > % > p1(s1(p1)), contradicting strategyproofness.

Building on this result, observe from (i)-(ii) above that the mapping .5 satisfies
the feasibility constraint. Indeed, for any ¢, € P(Qy; \ @), since ¢ € L(@), we get
from the feasibility of s that

= a8 %(aq1)
B —_——N— _
Uien o8; “(q1) = (51(¢77%) \@) UlUienvi si(¢7)] = Q1 \ @.
hy—/ T
we w

Thus, the mapping ,5“ is a well-defined (£21; \ @)-assignment rule. Moreover, it is
super-strategyproof (because s is), and since |2;; \ @] = K — 1 < K, our induction
hypothesis implies that .57 is a 1-C-BD union.

Sub-step 4.4. Fix @ € Qy;. The mapping 5% : L(©0) — S(241 \ @), defined as the
restriction of s to £L(w), is a 1-C-BD union over £(w). As a consequence, (74) must
hold for all py, ¢ € L(@).

This follows from the combination of Sub-step 4.2 and Sub-step 4.3. Indeed, fix any
a > 1/2; and note from Sub-step 4.2 that, for all ¢; € L£(w), we have §*(q1) = s(q1) =
s(q7™) because ¢ € L% (w). That is to say,

57(q1) =0 U o81%(qn | (Qu \ @) and 57(q1) = o8 “(q1 | (1 \ @)), Vi # 1. (76)

Recalling from Sub-step 4.3 that ,s is a 1-C-BD union, there exists a partition
{Qh, ..., 08} of Q1 \ @ and L Ql-assignment rules s',..., s” such that ,5;“(q |
(1 \ @) = UL sk(q1 | ©)) and each s is constant or (1, j!)-dictatorial for some
4! # 1. Substituting this in (76) thus gives: for all ¢; € £(®) and i € N,

UZL:13§(‘11 | Q%) ifi#1,
oU (Usi(a | Q) ifi=1

stlan = { @
Observe from (77) that §¥, the restriction of s to L(@) is expressed as the union of
the L 4+ 1 sub-rules s°, s, ..., s, where s° is the constant Q°-assignment rule which

always assigns 9, := {&} to agent 1. This concludes the proof of Sub-step 4.4.
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We are now ready to proceed with the proof of Step 4. Since P(€2y1) is connected,
there is a J-path (p})Z; in P(Q41) between any two beliefs p1,q1 € P(Qy). If the
length T'—1 of this path is equal to 1, then py, ¢; are adjacent and the Local Bilaterality
lemma implies s;(p1) N sk(q1) = 0 for any distinct j, k € N \ 1. Next, proceeding by
induction, we assume that (74) is true whenever p;, ¢; are connected by some J-path
of length 7" — 1 < T — 1 (with 7" > 3) and we prove that (74) also holds for any py, ¢
that are connected by some J-path of length 7" — 1.

By contradiction, suppose that there exist w* € €37 and pY,p!" € P(Qq1) such
that, say, w* € so(p}) Ns3(p{’) and pf, p|’ are connected by some J-path q; = (q})L,.
Combining the Local bilaterality lemma with our induction hypothesis that (74) holds
for all p;, ¢; that are connected by some J-path of length 77 < T — 1, we obtain

w* € si(a; ) \si(ar) =ss(ar) \ sa(a ) # 0 (78)
si(ap 1) =sildp), Vi #1,3 (79)
53((1{71)051'(17/1/) = (2)7 Vi # 17 3. (80>

To see why (78) holds, note that w* € s;(qi™") \ s1(q}) for some ¢t < T'— 1 would
imply a violation of our induction hypothesis on the J-path {ql,...,q}}, which is of
length t —1 < T — 1. Statement (80) holds for the same reason. Finally, (79) follows
from (78) and the Local Bilaterality lemma. In addition, observe that combining (79)
and (80) gives

si(py") Nss(pY) = si(an) Noss(p)) = si(an ') Nss(pf) =0, Vi# 1,3, (81)

Sub-step 4.5. There exist wy € s1(pf") N s3(p]) and wy € s1(p7) N s3(py’).
To prove Sub-step 4.5, first note that, together, w* € so(pf) N s3(p]’) and the super-
/1!

strategyproofness of s imply that p{’(sys(»]")) > p{'(sms(pf)). Thus, there exists
w € Q1 such that

W € spa(py) \ sma(ph) = sma(py’) N s3(ph)- (82)
It thus suffices now to remark that sy\3(p") Ns3(pf) = s1(p}") N s3(pf). Indeed, given
that we have sy\3(p}’) := Uizssi(p]’), we can write
sma(pr) N s3(py) = [s1(p1) N s3(pY)] U [Uizrs (s:(PY) N s3(pY))] = s1(pt’) N s3 ().
=0 by (81)

Thus, @ € sps(p]") Nsams(P]) = s1(p]") Ns3(p]’). A symmetric argument shows that

/11

there exists wy € s1(p}) N s3(p’); and this ends the proof of Sub-step 4.4.

Recall from what precedes that w* € so(p]) N s3(p}), ws € s1(pf’) N s3(p]) and
wy € s1(pf) N ss(py’). The states w*, wo, wsy are thus necessarily (pairwise) distinct.
We show a few additional sub-steps below.
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Fix any ¢} € LP(wy) (see Figure 6) and ¢} € LPY (w3), and define 'q}" € L(ws) by
L (w3) = ¢ (w2), ‘¢ (w2) = qf'(w3) and "¢} (w) = ¢{"(w),Vw # wa,ws3. In addition,
call 72 the probability measure over Qy; defined by:'¢

T2 (wy) = T2 (we) = 1/2; and 722 (w) = 0 for all w # ws, ws.

Define the two sequences {q{" }m>m, and {G" }m>m, as follows: for any w € €y,

1 1
@) =g+ (L= ) (33)

— 1 t 1
m — 1 - — wg'
@) — + ( m)?f f

=m

Figure 6 gives an illustration of the construction of the beliefs ¢7*, g™ starting from

p| € L(ws). It is important to remark that, by definition, we have ¢* € L(ws) and
q’fb € E(w?,).”
Sub-step 4.6. There exist 7 € N (with m > m,,mg) and A, A € §(Q4;) such
that

[m = m] = [s(¢") = A and s(q1") = A].

The proof of Sub-step 4.6 is similar to that of Lemma 3-(i), and therefore left to the
reader.

Sub-step 4.7. For any m > 1, we have w* € sy(¢"); and it follows that A # A.
We showed in Sub-step 4.4 that 52, the restriction of s to £(ws), can be written as

5 UZL—13l'(Q1 ’ an) if ¢ 7é 1
—<{J2 — = 7 Y 4
st a) {wuwhﬂmmm)ﬁ=L (84)

where each s' is constant or (1, j!)-dictatorial for some j' # 1. Call Q¥ the unique

event in the partition { QY , Qb ..., QF} of Q) such that w* € QY. Since ¢} €
={w2}

LP (wy) C L(wy), it follows from Sub-step 4.2 that w* € sy(p?) = s2(q?) = 552(¢));
and we may then conclude from (84) that j*° = 2 and s*" is (1,2)-dictatorial over
Q4. We get in the same way that %3 = 3 and s*2 is (1,3)-dictatorial over Q¢%. It thus
follows that ws,wy ¢ QY —obviously, w? ¢ Q% since Qf, = {w,}. Using (84) and the
fact that s is (1,2)-dictatorial, we may assert that w* € sy(q;) for any ¢ € L(ws)
such that ¢ | Q¢ = ¢{ | Q4. One can then see that w* € s3(¢") by combining

w

60Obviously, 72 is not an injective probability measure (i.e., 722 ¢ P(Q11)); but this does not

affect the validity of our upcoming argument —which is based on the study of sequences of injective
probability measures that converge to m¢2.

1"There may exist only a finite number of integers m such that ¢7*, g}
issue is taken care of by conveniently starting the sequence at a rank m, (or mg) that is higher than
any such integer.

are not injective; and this
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(83) and wo, w3 ¢ QY to deduce that we indeed have: ¢ | Q¥ = ¢} | Q4 for all
m > my.

We conclude the proof of Sub-step 4.7 by noting that we necessarily have A # A.
Indeed, since m > m,, we have w* € Ay = sy(¢"). Assuming that A = A would
thus give w* € Ay = Ay = So(q™ ) But this would contradict the fact that 53 is a
1—C—BD union over L(ws) (established in Sub-step 4.4), which requires (74) to hold
for g™, q" € L(w3) —recall that w* € s3(q}").

Sub-step 4.8. There exist disjoint subsets £, E C Q \ {ws, w3, w*} such that

Al\AIZMQUE:Ag\Ag,
Al\A1:W3UE:A3\A3,
Az:Az for allz;«él,?)

We start the proof of Sub-step 4.8 by noting that: 3 > 7 such that, for any {F, F'} €
Hoand any m > i, [wy ¢ F o ws ¢ F] = [(af"(F) — g (F)) (@ (F) — q"(F)) > 0]

This implication holds by construction since lim ¢f" = hm q" = 72 and w82 (wy) =
m—ro0

72 (wg) = 1/2. In words: when m is large enough, the segment [q7", @1"] cuts only
hyperplanes {F, F'} € H such that wy € F and w3 € F' (see Figure 7), and ¢}, " are
on the same side of all other hyperplanes.

Second, recall from (83) that ¢ | (211 \ {w2,ws}) = ¢ | (211 \ {we,ws}) = ¢
(Q11 \ {wa,ws3}), for any m > m. It hence follows that the set of hyperplanes of the
form {ws U E,w3 U E} is totally ordered along the segment [¢i", ¢@"]. Calling T the
number of such hyperplanes, we may thus write

{{F.F} e H | F = wUE, F = wsUE} = {{w,UE,w3UEL}, ..., {wUEr, wsUET, }},

where E' [t = 1,...,T] is the #!" hyperplane cut on the way from ¢* to ¢*. Using
this notation, we may then consider a J-path {p}}/}' satisfying the properties: (i)
pl = ¢, plT+1 = ¢@; (i) p! and pi™ are {w, U E},ws U E;}-adjacent for any t =
1,....T.

We conclude the proof of Sub-step 4.8 by showing that there exists a unique
t* € {1, T} such that: (a) s(p}) = s(¢f"),Vt € {1,...,t*} and (b) s(p}) = s(q}"),Vt €
{t* +1,...,T + 1}. First, note that the assignment may change only once along
the J-path p. Indeed, if s(p}) # s(p} ™) then we get from the Local Bilaterality
lemma that s;(p%) \ s1(p} ™) = wy U Ee; and (given that wy ¢ s1(p) ™)), the Local
Bilaterality lemma requires that s(pt) = s(@*),Vt € {t* +1,...,T + 1}.

Second, recall from Sub-step 4.7 (and 7 > m) that s(¢i*) = A # A = s(g").
Hence, there must indeed exist a unique ¢t* € {1,...,7} such that s(pf) # s(pt ™).
The Local Bilaterality lemma, applied to the adjacent beliefs pi’, p H , then gives
the desired result: A; \ A} = wy U B = A3\ As; Aj\ A} = w3 U Et* = A3\ Ag;
A; = A;)Vi # 1,3. Recalling from Sub-step 4.7 that w* € sy(¢") = A,, we obtain
that Ep, By C Q\ {ws, ws, w*}.
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We are finally ready to clinch the proof of Step 4. We have shown in Sub-step
eL(ws3)
=

4.8 that w* € s5(q") = Ay = Ay = sy( ¢* ). But this is a contradiction given that
w* € s3( ¢" ). Indeed, this violation of (74) contradicts the fact that (the restriction
to L(ws) of) s is a 1-C-BD union over £(w3) —which was established in Sub-step
4.4. Thus, it never holds that w* € s;(py) N sk(p}’) for any w*, pf, p" and distinct
j,k # 1. Given that s is not constant on P(£), for any w € €y, we thus have,

a,(P(Q1)) ={1,7} for some j # 1.

Step 5. We show that for every w € €, there is a unique j # 1 such that a,(PY) =
{17 j} :

Let w € Qy,. By Step 4, there is a unique j # 1 such that a,, (P x PV = {1, 5}.
We claim that a,(PY) = {1,;}. Suppose, by contradiction, that there exists some
k # 1,7 and some p € PY such that w € si(p). Drop p_; from the notation. Consider
an Q;-dominant belief pt € Py; such that pt | Q1 = p1 | Q11 and pi | Q11 = p1 | Q1.
Such a belief can be constructed by taking « close to 1 in (72). Since a,(Py; X
PN = {1, 5}, we have w ¢ s1.(p}). By Step 2, s1(p1) N Q1 = s1(p%) N Qup. By (71),
s1(p1) = s1(p}). By non-bossiness, s(p;) = s(p}), contradicting w € sk(p1) \ sk(p})
and completing Step 5.

For every j # 1, define Qf; = {w € Qi1 1 au(PY) = {1,j}} . Let Ny = {j € N\ 1:
QJ, # 0}. By definition, {Q{l :j € N1} is a partition of Qy1. For each j € Ny, let

11 ={A CQ}, :3Ip e P such that s;(p) N O}, = 47}.
Step 6. We show that A;; is a product family. Namely, for any collection of events
{Aj . ] € Nl},

[Aj c .AJH for allj S Nl} = [UjGNlAj S AH} .

Suppose A7 € Al for all j € Ny and write N; = {2,...,n;}. Call a belief p,
lexicographically (3, ..., Q1 )-dominant if |p1(A) — pi(B)| > |pi1(A4") — p1(B)] for all
distinct A, B C @), all A, B’ € Q\ (U,_,Q%), and all j = 2,....,n — 1. Consider a
lexicographically (02, ..., Q})-dominant belief p; such that

argmaxp, = A’
Aj
11

for all j = 2,....,n — 1. Fix p_1 € PM\! and drop it from the notation.
Strategyproofness implies

51(]91) N Q%l == AZ.
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This is because there is some ¢; such that s;(g;) N2, = A% argmaxp; = A% and p,
Al
is Q2 -dominant.
Next, proceed inductively. Suppose we have shown that s;(p;) N €], = A7 for

7 =2,....k—1. We claim that
si(p1) N QY = A~ (85)

Since A¥ € A%, there is some ¢; such that s;(q,)NQF, = AF. If s1(p)NQY, = BF # Ak,
then

pl(s{l,...,k—l}(p1> M (U?ZQQ{I)) = pl(U?;le{1 U Bk>
< p(UZ304, U AY)
= p1(8{1,..,,k—1}(ql) N <U§:2Q{1))7

contradicting super-strategyproofness and proving (85).
We conclude that s;(p;)N§Y}; = A’ for all j € Ny, which implies that s;(p;)NQy; =
Ujen, A7, hence Ujen, A7 € Ayy.
Step 7. Step 6 ensures that argmax p; = Ujey, argmax p; for all p; € P. Combining
At Al
this with Step 2,
s1(p) N1 = Ujen, argmax pi
Ay
for all p € PN. Defining for each j € Ny the (1, j)-dictatorial ,-assignment rule s/
by

;

argmax pp if 1 =1,
A
sl(p) =4 @, \argmaxp,  ifi=j,
A
0 if i £ 1,5

for all p € P(Q,)V, statement (69) holds for p € PN and i € N.

To complete the proof, it only remains to check that A{l is a proper covering of
QJ, for every j € Nj.

Fix j € Ny. To check that UAjeA{IAj = Q},, fix w € Qf,. Since, by definition
of @, a,(PN) = {1,5}, there is some p € PV such that w € s;(p), hence some
Al € Al such that w € AJ.

To check that A7\ B7 # ) for all distinct A7, B/ € AJ,, suppose on the contrary
that A7 C B’. By Step 6, this implies that there exist A, B € A;; such that A C B.

But by definition of A;; and Step 1, there is some p such that A = argmaxp,
A1

contradicting the fact that p;(A) < p1(B).
To check that ﬂA]-eA{-IAj = (), suppose on the contrary that w € F‘lAjeAjl-lAj. Then
w € s1(p) for all p € PV, contradicting the fact that a,(PY) = {1,5}. O
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12 Appendix E: Figures
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Figure 2: The binary relation J
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Figure 3: Illustration of the proof of the first contagion lemma



Figure 4: Illustration of the proof of the first contagion corollary
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Figure 5: Illustration of the proof of the second contagion corollary



Figure 6: Construction of ¢* and ¢}".

For m large, [¢", @] cuts only hyperplanes of the form {ws U E, w3 U E'}.
Note in this example that [¢}, ¢}"] — but not [¢}", ¢[*]- cuts {ws,w*} € H.

Figure 7: Hyperplanes cut by [¢}", ¢7"].
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