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1 Introduction

We consider the following semiparametric factor model
Yit = Oé(Zit) + B(Zit)/ft +e,i=1,...,N,t=1,...,T, (1)

where f; is a K x 1 vector of unobserved factors, 8(-) is a K x 1 vector of unknown factor
loading functions, a(-) is an unknown intercept function, ¢; is the idiosyncratic compo-
nent that cannot be explained by the common component, and y;; and zz—an M x 1
vector of covariates—are observed. Our main focus is on cross-sectional asset pricing,
where y;; are asset return realizations while z;; are pre-specified asset characteristics (i.e.
they are known at the beginning of period t)E| In this case describes a conditional
factor model, in the sense that it captures time-variation in asset return exposures to
the common factors (i.e., 5(zi)) as well as the pricing errors (i.e., a(z;)), which are
both functions of characteristics (i.e., zi). As emphasized by (Cochranel [2011)), this
model is central to empirical asset pricing, since it potentially allows for distinguishing
between “risk” and “mispricing” explanations of the role of characteristics in predict-
ing asset returnsﬂ Pooling the information in a multitude of stock characteristics and
summarizing the common variation using a small number of factors would amount to
“taming the zoo” of factors that proliferate in empirical asset pricing. The challenge to
doing so is threefold: first, the identities of the common factors f; are unknown since the
factors are latent; second, the functional forms of the alpha and beta functions are also
generally unknown; finally, the cross-sectional dimension N is typically much larger than
the time-series length T, which renders standard tools of factor analysis inapplicable,

especially when conditional covariances are time-varying.

We introduce a simple and tractable estimation method to recover both the latent
factors and the functional parameters of the model, as well as develop formal inference
procedures. First, we develop an easy-to-compute estimator for «(-), 4(:) and f; based
on a sieve approximation to the nonparametric functions a(-) and 5(:). The estimators
can be easily obtained by first running the regression of ;; on sieves of z;; for each ¢ and
then applying principle component analysis (PCA) to the estimated coefficient matrix.
Throughout the paper, we refer to the two-step procedure as the regressed-PCA. The
first step of our procedure is a cross-sectional regression (Fama and MacBeth, |1973).
Thus, in asset pricing settings the regressed-PCA boils down to applying PCA to a rela-
tively small set of characteristic-managed portfolios constructed via the Fama-MacBeth

regressions. Second, we establish large sample properties of the estimators including

1Other potential applications include modelling the implied volatility of options (Park et al.| [2009)
and describing consumer demand system (Lewbel, [1991)), among others.

*While useful, it might not be sufficient to resolve the debate, since distinguishing between the
different explanations requires understanding the economic nature of the latent factors - e.g., see (Kozak
et al., |2018)) .



consistency, rate of convergence, and asymptotic normality under mild conditions. In
particular, we establish a strong approximation for the distribution of the estimator
of the large dimensional coefficient matrix in the sieve approximation of «(-) and f(-).
These asymptotic results have several attractive properties: (i) they do not require large
T; (ii) they allow z; to vary over time in a potentially non-stationary manner; (iii) they
are applicable to unbalanced panels (which is useful since individual securities have vary-
ing life spans). Third, we provide two consistent estimators for the number of factors
K, which are also easy to compute. This enables us to conduct regressed-PCA without

specifying the number of factors a priori.

In asset pricing, testing the restriction that «(-) is equal to zero for a given set
of factors f; is central for evaluating and comparing factor models. We show that
linear specifications of «(-) and [(-) that are widely used in existing literature may
adversely influence estimation of f; when the true underlying functional relationships
are nonlinear. Therefore, along with the flexible nonparametric estimators we provide a
specification test for the shape of a(+) and S(+) functions. We develop a simple bootstrap
inference procedure for testing significance of pricing error «(-) as well as for linearity
of a(-) and f(-). First, we propose a weighted bootstrap procedure to approximate
the distribution of the estimator of the large-dimensional coefficient matrix in the sieve
approximation of a(-) and S(-) as well as construct a Wald-type test for examining
the significance of a(-). The main challenge to developing a valid bootstrap is that the
asymptotic distribution usually involves a rotational transformation matrix, which could
be different under the bootstrap distribution, invalidating the procedure. In order to
solve this problem we enforce the same factor estimator in the bootstrap samples as in
the actual data. Second, we develop an LR-type test for examining the linearity of «(-)
and f(+). Specifically, we construct the test statistic by comparing estimators under the
null hypothesis and the alternative hypothesis. The novelty of our construction is that
we use the unrestricted factor estimator from the alternative to obtain the estimators
of a(-) and B(-) under the null. This ensures the same rotational transformation matrix
under the null and the alternative and thus the consistency of our test. Both of these
tests also enjoy the aforementioned attractive features of our estimators: our Monte
Carlo simulations show that the finite sample performance of our estimators and tests

is satisfactory and encouraging for large N, even when T is small.

We apply our new methodology to analyze the cross section of individual stock
returns in the US market. We use the same data set as in [Kelly et al. (2019)), which is
the closest study to ours in terms of its empirical aims, although both our econometric
approach and empirical findings are quite different. First, in contrast to [Kelly et al.
(2019} 2020) we allow for a(-) and S(-) functions to be non-linear. In fact, we are able
to test — and reject — the validity of the linear specifications. Second, we are able to

conduct rolling small sub-sample analyses to accommodate changing factor dynamics as



our methods do not require large sample length 7. Third, we are able to consistently
estimate the number of latent factors. Our empirical findings reveal that only one latent
factor is detected by the formal tests when we consider linear dependence of alpha and
beta functions on characteristics, and two factors when we allow for nonlinearity - this is
also in contrast to [Kelly et al. (2019), who advocate a five-factor model. Still, our tests
reject the risk-based model, since the pricing errors associated with many characteristics
are statistically different from zero. Their economic magnitudes are also substantial, as
we are able to construct pure-alpha arbitrage portfolios with annualized Sharpe ratios
typically above 3. These Sharpe ratios tend to rise with the number of factors (we
consider up to ten), indicating that adding factors does not improve the asset pricing
properties of the model, even though it might help capture more time-series variation in
returns. This result provides strong empirical evidence that the characteristics contain
information about both risk exposures and mispricing. In addition, the nonlinear models
often produce more reasonable estimated relationships between the risk exposures and
characteristics than the linear model. For instance, the estimates from our nonlinear
models show that firms with higher book-to-market ratios bear more systematic risk
and hence have higher expected returns, whereas the estimates from the linear model
often give the opposite result. The importance of nonlinearity is highlighted by several
empirical studies (Connor et al., |2012; Kirby, [2020)), and has also been addressed by
machine learning methods in recent studies (Gu et al., [2021; |Chen et al., |2020). By
emphasizing the importance of nonlinearity our method also relates to the method of

characteristic-sorted portfolios.

Our paper relates to several strands of literature. Several studies estimate models
similar to under the assumption that z;; are time-invariant, at least over subsamples.
Connor and Linton! (2007) develop a two-step kernel estimation procedure for the case
with a(-) = 0. |Connor et al. (2012) propose an alternating least squares procedure
based on kernel smoothing for a given consistent initial estimator. Fan et al. (2016al)
consider a sieve estimation which facilitates global inference, and propose a projected-
PCA approach for the case with a(-) = 0. Kim et al. (2020) extend the projected-
PCA to allow for nonzero a(-), and use it to construct an arbitrage portfolio. We
contribute to this literature by introducing a robust sieve estimation to allow for z;
to vary over time and developing global inference for «(-) and S(-). Despite some
similarities, our regressed-PCA is genetically different from the projected-PCA. The
regression in the former serves to extract z;; from the common component for a consistent
estimation, whereas the projection in the latter serves to remove the noise part of the
factor loadings for a more efficient estimation. Therefore, the projected-PCA may fail
to obtain consistent estimators when z;; is time-varying. In contrast, our regressed-PCA

is consistent even when z;; is nonstationary.

Our study also contributes to the literature on time-varying factor models. Motta



(2011) and Su and Wang| (2017) consider the time-varying factor model with fac-

tor loadings being smooth functions of ¢/T" and propose local versions of PCA based

on kernel smoothingEl PPelger and Xiong| (2021) assume that factor loadings are smooth

functions of state variables and study a similar estimation procedure. |Gagliardini and|
(2019) study a time-varying factor model with no arbitrage and extract local factors

from conditional variance matrices. However, none of them are directly suitable for

testing asset pricing models, since they all impose «(-) = 0. Many empirical findings
suggest that characteristics contain information about both pricing errors and risk ex-

posures, which can be distinguished in our approach. There are numerous studies of

conditional models with observed factors. For example, |Gagliardini et al.|(2016) specify

factor loadings as linear functions of both time-varying characteristics and state vari-

ables in a model imposing a(-) = 0. We may refer to Gagliardini et al. (2020) for a

comprehensive review.

The literature on the cross section of asset returns is vast; here we focus on multi-
factor models motivated by the arbitrage pricing theory of and its gen-
eralizations (Chamberlain and Rothschild, |1982; |(Connor and Korajczykl 1986, |1988;
. Empirical analysis that exploits the ability of stock characteristics to
predict asset returns typically follows either the portfolio-sorting approach
[French| 1993; [Daniel and Titman, 1997; [Fama and French, [2015)) or the characteristic-
based approach (Rosenberg and McKibben, [1973; [Jacobs and Levyl [1988; Lewellen,
2015} |Green et al., 2017} [Freyberger et al., 2020; Kirby, [2020; |Giglio and Xiu, 2019).

The central issue with both of these approaches is that they are unable to distinguish

between the two roles played by characteristics: capturing time-varying risk exposures
and representing mispricing. We complement the literature by introducing a semipara-
metric time-varying characteristic-based factor model that provides a simple, tractable
and robust method for estimation and inference. Briefly, the new methodology enables
us to estimate conditional (dynamic) behavior of a large set of individual assets from a
number of characteristics exhibiting nonlinearity without the need to pre-specify factors,
while allowing us to disentangle the risk and mispricing explanations, as least from the

standpoint of arbitrage-based models.

The remainder of the paper is organized as follows. Section [2] presents three relevant
application examples. Section [3]introduces the estimation method—the regressed-PCA.
Section [ establishes large sample properties of the estimators, including consistency,
rate of convergence, and asymptotic distribution. Section [f] introduces a weighted boot-
strap and develops two tests. Section [f] provides two consistent estimators of the number
of factors. Section [7] presents simulation studies. Section [§] applies our new methodol-

ogy to analyze the cross section of individual stock returns in the US market. Section [9]

3There is a large literature on conditional models that considers time-varying factor loadings that are
functions of aggregate variables rather than firm-specific characteristics, e.g. [Ferson and Harvey| (1999)

use a linear formulation while (2014)) considers nonparametric kernel-based specifications.




briefly concludes. Proofs are collected in the appendices.

2 Application Examples

Example 2.1 (Asset return). Connor and Linton| (2007)), |(Connor et al.| (2012)), Kelly
et al. (2019), and Kim et al.| (2020)) use the model to study the cross section of
asset returns. Here, y;; is the excess return of asset ¢ (e.g., stock i) in time period
t, and z; is the vector of asset characteristics (e.g., book-to-market ratio and market
capitalization). The model assumes that the pricing error (i.e., a(zy)) and the risk
exposures to factors (i.e., (z;)) are associated with characteristics (i.e., z;), unifying
the characteristic-based model (Rosenberg and McKibben, [1973; Daniel and Titman,
1997)) and the risk-based model (Fama and Frenchl 1993, 2015). This modeling not
only provides a way to disentangle alpha and (multi-factor) betas, but also allows us to
estimate a model for a large set of individual stocks. Another advantage of the model is
that one does not need to rely on ex ante knowledge of the factors, allowing them to be
latent. The first paper above develops a two-step kernel estimation procedure when z;; is
not time-varying and «(-) = 0. The second paper proposes an alternating least squares
procedure based on kernel smoothing for a given consistent initial estimator. The third
paper allows for time-varying z;; and considers the least squares estimation, assuming
that «(-) and §(-) are linear. The authors use the model to describe the realized return
variation (i.e., systematic risks) and the cross-sectional differences in average returns
(i.e., risk compensation). The fourth paper assumes time-invariant z;; and extends [Fan
et al.| (2016a)’s projected-PCA to allow for nonzero a(-). The authors use the extended

method to construct arbitrage portfolios.

Example 2.2 (Implied volatility). |Fengler et al.| (2007) and Park et al. (2009)) use the
model to describe the dynamics of the implied volatility from traded options. Here,
;¢ 18 the log-implied volatility where ¢ is an index of day and 7 is an intra-day numbering
of the option traded on day ¢, and z; is the two-dimensional vector of moneyness and
time-to-maturity. Their main interest is the estimation of f; and its dynamics. The first
paper considers a kernel estimation, and the second paper considers the least squares
estimation based on sieve approximations. It is noted that the ith traded option on day
t and the ith traded option on day s are different options for ¢ # s (abuse of notation),
so the data does not necessarily exhibit a panel data structure. However, our results are

also applicable for such data structure, as long as the imposed assumptions are satisfied.

Example 2.3 (Consumer demand). Lewbel (1991)) uses the model to describe a
consumer’s demand system. Here, y;; represents the budget share of good t for house-
hold i, and z;; = z; represents household i’s total expenditure. The main interest is the

number of factors K, which is referred to as the rank of the demand system. Estimation



of the rank of the demand system is important, because it provides evidence on consis-
tency of consumer behaviors with utility maximization and has implications for welfare

comparisons and aggregation across goods and across consumers.

3 Estimation Method

Before we proceed we need introduce some notation that is used throughout the paper.
For a symmetric matrix A, we denote its kth largest eigenvalue by A;(A), and its smallest
and largest eigenvalues by Amin(A) and Apax(A). For a matrix A, we denote its operator
norm by [|A||2, its Frobenius norm by ||A|r, and its vectorization by vec(A). The
Euclidian norm of a column vector x is denoted |z|. For matrices A and B, we use

A ® B to denote their Kronecker product.

We begin by illustrating the idea behind our regressed-PCA method by assuming
that «(-) is null and B(-) is linear: «(-) = 0 and S(zit) = Iz for some M x K matrix
. Let Y: = (yits---»ynt)'s Ze = (2165 - -5, 28t) s and e = (€14, ...,ent). Then we may

write in a matrix form
Y;g = ZtI‘ft + Et. (2)

The main challenge of applying the standard PCA for estimating I' and f; is the presence
of Z; in the first term on the right-hand side of . To circumvent it, we regress on
Z;. Thus, we obtain

(Z12) ' ZY, =T fy + (Z{Z) " Ziey. (3)

Heuristically, the variation of the common component Z;I'f; over t has two sources: Z;
and f;, and regressing Y; on Z; can easily isolate the two sources or extract Z; from
the common component. Given the factor structure on the right-hand side of , we
may apply the standard PCA to the regressed data—{(Z/Z;)"1Z]Y;};<7—to obtain
estimators of I and f;. We call the two-step procedure the regressed-PCA.

We next consider the general case with nonzero a(-) and address how to estimate a(-)
and B8(-) = (81(:), ..., Bk (+))’ nonparametrically. To estimate «(-) and Sk(-) without the
curse of dimensionality when z;; is multivariate, we assume a(-) and k() to be separable.

Specifically, we assume that there are {au,(-) }m<ar and {Brm(-) }m<ar such that

azi) =

NE

M
U (2itm) and Bi(zit) = > Brm (zitm); (4)
m=1

m=1

where z;; , is the mth entry of z;;. To estimate oy, (-) and Biy,(-), we adopt the sieve

method. Let {¢;(-)};>1 be a set of basis functions (e.g., B-spline, Fourier series, poly-



nomials), which spans a dense linear space of the functional space for a,,(-) and Bgm(+).

Then we may write

J
am(zit,m) = Z am,j(bj(zit,m) + rm,J(zit,m)a (5)
j=1
J
Bkm(zit,m) = Z bkm,j¢j(zit,m) + 5km,J(Zit,m)‘ (6)
j=1

Here, {am ;}j<s and {bym ;}j<s are the sieve coefficients; rp, j(-) and Oy, s(-) are “re-
maining functions” representing the approximation errors; J denotes the sieve size. The

basic assumption for the sieve method is that sup, |7y, s(2)| = 0 and sup, |0m,s(2)| = 0

as J — 0o. Let ¢(zitm) = (01(2itym), - - - 05 (zit;m))s d(zit) = (D(zie1)s - d(ziem)'),
a = (ai1,---,01,7,---,aM1,---,ap,y) which is a JM x 1 vector of the sieve coeffi-
cients, by = (bg1,1,---,0k1,7,- -, 0k 1, -+, bkar,g)'s and B = (by,--- ,bg) which is a
JM x K matrix of the sieve coefficients. Let r(z;) = Z%zl Tm,J(Zit,m) and d(zi) =
(Xt O1m,d (Zitm)s -+ » ot Ok, (Zitn))- Then

a(zi) = d' ¢(zi) + r(zi) and B(zi) = B'd(2i) + 5(zit). (7)

Thus, a(z;) and S(zi) can be well approximated by a’¢(z;;) and B'¢(z;;) under the

basic sieve assumption, and estimating «(-) and 3(-) reduces to estimating a and B.

We now introduce the estimation of a, B and f; based on the above sieve ap-
proximation in by adapting the regressed-PCA. Let ®(Z;) = (¢(z14), ..., d(znt)),
R(Zy) = (r(z1t),--.,7(2znt)) and A(Z;) = (6(21¢), .- -,0(2nt)) . Using the sieve approx-
imation in , we may write in a matrix form

Y;g = @(Zt)a + (P(Zt)Bft + R(Zt) + A(Zt)ft + Et. (8)

Under the basic sieve assumption, the term “R(Z;) + A(Z;) f” is negligible, so the main
challenge for applying the standard PCA to estimate a, B and f; is the presence of
®(Z;) in the first two terms on the right-hand side of (§). To solve the challenge, we
use the regressed-PCA. Specifically, we may regress (8)) on ®(Z;) to obtain

Y, = a+ Bfy + (D(Z) ®(Z1)) ' (Z) (R(Ze) + A(Zy) fr + &), (9)

where Y; = (®(Z,)®(Z;))"'®(Z,)'Y;. Thus, we may estimate a, B and f; as follows.
First, we may remove a by subtracting Yy = Zthl Y; /T from Y; and estimate B by
applying the standard PCA to {Y; — Ezf}tST. Second, we may impose a’B = 0 and
estimate a from 1:/, since a + Bf is approximated by Y where f= Zle fi/T.

The estimators of a, B, a(+), 8(-) and F = (f1,..., fr) are defined as follows. Denote
the estimators by a, B, a(s), B() and F. Let My = Iy — 171%./T, where 17 denotes



a T x 1 vector of ones. We use the following normalization: B'B = I and F'MpF/T
being diagonal with diagonal entries in descending order. Let Y = (Yi,...,Y7). Then
the columns of B are the eigenvectors corresponding to the first K largest eigenvalues
of the JM x JM matrix Y MY /T, a = (I;y — BB)Y, and

~

a(z) = d'¢(2),B(z) = B'¢p(z) and F = (f1,..., fr) = Y'B. (10)

The intuitions for @ and F are as follows. First, since a + Bf is approximated by Y and
a'B = 0, B'Bf is approximated by B'Y. Thus, we may estimate f by (B’B)_IB’{/, and
a by [T — B(B/B)_lB/H:/. Second, from (9), we may estimate f; by (B'B)"'B'(Y; —
a) = (B'B)"'B'Y; since o’ B = 0. Here, we assume that K—the number of factors—is
known, and conduct asymptotic analysis and develop inference method in Sections [
and [5] In Section [0, we develop two consistent estimators of K, so all the results carry

over to the unknown K case using a conditioning argument.

Remark 3.1. Our estimation procedure is applicable for unbalanced panels. The key
step is to obtain Y;. To this end, we may write V; = [S20 | é(zi)d(zie)'] " SN d(zit)yie-
In the presence of unbalanced panels, we may obtain Y; by taking the two sums over 4’s,
for which both z;; and y;; are observed in time period t. This is equivalent to replacing
missing data with zeros and proceeding as balanced panels. The asymptotic results
established in the following sections continue to hold as min;<7 N; — oo, where N; is

the sample size in time period t.

Remark 3.2. The approximated model in can be alternatively viewed as a panel
data model with time-varying slope coefficients a + B f;, which exhibit a factor struc-
ture. The regressed-PCA first estimates the time-varying slope coefficients by period-
by-period cross-sectional regressions, and then exploits the factor structure by using
PCA. The period-by-period cross-sectional regressions are known as Fama-MacBeth
regressions (Fama and MacBeth, 1973). In asset pricing applications, Y; can be inter-
preted as the time ¢ realization of returns on a set of JM managed portfolios. Thus, the
regressed-PCA boils down to applying PCA to a set of characteristic-managed portfolios
constructed via the Fama-MacBeth regressions. The £th entry of Y; is a weighted average
of asset returns with weights determined by the £th row of (®(Z;)'®(Z;))~'®(Z;)’, which
is a standardized version of ®(Z;). If ®(Z;)'®(Z;) is diagonal, the portfolios are normal-
ized by the second moment of ®(Z;). If the polynomial basis functions are used, ®(Z;)
consists of powers of Z;. This allows us to investigate nonlinearity of characteristics in

pricing errors and risk exposures.

To end this section, we compare our regressed-PCA with existing methods. First,
the regressed-PCA is different from projected-PCA of [Fan et al. (2016a)). The projected-
PCA applies the standard PCA to the projected data—{®(Z;)(®(Z:)'®(Z;)) 1 ®(Z:)' Y }e<r-

The regression in the regressed-PCA is designed to extract Z; from the common compo-



nent for a consistent estimation, whereas the projection in the projected-PCA is designed
to remove the noise part of the factor loadings for a more efficient estimation. Therefore,
the projected-PCA may fail to provide consistent estimators when 7, is time-varying.
Indeed, as discussed in Appendix G of Fan et al.| (2016b), one may need to impose
certain smoothness conditions of Z; over ¢ to ensure the consistency of the projected-
PCA; the regressed-PCA does not require such conditions (see below). In view of this,
our regressed-PCA is more robust. Second, the regressed-PCA is superior to the least
squares estimation (Park et al. [2009) that is the core of the instrumented PCA (IPCA)
of Kelly et al.| (2019) in terms of computation and asymptotic properties. The least
squares estimation may not be explicitly solved because the problem is nonconvex, so
Park et al. (2009)) develop a Newton-Raphson algorithm to numerically find the esti-
mators, and Kelly et al. (2019) propose to use the alternating least squares procedure.
However, both numerical methods may require a good choice of initial Valuesﬂ7 and their
asymptotic properties have not been well understood. Our estimators can always be ex-
plicitly solved for, and their computation is easy since it involves only regression and
PCA.

4 Asymptotic Analysis

In this section, we conduct asymptotic analysis for our estimators. Specifically, we

establish consistency, rate of convergence, and asymptotic distribution.

4.1 Consistency

To establish consistency, we impose the following assumptions.

Assumption 4.1 (Basis functions). (i) There are positive constants cyin and cyax such

that: with probability approaching one (as N — o0),

Crnin < MiN Ap; < max A <c
min +<T mm(Qt) = 4T maX(Qt) maxs

where Qp = ®(Z)'®(Z;) /N; (i) maxm<nr j<ri<n <1 E[$3 (2itm)] < 00.

Note that Q; = 32N | ¢(zi)p(zit)' /N is an JM x JM matrix with JM much smaller
than N. Thus, Assumption (1) can follow from the law of large numbers for finite
T and its uniform variant for 7' — oo; see Proposition for its justification when
{zit}i<n <7 are independent across i. The assumption can be easily verified for com-

monly used basis functions such as B-spline, Fourier series, and polynomials. Since Z;

4Kelly et al.| (2019) do not provide proofs for the convergence of the alternating least squares pro-
cedure; as noted by (Park et all [2009), “it is not guaranteed to converge to a solution of the original
problem.”

10



is allowed to change over ¢, we need the well-conditionedness of Qt for all t. We allow
Z to be nonstationary over t. When Z; is not changing over ¢, Assumption reduces
to Assumptions 3.3 of [Fan et al.| (2016a).

Assumption 4.2 (Loading functions and factors). There are positive constants dyin and
dmax such that: (i) dmin < Amin(B'B) < Amax(B'B) < dmax; (11) maxi<7 || ftl]] < dmax;
(iii) Amin(F'MpF/T) > dmin; (W) maxp<ar sup, |7m,7(2)| = O(J %) and maxg< i m<m
sup, [Ogm,7(2)| = O(J ™) for some constant k > 1/2.

Assumption (1) is similar to the pervasive condition on the factor loadings in
Stock and Watson| (2002). Similar assumptions also are imposed in Assumption B of Bai
(2003) and Assumption 4.1(ii) of |[Fan et al.| (2016a)). For simplicity of proof, we assume
that f; is nonrandom. All the results continue to hold, when {f;};<7 are random and
independent of {Z;, e }<r. Since the dimension of B is JM x K, Assumption [4.2{i)
requires JM > K. Since the rank of My is T'—1, Assumption (iii) requires T' > K+1,
which implies T" > 2. These two requirements are reasonable, since we assume K to
be fixed throughout the paper. Assumption (iv) is standard in the sieve literature.
It can be easily satisfied by using B-spline or polynomials basis functions under certain
smoothness of «(-) and [3(-); see, for example, Lorentz (1986]) and |Chen| (2007)).

Assumption 4.3 (Data generating process). (i) {e:}i<r is independent of {Z: }1<1; (i)
Elei] =0 for alli < N and t < T'; (iii) there is 0 < C; < 0o such that

N T
1
iSH]\lf?ZéT E 1 ’E[Eitﬁjt” < Ch and ﬁ E E E E ’E[Eitéjs” < (.
j=

i=1 j=1 t=1 s=1

Assumption is standard in the literature. In particular, Assumption [4.3(iii)
requires {e;; }i<n <7 to be weakly dependent over both i and ¢, and is commonly imposed
for high-dimensional factor analysis; see, for example, Stock and Watson (2002), Bai
(2003), and [Fan et al.| (2016al). When Z; is not changing over ¢, Assumptionreduces
to Assumptions 3.4 (i) and (iii) of Fan et al. (2016a)).

Assumption 4.4 (Intercept function). /B =0 and ||a]| < Cy for some 0 < Cp < oo.

Assumption is imposed for the identification of «(-). Similar assumption is im-
posed in |Connor et al.| (2012) and Assumption 3.1(i) of |[Kim et al.| (2020)).

To proceed, let H = (F'MpE)(F'MpF)~!, which is a rotational transformation
matrix that is needed to define the convergence limits of B and F. The first result is

established as follows.

Theorem 4.1. Suppose Assumptions hold. Let a, B, F, a(-) and B() be given
in ([L0). Assume (i) N — oo; (ii)) T — co or T > K + 1 is finite; (iii) J — oo with

11



1 J3 2 )
Jon1 + el + NT> rjnga}sgp [p;(2)]°.
Theorem [4.1]implies that a and a(-) can be consistently estimated by a and &(-), and
B, F and (-) can be consistently estimated by B, F' and ((-) up to a rotational transfor-
mation. We have two interesting findings. First, the consistency does not require 7" —
0o, as similar to Fan et al|(2016a). To quickly see this, let us return to the illustrative
model (2)) and assume that 7" is finite, ' My F is diagonal, and I'T’ = Ix. Let © and ©
be M x T matrices with © = TF' My and © = ((Z]2,) ' ZiY1,. .., (Z5Z7) ' Z4.Yr) My
Then vN(© — ©) = O,(1) by the central limit theorem. Since the columns of I’ and
B are eigenvectors of OO’ and O@, the consistency of B thus can be easily understood

from the matrix perturbation theorem; see, for example, [Yu et al.| (2014)).

Second, the consistency of F requires J — oo, as different from Fan et al.| (2016a).
This is because a large sieve approximation error of a(-) and §(-) may cause inconsistent

estimation of F'. To quickly see this, let us look at the following simple linear models

Y, = Will 4+ Zi ' f + 4, (11)
Y, = (Z:F + Will) fy + &4, (12)

where Z, and W, are N x 1 vectors, f; is a scalar factor, and &; is independent of Z; and
W;. Let us further assume Il = I and Wy = Z;g;¢ + vy, where gy is a scalar coefficient,
and v; is independent of Z;. Then and can be rewritten as

Yy = ZUff + e, (13)
Y, = Z0f* + &, (14)

where ff = fi+ g, e = vl + e, f;7 = fi(1 + g), and e = v ' fy + e, Thus,
if only Z; is used in (TI) (the sieve approximation error of «(-) is large), then F' can
consistently estimate F* = (fF,..., f7:)’ up to a scalar; if only Z; is used (namely,
the sieve approximation error of §(-) is large), then F' can consistently estimate F** =

(ff*,..., f3) up to a scalar. In both cases, F fails to consistently estimate the space

12



spanned by F', unless g; is proportional to f; in the former case and is not changing
over ¢ in the latter case. See Appendix [G] for a formal analysis for the general model
under a(-) = 0. The result also implies that misspefication of a(-) and 3(-) may cause

inconsistent estimation of F. This motivates us to develop a specification test for a(-)

and f(-); see Section [5.2]

4.2 Rate of Convergence

Theorem [4.1] also gives a preliminary convergence rate of @, B, F', a(-) and 3(-). How-
ever, the rate is not optimal, which may create challenge for deriving the asymptotic

distribution. To improve the rate, we impose the following assumption.

Assumption 4.5 (Rate of convergence). (i) max,,<n j<.Ji<nt<T E[gb?(zztm)] < o0o; (i)
0 < min<n+<7 Amin(Qit) < Max;<n <7 Amax(Qit) < 00, where Qi = E[Pp(zit)P(zit)'];
(111) {zit }i<n <1 are independent across i < N; (iv) there is 0 < Cy < 0o such that

| NN N N
mAxX -5 Z ZZ Z |Eleiejienicn]| < Co

i=1 j=1 k=1 £=1

and
2

Assumption is also standard in the literature, though not required by [Fan et al.
(20164)). Assumption [4.5(i) strengthens Assumption [4.1|ii). Assumption [4.5[(ii) requires
that the second moment matrix E[¢(z;)d(zi)'] is bounded and nonsingular for all i and
t, which is standard in the sieve literature; see, for example, Newey| (1997)) and [Huang
(1998)). Assumption [4.5(iii) is also standard in the sieve literature, which is used to jus-
tify the asymptotic convergence of Qt. Assumption (iv) allows for weak dependence
of {eit}i<nt<r over both i and ¢, which is standard in the literature as Assumption
[4.3(iii). The second condition is similar to the second condition in Assumption [4.3(iii);
both are satisfied if max;<p Zstl Zf\il Z;VZI |Eleiejs] /N is bounded.

To proceed, let &; = sup, ||¢(z)||, which plays an important role in justifying the
asymptotic convergence of Q. In particular, £; = O(V/J) for B-spline and Fourier
series, and £; = O(J) for polynomials; see Section 3 of Belloni et al.| (2015]) for more

discussions on £;. The second result is established as follows.

Theorem 4.2. Suppose Assumptions hold. Let a, B, F, &(-) and B(-) be given
in ([L0). Assume (i) N — oo; (ii)) T — oo or T > K + 1 is finite; (i) J — oo with

13



J2¢%log J = o(N). Then
1B~ BH|% = O,

sup|a(2) — (=) = 0,

(
(
%HF — F(H) ' =0, <2n + N> ’
(
(

sgp HB(Z) — H'B(2)|* = Op

Theorem shows that the rates of E, F and B() are equal to the rates in [Fan
et al.[(2016a)). The requirement J%?I log J = o(N) is standard in the sieve literature; see,
for example, Belloni et al. (2015)). See Appendix [H| for a special case analysis without
Assumption and the requirement. It is worthwhile to discuss the rate of F. Assume
J72*N = O(1), which can be satisfied for sufficiently large x under the restriction
J2¢%log J = o(N). Then F' attains the optimal rate 1/N, which is the fastest rate that
one can obtain when «(-) and S(-) were known. This implies that the nonparametric
specification of a(-) and B(-) does not deteriorate the optimal rate for estimating F' as
long as «a(-) and ((-) are sufficiently smooth (i.e., x is sufficiently large), or the linear
specification of «(-) and S(-) does not necessarily improve the estimation of F'. This

implication is important in developing specification test for a(-) and 3(-) in Section

Remark 4.1. Our proofs for the consistency and rate of convergence are not trivial
relative to Fan et al. (2016a) for several reasons. First, the regressed-PCA is different
from the projected-PCA, as mentioned in Section |3} Second, we allow for nonzero «(-),
and need to additionally study the properties of &(-). Third, the presence of z; varying
over t makes the proofs challenging. In particular, the proof for the rate of convergence

relies on LLNs for matrices derived from the Khinchin inequality.

4.3 Asymptotic Distribution

We focus on deriving the asymptotic distributions of @ and B, since our main concern

is the inference on «(-) and 5(+). To this end, we impose the following assumption.

Assumption 4.6 (Asymptotic distribution). (i) The eigenvalues of (F'MpF/T)B'B
are distinct; (i) {eit}i<ni<T are independent across i < N (iii) there is 0 < C3 < 00

such that
T

LT T T
Max Z Z Z Z |Eleitcisciucin]| < Cs.

t=1 s=1 u=1v=1
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The distinct eigenvalue condition in Assumption (1) is necessary to establish the
asymptotic normality, as known in the literature; see, for example, Bai (2003|) and |Chen
and Fang (2019). Assumption ii) imposes independence of {}i<n <7 across i for
simplicityﬁ Assumption (iii) allows for weak dependence of {e;; }i<n <7 over t, which
is standard in the literature as Assumptions [4.3[(iii) and [4.5(iv).

To proceed, let @ = 37, 500, 0 Sl © Q7 Eld (i) $(245)1Q5 " Bleweis] /INT,
where ftT = (1,(fy — f)) and Q; = E[Q/] = Zf\il Qit/N. Tt is a variance-covariance
matrix, which will appear in the asymptotic distributions of a and B. The third result

is established as follows.

Theorem 4.3. Suppose Assumptions 4.6 hold. Let a and B be given in (L0). As-
sume (i) N — oo; (ii) T — oo or T > K + 1 is finite; (iii) J — oo with J*¢%log J =
o(N). Then there exists a JM x (K 4 1) random matriz N with vec(N) ~ N(0,Q) such
that

) VNT VTJ  J5S  /Tg logh
y\/ﬁ(a—a)—GaH—Op< 7 TN T Ns N1/A4

and

R VNT ~TJ J3/6 J& logt/t g
IVNT(B — BH) — Ggllr = O, ( n VJE  log ’

Jr \/N N1/6 N1/4

where Gq = (Iypr — BHH'B')(Ny — GgH ™1 f) — BHG/3a and Gg = NyB'BM, H and
M are nonrandom matrices given in Lemma [C.3, and Ny and N are the first column
and the last K columns of N.

Theorem establishes a strong approximation: (vVNT(a — a),V/NT(B — BH))
can be well approximated by a normal random matrix (G4, Gg), in the sense that their
difference converges in probability to zero when T' = o(N), J = o(min{N'/5 N/T}),
and NTJ~2% = o(1). Therefore, (V NT(a — a),VNT(B — BH)) behaves like a normal
random matrix. Here, v/ NT (& — a) and vVNT(B — BH) exhibit growing dimensions,
so the classical central limit theorem does not apply. Instead, we use the Yurinskiis
coupling (which is collected in Lemma for ease of reference) to establish the strong
approximation. We stress that the strong approximation allows for weak dependence of

{eit}i< N,<7 over t. Similar results are not available in Fan et al.| (2016a)).

5This assumption allows us to use the Yurinskiis coupling. In fact, we may relax this assumption
and alternatively use [Li and Liao| (2019)’s coupling, so that the dependence across ¢ can be allowed.
However, it is challenging to develop an inference procedure allowing the dependence over both i and t.
Therefore, we stick with this assumption.
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5 Bootstrap Inference

In this section, we develop a weighted bootstrap to estimate the distribution of (G,, Gpg)
in Theorem and a specification test for linearity of «(-) and 3(-).

5.1 Weighted Bootstrap

It seems straightforward to estimate the distribution of (G4, Gp) by estimating its un-
known components. However, it may be challenging to estimate €2, especially since we
allow for weak dependence of {€;}i<n<7 over t. To circumvent the challenge, we de-
velop a weighted bootstrap, which additionally may have computational advantage. To

this end, we impose the following assumption.

Assumption 5.1 (Bootstrap). (i) {w;}i<n s a sequence of independently and iden-
tically (i.i.d.) positive random variables with Elw;] = 1 and var(w;) = wg > 0, and
is independent of {Zy, et }i<r; (1) there are positive constants emin and emax such that:

with probability approaching one (as N — o),

. . . *) *
€min < 1N Amin (@) < max Amax (@) < €max;
where QF = ®(Z,)"®(Z,)/N and ®(Z)* = (¢p(z10)wr, - - ., p(zne)wn)'; (40i) Admin () > 0.

Assumption (1) defines the bootstrap weight w; for each ¢. Specifically, we assign
w; to all observations over ¢ for each i to maintain the dependence of {e;; }i<n <1 Over
t. Note that QF = SN | é(zi¢)¢(zi) wi/N is a JM x JM matrix with JM much smaller
than N. Thus, Assumption (ii) can follow from the law of large numbers for finite T'
and its uniform variant for 7 — oo, similar to Assumption [4.1](i). Assumption [5.1(iii)

requires nonsingularity of the variance-covariance matrix 2.

To define the bootstrap estimators of a and B, let Y;* = (®(Z)¥®(Z;)) ' ®(Z)"'Y;,
Y* = (}71*, ... ,)77:"), and Y* = Zthl Y;*/T. The bootstrap estimators are given by

B* = V*MpE(F' MrE)™ and a* = (Lyy — BY(BYB*)"'B*)Y™, (15)
which mimic B and a following the formulas B = Y MpF(F' MpE)™" and a = (I —
BB'Y = (I;3 — B(B'B)~'B')Y. We propose to estimate the distribution of (G,, Gy)

by the distribution of (v/NT/wq (&* — &), /NT Jwo(B* — B)) conditional on the data.
The validity of the bootstrap for B can be quickly seen when T'=2 and K = 1@

51n this case, B= ()71 —1?2)/”171 - f/zH, BH = B(f1 —fg)/Hf/l —?2“ and B* = (f/l* —5?2*)/”}71 —Y/QH.
Thus, the distribution of vV NT(B — BH) = /NT(Y; — Y2 — B(f1 — f2))/||Y1 — Y2 can be estimated by
the distribution of /NT/wo (Y7 — Y5 — (Y1 — Y2))/||Y1 — Ya|| = \/NT Jwo(B* — B) conditional on the
data by the weighted bootstrap in [Belloni et al.| (2015]).
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Remark 5.1. The bootstrap can be easily adapted for unbalanced panels. The key step
is to obtain fft* To this end, we may write f@* = [Zf\il qﬁ(zit)gb(zit)’wi]*lxi]il O (zit) yirw;.
In the presence of unbalanced panels, we may obtain f/t* by taking the two sums over i’s,
for which both z;; and y;; are observed in time period t. This is equivalent to replacing
missing data with zeros and proceeding as balanced panels. Prior to this, we need to
generate {w; }i<n,,.. once, where Ny is the number of all observation unit i’s. The
asymptotic results established below continue to hold as min;<r N; — oo, where V; is

the sample size in time period t.

To proceed, let p* denote the probability measure with respect to {w;}i<n condi-

tional on {Y;, Z; }1<7. The fourth result is established as follows.

Theorem 5.1. Suppose Assumptions and hold. Let a, B, a* and B* be
given in and (15). Assume (i) N — oo; (i) T — oo or T > K + 1 is finite; (i)
J — 0o with J2¢%log J = o(N). Then there exists a JM x (K + 1) random matriz N*
with vec(N*) ~ N(0,Q) conditional on {Y;, Zi}1<1 such that

i VNT TJ J5/6  JJE logt/* J
[V NT/wo(a -Gyl = *< Jr + VN | N1/6 N1/4

and

\/NT \/ Jo5/6 \JTE log!* g

where G = (Ijp — BHH'B')(NY — GyH 1 f) — BHG%a and G = N3B'BM, H and
M are nonrandom matrices given in Lemma [C.3, N} and Nj are the first column and
the last K columns of N*.

Theorem implies that the distribution of (G, Gp), which is equal to the dis-
tribution of (G, G%), can be well approximated by the distribution of (\/NT /wg(a* —
@), \/NT/wo(B*—B)) conditional on the data, when T = o(N), J = o(min{ N'/> N/T})
and NTJ~2F = o(1). We reiterate that the result is appealing in the sense that it allows

for the same weak dependence of {e;}i<n+<7 over t as Theorem

Remark 5.2. An alternative bootstrap estimator for B is given by B** whose columns
are the eigenvectors corresponding to the first K largest eigenvalues of Y*MpY* /T.
We notice that \/W(E** — B) conditional on the data may fail to estimate the
distribution of Gp. The key part of the proof is to show that v NT(B* — BH) and
\/W(B — BH) share a similar asymptotic expansion. Specifically, we show

T

H\/ B BH Z Zt Et ft f)/B/BM

= Op(dnT)
F
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and

T
H\/NT(B* — BH) — JziTT > Qi e(Z) eu(fe — [ BBM|| = Oy(dn1),
t=1

F

where oy = VNTJ % + \/TJ/N + /JE;(log J/N)'/4. Let F* = Y*B** and H* =
(F' My F*)(E" MpE*)~1. Similarly, we can show

= Op((SNT).
F

H\/ T(B* — BH*) FZQt Yo (Z,)"ei(f; — ) B'BM

Thus, \/NT /wo (B** — B) conditional on the data may fail to estimate the distribution
of Gp, since \/W(H * — H) is not asymptotically negligible due to the relatively
slow convergence rate of F' and F*. Since B** = Y*MpE*(E* MpF*)~1, it is important
to use F rather than F* in to ensure that B* and B share a common rotational
transformation matrix and are centered around the same quantity BH. Therefore, it is

important to use F rather than F* in to ensure the validity of the bootstrap.

Significance test for a(-) and (). We can immediately use Theorems and
to test whether ¢;(2im)’s are jointly significant in B(z;) for some given j’s and
m’s, which is equivalent to whether certain rows of BH are jointly zero. To see this,
let us consider testing the null that the first row of BH is zero. Let b} and b*' be the
first row of B and B*. The distribution of N TIA)’llA)l under the null can be estimated
by the distribution of NT'(b%* — by ) (b% — by) /wo conditional on the data. Thus, we may
construct the test as follows: reject the null if N T(A)’llA)l is greater than the 1 — a quantile
of NT(b* — by)(b% — b1)/wo conditional on the data for 0 < a < 1. Note that we are
not able to do significance test for each entry of 3(z;) due to the lack of identification,
and we cannot use Theorems and [5.1] to test whether 3(-) = 0 due to the full
rank requirement in Assumptlon ( ). Similarly, we may test whether ¢;(zitm)’s are
significant in a(z;;) for some given j’s and m’s. In addition, we may test whether a(-) = 0
by comparing NT'a'a with the 1 — a quantile of NT'(a* — a)'(a* — @) /wp conditional on
the data for 0 < o < 1.

5.2 Specification Test

To test for linearity of a(-) and (-), we develop a test by comparing their estimators

under the null and the alternative. Specifically, we consider the following the hypothesis:
Ho : a(zi) = 7'z and B(zi) = [z for some v, T and all i < N,t < T v.s.

. : : N 2 . : N T4 112
H; .ig}\}}nglngHa(zn) T zi|*] > 0 or ig]l\?tngH]'l[fE[Hﬁ(zlt) Iz ||] > 0. (16)
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Estimators of a(+) and 3(-) under H; are already given by a(-) and 3(-) in (10). Let Y, =
(Z1Z)1Z1Y,, Y = (Yy,...,Yr), and Y = S Y,/T. Estimators of a(zy) and S(z)
under Hy are given by 4/z;; and ["z;;, where ' = ?MTF(F’MTF)_I and 4 = Y-TIB'Y.
Three remarks for 4 and I are as follows. First, we use the unrestricted estimator ft
rather than a restricted estimator of f; by imposing Hg to ensure that I zip and 3 (zit)
share a common rotational transformation matrix, which is important in justifying the
validity of the test. Second, in 4 we use BY = Zle ft /T, which is an unrestricted
estimator of f, rather than the restricted estimator (f’ f)_lf 'y under Hy to avoid the
full rank requirement of I'. Third, we note that using ft does not cause efficiency loss in
estimating I and ~ , since ft has attained the optimal rate as discussed after Theorem
Our test statistic is given by

1 N T 1 N T A )
= 522 Wei =z + 5 3031z = eI ()

i=1 t=1 i=1 t=1

To obtain critical values, we use the bootstrap method. Let Y+ = (272)7 12,
Y* = (Yy,...,Ys), and Y+ = S YFT, where ZF = (z1w1, .., zypwy). Tt is
shown in Appendix [Ef that under Hy, S = Zf\il Z?:l (5 =) 2zt — (@ — a) d(zi) 2] T +
SN ST (@ =TH)Y 24— (B—BH) ¢(2it)||?/J +0,(J~1/?). Given this, we can estimate
the null distribution of S by the distribution of

JiOZD 3" =4z — (@° = 6)' o)

i=1 t=1

: Z Z (T )zt — (B* — B) ¢(zit)]|? (18)

zltl

conditional on the data, where ['* = Y*Mp F'(F'MzF)~! and 4* = ?*—f*(ﬁ*’é*)_lé*’?*.
For 0 < a < 1, let ¢1_ be the 1 — « quantile of S* conditional on the data. Thus, we

construct the test as follows: reject Hy if S > ¢1_q4.

To establish the validity of our test, we impose the following assumption.

Assumption 5.2 (Specification test). (i) There are positive constants gmin and gmax

such that: with probability approaching one (as N — o),

Gmin < It%ljl:‘l Amln(ZI{Zt/]V) < 1%3;1}1{ AmaX(ZéZt/-Nv) < Gmax;

(ii) max;<n <1 E[||zit||*] < 00; (4ii) mini< N t<1 Amin(E[2it2},]) > 0; (iv) with probability
approaching one (as N — o),

Jmin < ?%171} )\min(Zt*/Zt/N) < Iglga:%{ )\max(Z;/Zt/N) < Gmax;

19



(v) sup. |a(2)] < oo and sup, ||3(2)]| < .

Assumptions i)-(iv) are analogous to Assumptions [4.1](i), [4.5i), (ii) and [5.1}ii),

respectively. When z;; is included as a part of ¢(z;), which is true in the case of
polynomial basis functions, the formers are implied by the latter ones. In this case,
Assumptions [5.2{i)-(iv) are redundant.

The following theorem, as the fifth result of the paper, demonstrates that our test

has size control under Hy and is consistent under Hj.

Theorem 5.2. Suppose Assumptions and[5.3 hold. Let S be given in (L7)),
and c1—o be given after for 0 < a < 1. Assume (i) N — oo; (ii) T — oo

or T > K + 1 is finite; (iii) J — oo with J*¢%logJ = o(N). In addition, assume
T = o(N), J = o(min{ N> N/T}) and NTJ~?* = o(1). Then under Hy,

P(S > c1_q) — a.
Furthermore, under Hy,

P(S > Cl—a) — 1.

The validity of the test does not require T' — oo, as all above results do. It also

holds when T" — oo but at a slower rate than N, which is usually true in asset pricing.

6 Determining the Number of Factors

We now address the problem of estimating the number of factors K. To solve the
problem, we develop two estimators: one by maximizing the ratio of two adjacent eigen-
values by extending |Ahn and Horenstein| (2013)) and Fan et al.| (2016al) and another by
counting the number of “large” eigenvalues similar to |Bai and Ng| (2002)). To define the
estimators, let A\, (Y M7Y'/T) denote the kth largest eigenvalue of the JM x JM matrix
Y M7Y’ /T. The first estimator of K is given by

. Ne(Y MpY'/T)

K = argmax = = .
1<k<IM/2 Nep1 (Y M7pY'/T)

(19)

Here, K is constrained to between 1 and JM /2. This is not restrictive, since we assume
that K > 1 is fixed and J — oo throughout the paper. The second estimator of K is
given by

K=#{1<k<JM: N(YM7Y'/T) > Anr}, (20)
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where # A denotes the cardinality of A and 0 < Ay — 0 is a tuning parameter.

Establishing the consistency of K is straightforward. However, to establish the

consistency of K, we impose the following assumption.

Assumption 6.1 (Determination of K). (i) 0 < mini<y Amin(E[ere}]) < max;<r Amax
(Eleier]) < oo; 41) there is 0 < Cy < oo such that

T T N N N N
N2T—|—T2N ZZZZZZ |cov(eiieji, enscrs)| < Ca.

t=1 s=1 1=1 j=1 k=1 (=1

Assumption [6.1|i) requires that the covariance matrix Ele;c}] is bounded and non-
singular for all ¢. In particular, max;<7 Amax(E[es£;]) < oo allows for weak dependence
of {eit}i<ni<r across i. When {e;}i<ni<7 are independent across i, the condition is
satisfied when min;<y <7 Fle2] > 0 and max;<y <7 E[¢?] < 0o. Assumption (ii)
allows for weak dependence of {ej:}i<n+<7 over both ¢ and ¢, which is standard in the
literature as Assumptions [4.3(iii), [4.5|(iv) and [4.6[(iii); see Proposition [[.2] for its justifi-
cation when {e;;}i<n <7 are independent across ¢. It is noted that Assumption is
different from Assumption 6.1 in |[Fan et al.| (2016a) (which is required for the number

of factor estimator); Assumption appears less complicated.

Theorem 6.1. (A) Suppose Assumptions (z) cmd hold. Let K be given
in ([19). Assume (i) N — oo; (ii) T — oo; (iii) J — 0o with J = o(min{v/N,VT}) and
NJ72¢ =o(1). Then

P(K=K)—1

(B) Suppose Assumptions hold. Let K be given in ([20). Assume (i) N — oo;
(i) T — oo or T > K + 1 is finite; (iii) J — oo with J = o(~/N); (iv) 0 < Ayy — 0
and \y7 min{N/J, J*} — co. Then

This is the last result of the paper. Theorem demonstrates that K and K are
consistent estimators of K. The consistency of K requires T' — oo, as similar to [Fan
et al, (2016a). While the consistency of K does not require T — oo and Assumption
it relies on the choice of Ayp. In practice, K is recommended when T is large, and

K is recommended when T is small.

Remark 6.1. To sum up, all the estimators except K and the inference procedures do
not require T — oo, allow z; to vary over ¢t even in a nonstationary pattern, and are
applicable for unbalanced panels. These attractive features shall make our estimators

and inference procedures appealing to researchers in asset pricing, because panels of
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asset returns and characteristics are usually unbalanced, many assets have small T', and
characteristics of assets are often time-varying. Furthermore, the small T properties
of our estimators and tests allow us to conduct rolling small sub-sample analyses to

accommodate changing factor dynamics.

7 Simulation Studies

In this section, we conduct small-scale Monte Carlo simulations to examine the finite

sample performance of our estimators and bootstrap inference methods.

We consider the following data generating process. For # > 0 and § > 0, we assume
a(zi) = 0z + 521-21571 and B(zit) = (zit2 + 521»2,572, 2zt,3 + 25,212,573)’, (21)

so K =2 and M = 3. Here, a(-) = 0 when # = § = 0, and both «(z;¢) and B(z;) are

nonlinear functions of z;; when § > 0. Let
Zit) = O¢ * Ui, 1, Zit,2 = 0.3253-1) 2 + wit,2 and zir 3 = Uit 3, (22)

where wir = (wit1,uit2, uir3)" are iid. N(0,I3) across both i and t, o,’s are i.i.d.
U(1,2) over t, and zjz2’s are iid. N(0,1). Here, all the entries of z; are varying
over t but in different ways. Let f; = 0.3f;—1 + 1, where n’s are i.i.d. N(0,Ix) and
fo ~ N(0,Ir /0.91). For 0 < p < 1,

£t = pet—1 + €4, (23)

where e;’s are i.i.d. N(0,Iy) and g9 ~ N(0,In/(1 — p?)). Note that p is a measure of
weak dependence of ;¢ over t. Here, uy’s, o¢’s, zio’s m¢’s, fo, €+’s and €p are mutually

independent. We generate y;; according to the model .

To implement the regressed-PCA, we choose ¢(zit) = (zit1, Z%,p Zit,2, zi2t72, Zit,3, zi2t73)’,
so J = 2 and the sieve approximation error is zero. We let Ay7 = 1/log(N) in the im-
plementation of K. To implement the weighted bootstrap, we let w;’s be i.i.d. random
variables with the standard exponential distribution. First, we investigate the perfor-
mance of a, B , F, K and K under different (N,T)’s. We run simulations for combina-
tions of # = 0,0.1,0.2,...,1, § = 0,0.1,0.2,...,0.5 and p = 0,0.3,0.7. Here we report
the results for # = 1, § = 0.5 and p = 0,0.3,0.7, while the results for other values of
and § are similar and available upon request. Specifically, we report the mean square
errors of @, B and F in Table (1} and the correct rates of K and K in Table [2 Second,
we investigate the performance of testing «(-) = 0 and linearity of a(-) and B(-). To
test a(-) = 0, we fix § = 0. Then «a(-) = 0 if and only if § = 0. We report the rejection
rates for § = 0,0.01,0.02,...,0.1 under p = 0.3, while the results under p = 0 and 0.7
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are similar and available upon request. To test linearity of a(-) and 3(-), we fix 6 = 1.
Then «(-) and f(-) are linear if and only if § = 0. We report the rejection rates for
60 =0,0.01,0.02,...,0.1 under p = 0.3, while the results under p = 0 and 0.7 are similar
and available upon request. The number of simulation replications is set to 1,000 and

the number of bootstrap draws is set to 499 for each replication.

The main findings are summarized as follows. First, as shown in Table [l the mean
square errors of a, B and F decrease as N increases, even for T = 10. This implies
that the estimators are consistent as N — oo even for small 7. While increasing T’
further reduces the mean square errors of a and B, it does not reduce the mean square
error of F. Both findings are true regardless of whether p = 0,0.3 or 0.7, so the results
allow for weak dependence of €;; over t. They are consistent with Theorems and
Second, as shown in Table |2, K and K can correctly estimate K in all cases except for
some cases when both N and T are small. This is consistent with Theorem Third,
both tests perform well. As shown in Table [3| the rejection rate of the first test may
overreject a(-) = 0 a little bit for # = 0 when N = 50, but can quickly approach the
significance level 5% when N increases, even for T'= 10. This implies that the test has
size control as N — oo even for small T'. As 6 increases, the rejection rate approaches
one, even for T' = 10. This implies that the test is consistent as N — oo even for small
T. We find that increasing 7" may improve the power of the test (when 6 > 0, the
rejection rate increases as T increases for all N), but meanwhile it may hurt the size of
the test (for example, when 6 = 0, the rejection rate increases as 1" increases from 10
to 100 for N = 200.) This can be explained by the requirement 7' = o(/N) in Theorem
(.2 or underlying in Theorem As shown in Table [4 the second test has a similar
performance; the details are omitted. The findings of the second test are consistent with
Theorem To sum up, the performance of our estimators and bootstrap inference

methods is encouraging for large IV, even when T is small.

8 Empirical Applications

A central question in empirical asset pricing is why different assets earn different av-
erage returns. While asset pricing theory attributes cross-sectional differences in asset
returns to risk exposures, there is substantial evidence suggesting a role for mispricing
captured by dependence of returns on asset characteristics, which suggests potential
market inefficiency. Much of the debate centers around multi-factor models that aim to
link average returns to factor loadings following |[Fama and French| (1993), who pursue
a portfolio-sorting approach to constructing asset pricing factors. Since their seminal
paper, hundreds of factors have been proposed, collectively dubbed a “factor zoo” by
Cochrane| (2011) and further discussed by Harvey et al.| (2016). While some of the

factor models have an explicit justification based on economic theory, many implicitly
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Table 1: Mean square errors of @, B and F' when 6 = 1 and § = 0.5

(N,T) P i P= i r= i
a B F a B F a B F

(50,10)  0.0077 0.0154 0.0394 0.0088 0.0170 0.0435 0.0171 0.0295 0.0799
(100,10)  0.0034 0.0064 0.0168 0.0039 0.0071 0.0186 0.0075 0.0127 0.0336
(200,10)  0.0016 0.0030 0.0079 0.0018 0.0034 0.0087 0.0033 0.0058 0.0155
(500,10)  0.0006 0.0012 0.0030 0.0007 0.0013 0.0033 0.0013 0.0022 0.0060

(50,50)  0.0012 0.0022 0.0423 0.0014 0.0025 0.0466 0.0028 0.0049 0.0842
100,50) 0.0005 0.0009 0.0184 0.0006 0.0010 0.0203 0.0012 0.0019 0.0365

500,50)  0.0000 0.0001 0.0033 0.0001 0.0002 0.0037 0.0002 0.0003 0.0065

( )
(200,50)  0.0002 0.0004 0.0086 0.0003 0.0004 0.0095 0.0006 0.0008 0.0170
( )
( )

50,100) 0.0005 0.0010 0.0431 0.0006 0.0011 0.0473 0.0013 0.0024 0.0850
(100,100) 0.0002 0.0004 0.0187 0.0003 0.0004 0.0206 0.0006 0.0008 0.0370
(200,100) 0.0001 0.0002 0.0087 0.0001 0.0002 0.0096 0.0003 0.0003 0.0172
(500,100) 0.0000 0.0001 0.0034 0.0000 0.0001 0.0037 0.0001 0.0001 0.0066

 The mean square errors of a , B and F are given by 2;2010 a9 — a||?/1000, 2;2010 | B® —
BH®|1%/1000 and 3,20 | — F(H®")=1]|2,/1000T, where a®, B® and F© are es-
timators in the ¢th simulation replication, and H® = (F’MTF(Z))(F(Z)’MTF(Z))_1 is a
rotational transformation matrix.

Table 2: Correct rates of K and K when =1 and § = 0.5

(N,T) i p=20 ] Ap = ().3~ Ap = O.7~

K K K K K K
(50,10) 0.999  1.000 0.999 1.000 0.994  1.000
(100, 10) 1.000  1.000 1.000  1.000 0.999 1.000
(200, 10) 1.000  1.000 1.000  1.000 1.000  1.000
(500, 10) 1.000  1.000 1.000  1.000 1.000  1.000
(50, 50) 1.000  1.000 1.000  1.000 1.000  1.000
(100, 50) 1.000  1.000 1.000  1.000 1.000  1.000
(200, 50) 1.000  1.000 1.000  1.000 1.000  1.000
(500, 50) 1.000  1.000 1.000  1.000 1.000  1.000
(50, 100) 1.000  1.000 1.000  1.000 1.000  1.000
(100, 100) 1.000  1.000 1.000  1.000 1.000  1.000
(200, 100) 1.000  1.000 1.000  1.000 1.000  1.000
(500, 100) 1.000  1.000 1.000  1.000 1.000  1.000
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Table 3: Rejection rates of testing a(-) = 0 when § = 0 and p = 0.3

6
0 0.01 0.02 003 0.04 0.056 0.06 0.07 0.08 0.09 0.1
(50,10)  0.089 0.096 0.117 0.150 0.186 0.222 0.283 0.349 0.435 0.512 0.593
(100,10) 0.096 0.113 0.133 0.184 0.274 0.383 0.502 0.616 0.727 0.827 0.904
(200,10)  0.057 0.080 0.162 0.270 0.442 0.628 0.790 0.901 0.970 0.990 0.999
(500,10)  0.048 0.099 0.297 0.573 0.822 0.951 0.994 1.000 1.000 1.000 1.000
(50,50)  0.094 0.129 0.232 0.415 0.615 0.784 0.915 0.978 0.997 0.998 1.000

(N,T)

(100,50)  0.085 0.165 0.391 0.691 0.913 0.989 0.998 1.000 1.000 1.000 1.000
(200,50)  0.073 0.235 0.643 0.941 0.996 1.000 1.000 1.000 1.000 1.000 1.000
(500,50)  0.052 0.451 0.960 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
(50,100)  0.089 0.151 0.360 0.693 0.901 0.985 0.999 1.000 1.000 1.000 1.000

(100,100) 0.076 0.256 0.685 0.956 0.997 1.000 1.000 1.000 1.000 1.000 1.000
(200,100) 0.073 0.381 0.925 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
(500,100) 0.059 0.737 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

t The significance level o = 5%.

Table 4: Rejection rates of testing linearity of a(-) and (-) when # = 1 and p = 0.3

o
0 001 0.02 003 004 0.05 006 0.07 0.08 0.09 0.1
(50,10)  0.086 0.097 0.158 0.288 0.464 0.641 0.801 0.910 0.963 0.990 0.998
(100,10)  0.080 0.130 0.309 0.565 0.839 0.962 0.993 1.000 1.000 1.000 1.000
(200,10)  0.058 0.181 0.555 0.932 0.995 1.000 1.000 1.000 1.000 1.000 1.000
(500,10)  0.038 0.397 0.963 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
(50,50)  0.093 0.248 0.669 0.965 0.999 1.000 1.000 1.000 1.000 1.000 1.000

(N,T)

(100,50)  0.100 0.443 0.966 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
(200,50)  0.070 0.771 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
(500,50)  0.047 0.998 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
(50,100)  0.096 0.459 0.971 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

(100,100) 0.085 0.846 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
(200,100) 0.066 0.994 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
(500,100) 0.057 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

t The significance level o = 5%.
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rely on the idea that factors capture common variation in portfolio returns, thus ap-
pealing to arbitrage pricing theory and its extensions (Ross, [1976; (Chamberlain and
Rothschild,, 1982; Connor and Korajczyk, |1986} [1988)). Since implementing the latter
requires knowledge of the conditional covariance matrix of returns, which is infeasible to
estimate when N is larger than T', most studies rely on stock characteristics to proxy for
(imperfectly measured) factor exposures. However, this makes distinguishing between
the two types of explanations virtually impossible, as exemplified by the “characteristics
versus covariances” debate (Daniel and Titman, |1997). Our method is perfectly suited
for resolving this debate, since it allows characteristics to simultaneously appear in both
pricing errors and conditional covariances with unobserved common factors, which they

also help recover.

We consider the following semiparametric characteristic-based factor model
Tit = Oé(Z@t_l) + B(Zi,t—l)/ft +e,i=1,...,N,t=1,...,T, (24)

where r;; is the excess return of asset i (e.g., stock ¢) in time period ¢, z;;—;1 is a
vector of characteristics in time period t — 1, f; is a K x 1 vector of unobserved latent
factors, the pricing error (i.e., a(z;;—1)) and the risk exposures to factors (i.e., B(zi—1))
are nonparametric functions of characteristics (i.e., z;s—1). The model falls into the
general framework of model , where we need to interpret z;; as characteristics in time
period t — 1. This model provides a unified approach for studying the cross section
of asset returns that nests the characteristic-based model and the risk-based model.
The modelling of the pricing error and the risk exposures not only provides a way to
disentangle the alpha versus beta explanations, but also allows us to estimate a model
for a large set of individual stocks. In addition, we do not need to rely on ex ante
knowledge to pre-specify the latent factors. Distinct from the models in [Connor and
Linton| (2007)), |Connor et al.| (2012), Kelly et al.| (2019), and Kim et al.| (2020), we allow
for time-varying characteristics, nonzero pricing error, nonlinearity of a(-) and 3(+), and
unknown number of factors. These are not intended to complicate the analysis, but are
crucial. For example, as illustrated in Section failure to take into account the time-
varying features of characteristics or linear specifications of «(-) and 5(-) may result in

misleading estimation of factors and the number of factors.

8.1 Data and Methodology

We use the same dataset used in Kelly et al.|(2019), which is originally from |Freyberger
et al.| (2020)). The data set contains monthly returns of 12,813 individual stocks and 36
associated characteristics with sample periods from July, 1962 to May, 2014. The data is
in the form of an unbalanced panel, for which our methods are applicable. See the above

two papers for the detailed descriptions of the data. For ease of comparison, we also use
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the same 36 characteristics as those authors. By following the same procedure in [Kelly
et al.| (2019), we transform the values of the characteristics to relative ranking values
with range [—0.5,0.5]. This can make the contributions of individual characteristic in
pricing error and risk exposures comparable, and can further avoid the distorting effects
from the outliers. To satisfy the large N requirement, we select the sample period
with at least 1,000 individual stocks that have observations on both returns and the 36
characteristics, which is different from the case with at least 100 individual stocks in
Kelly et al.| (2019). This yields a sample from September, 1968 to May, 2014.

To estimate the model, we implement the regressed-PCA by choosing the basis func-
tions ¢(zit) as (1,2},)" and linear B-splines of z;. Using (1, 2},)’ leads to linear specifica-
tions of a(+) and f(+), while using linear B-splines of z;; leads to nonlinear specifications
of a(+) and f(+), where «(-) and §(+) are continuous piecewise linear functionsm To esti-
mate the number of factors K, we use K in . To implement the weighted bootstrap,
we let w;’s be i.i.d. random variables with the standard exponential distribution. To
implement the tests of a(-) = 0 and linearity of a(-) and 5(-), we set the number of

bootstrap draws to 499.

8.2 Empirical Results

In order to evaluate the performance of the regressed-PCA, we compute several measures
of fit. First, we calculate Fama-MacBeth cross sectional regression RZ, which captures
the variation in individual stock returns explained by “managed portfolios” constructed
from the sieve functions of characteristics. Next, we report the panel regression R%{
which captures the variations of these managed portfolios explained by different sets
of extracted factors. Then, we consider the following three types of R? measures that
directly speak to the ability of the factor models to explain the cross-section of individual
stock returns. The first one is total R? as used in Kelly et al.| (2019).The second one
measures the cross-sectional average of time series R? across all stocks, which reflects
the ability of the extracted factors to capture common variation in asset returns. The
third measures the time series average of cross-sectional goodness of fit measures. As
such, it corresponds to the R? of the Fama-MacBeth cross-sectional regression, and
is the one of interest for evaluating the model’s ability to explain the cross-section of
average returns. Fama-MacBeth regression slopes can be interpreted as returns on pure-
play characteristic portfolios (corresponding to «(+)) and factor-mimicking portfolios (for
B(+)) - i.e. portfolios that have unit loading on one characteristic/factor and zero on
all the others). Thus, the Fama-MacBeth R? reflects how much ex post variation in

returns these portfolios can explain, as pointed out by |Fama (1976) and emphasized by

"The one dimensional linear B-spline {1;(2)}7=; is defined on a set of consecutive equidistant knots:
{21, 271} For j < J, 95(2) = (2= 2))/ (2541 — 25) on (25, zj11], ¥5(2) = (2j+2 = 2)/ (2542 — Z41) on
(2zj+1,zj42], and O elsewhere. For j = J, 1;(2) = (2 — z;)/(2zj4+1 — 2;) on (z;, zj+1] and 0 elsewhere.
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Lewellen| (2015)).
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Second, we consider a version of these goodness-of-fit measures that zero in on the role
of factors in explaining the time-series as well as the cross-section of stock returns, by

excluding the conditional intercepts:
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Third, we assess the out-of-sample prediction. For ¢ > 120, we use the data through
t — 1 to implement the regressed-PCA and obtain estimators, say d;—i(+), Bt_l(-),
Ft’_l = (Al(t_l)7 e ft(f_ll)); and then compute the out-of-sample prediction of r;; as
Gr—1(zig—1) + Bt_l(zi7t_1)’5\t, where \; = Y et fs(t*l)/(t — 1), that is, the average of
factor estimators through ¢t — 1. We can deﬁﬁe three types of out-of-sample predictive

R?’s analogously by replacing &(-), 3(-) and f; with &;_1(-), Br—1(-) and Ay,
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Finally, we construct an arbitrage portfolio based on a pure-alpha strategy and evaluate
its performance. By (9) and Theorem it is easy to see that Y/a 2 |la||? for each
t as N — oo. This allows us to construct an arbitrage portfolio based on an estimate
of a. For t > 120, we use the data through ¢ — 1 to implement the regressed-PCA
and obtain an estimator of a, Say a¢—1; and then compute the portfolio weights by
wy = ®(Z4_1)(®(Z4—1)'®(Z;—1)) tar—1 and the excess return of the portfolio by Rjwy,

where Ry = (714, ...,7nt). We evaluate the annualized Sharpe ratio of this portfolio.
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Table 5: Results under linear specifications of a(-) and 3(-) with 36 characteristics

Unrestricted (a(-) # 0)

K R} R® Ry R%y R} Ri,y Ring RY Riyo Rigo Mean Std SR

1* 26.55 2.54 1.37 0.36 2.07 0.59 0.11 054 0.64 021 1.72 0.54 3.18
36.42 4.52 243 1.76 4.08 1.75 137 054 064 0.21 1.74 0.52 3.36
45.03 5.70 3.70 2.70 524 295 231 054 0.64 021 1.77 0.50 3.56
52.55 11.69 8.55 9.27 11.28 7.92 8.69 054 0.64 0.21 1.77 0.47 3.74
58.65 11.90 8.73 9.48 1149 799 890 0.54 0.64 0.21 1.70 0.44 3.84
64.20 13.90 10.30 11.80 13.53 9.79 11.24 0.54 0.64 0.21 1.68 0.44 3.78
69.15 15.59 12.23 13.76 15.23 11.71 13.23 0.54 0.64 0.21 1.63 0.44 3.73
72.84 15.93 12.59 13.98 15.56 12.00 13.44 0.54 0.64 0.21 1.61 0.42 3.79
76.26 16.08 12.67 14.19 15.72 12.15 13.64 0.54 0.64 0.21 1.61 0.42 3.80
10 79.15 16.23 12.82 14.35 15.87 12.34 13.80 0.54 0.64 0.21 1.60 0.42 3.82

© 00 N O Ut s W N

Restricted (a(-) = 0)

K R% R® Riy Ryp R} Ripy Riyy RS Riyo Ripo Mean Std SR

1* 26.62 NA NA NA 214 058 0.06 0.20 0.09 0.07 NA NA NA
3648 NA NA NA 418 1.72 137 0.28 034 0.02 NA NA NA
45.10 NA NA NA 532 298 230 0.26 0.31 001 NA NA NA
52.62 NA NA NA 1145 8.03 886 0.31 0.39 -0.01 NA NA NA
58.72 NA NA NA 11.69 818 9.10 0.36 047 -0.04 NA NA NA
64.28 NA NA NA 13.85 10.06 11.58 0.38 0.47 -0.11 NA NA NA
69.26 NA NA NA 1520 11.71 13.17 040 0.50 -0.13 NA NA NA
72.98 NA NA NA 1553 11.99 13.44 041 0.53 -0.13 NA NA NA
76.40 NA NA NA 15.73 12.15 13.68 0.40 0.53 -0.08 NA NA NA
10 79.29 NA NA NA 1590 12.37 13.85 041 0.51 -0.06 NA NA NA

© 00 N O Ut =W N

T K: the number of factor specified (* denotes the estimated one by our methods); Fama-
MacBeth cross sectional regression R*: R = 20.89%; R} meassures the variations of
managed portfolios captured by different numbers of factors from PCA; R2, R% N R?\,’T:
various in-sample R?’s (%), see —; R?, R?‘,T,N? R%N’T: various in-sample R?’s (%)
without o, see (28)-B0); R, RF n o, R .10 various out-sample predictive R*’s (%), see
—; Mean: out-of-sample annualized means of the pure-alpha arbitrage strategy(%);
Std: out-of-sample annualized standard deviations of the pure-alpha arbitrage strategy(%);
SR: out-of-sample annualized Sharpe ratios of the pure-alpha arbitrage strategy.
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Table 6: Results under continuous piecewise linear specifications of a(-) and §(-) with
18 characteristics and one internal knot!

Unrestricted (a(-) # 0)
K Ry R’ Ry Rir R?c Rfcm N R? v1 B Rino Rypo Mean Std SR
1 41.61 594 347 3.60 552 299 3.11 059 0.64 028 246 0.69 3.54
2* 59.05 9.56 6.17 6.91 9.18 5.67 6.33 0.59 0.64 0.28 2.39 0.57 4.22
64.47 10.42 6.78 7.96 10.03 6.27 7.38 0.59 0.64 0.28 2.36 0.57 4.17
68.99 13.83 10.26 11.52 13.40 9.80 10.90 0.59 0.64 0.28 2.19 0.53 4.12
72.33 14.32 10.73 11.98 13.91 10.29 11.38 0.59 0.64 0.28 2.19 0.51 4.26
75.35 14.71 10.97 12.40 14.29 10.55 11.86 0.59 0.64 0.28 1.95 0.49 3.96
77.63 15.28 11.78 12.99 14.84 11.27 12.42 0.59 0.64 0.28 1.90 0.48 3.93
80.83 15.44 11.98 13.16 15.10 11.59 12.73 0.59 0.64 0.28 1.73 0.47 3.66
82.88 15.84 12.33 13.49 15.48 11.87 13.05 0.59 0.64 0.28 1.31 0.40 3.26
10 85.61 16.39 12.89 13.93 15.71 11.80 13.14 0.59 0.64 0.28 0.88 0.28 3.14
Restricted (o) = 0)
K R%. R? R% N R?\ET Rfc R?‘,T, N R% N.T R2 R% N.O R?V,T,O Mean Std SR
1 41.75 NA NA NA 561 3.00 3.14 030 034 -0.12 NA NA NA
2*59.20 NA NA NA 9.14 556 6.26 0.34 0.30 -0.38 NA NA NA
65.00 NA NA NA 980 6.24 7.12 0.60 076 029 NA NA NA
70.17 NA NA NA 1079 723 837 0.60 080 0.19 NA NA NA
7444 NA NA NA 14.28 10.57 11.98 0.52 0.66 0.29 NA NA NA
77.39 NA NA NA 14.58 10.88 12.18 0.52 0.63 0.22 NA NA NA
80.12 NA NA NA 1491 11.07 12.61 0.53 0.58 0.22 NA NA NA
82.36 NA NA NA 1543 11.93 13.17 0.54 057 027 NA NA NA
8434 NA NA NA 1580 12.28 13.45 0.53 0.54 0.27 NA NA NA
10 86.23 NA NA NA 1594 1237 13.59 0.53 054 0.27 NA NA NA

© 00 N O Ot = W

© 00 N O Ot = W

T K: the number of factor specified (* denotes the estimated one by our methods); Fama-
MacBeth cross sectional regression R?: R% = 21.11%; R?% meassures the variations of
managed portfolios captured by different numbers of factors from PCA; R?, R%. v, Ry
various in-sample R?’s (%), see ([25)-(27); R3, R?7T7N, R?7N7T: various in-sample R?’s (%)
without o, see (28)-B0); R, RF n o, R .10 various out-sample predictive R?’s (%), see
—; Mean: out-of-sample annualized means of the pure-alpha arbitrage strategy(%);
Std: out-of-sample annualized standard deviations of the pure-alpha arbitrage strategy(%);
SR: out-of-sample annualized Sharpe ratios of the pure-alpha arbitrage strategy.
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Table 7: Results under continuous piecewise linear specifications of a(-) and f(-) with
12 characteristics and two internal knots?

Unrestricted (a(-) # 0)
K Ry R’ Ry Rir R?c Rfcm N R? v1 B Rino Rypo Mean Std SR
1 42,78 557 298 3.32 519 254 283 0.57 057 0.27 3.29 0.99 3.33
2% 61.36 9.56 597 6.87 9.18 5,51 6.26 0.57 0.57 0.27 3.01 0.80 3.78
67.77 10.59 6.65 7.88 10.20 6.15 7.29 0.57 0.57 0.27 2.94 0.80 3.69
72.86 13.62 10.09 11.35 13.17 9.64 10.67 0.57 0.57 0.27 2.97 0.78 3.81
76.92 14.14 10.43 12.01 13.73 10.01 11.48 0.57 0.57 0.27 2.98 0.76 3.91
80.63 14.94 11.45 12.75 14.42 10.51 12.05 0.57 0.57  0.27 1.51 0.41 3.73
84.29 15.17 11.59 12.94 14.76 10.77 12.44 0.57 0.57 0.27 1.01 0.33 3.09
87.42 15.45 11.87 13.23 15.26 11.47 12.98 0.57 0.57 0.27 0.73 0.22 3.36
89.11 16.33 12.68 13.94 16.16 12.31 13.72 0.57 0.57 0.27 0.71 0.20 3.62
10 90.72 16.54 12.91 14.17 16.38 12.54 13.95 0.57 0.57 0.27 0.69 0.18 3.90
Restricted (o) = 0)
R? R% N R?\ET Rfc R?‘,T, N R% N.T R2 R% N.O R?V,T,O Mean Std SR
4295 NA NA NA 534 259 290 032 034 -0.10 NA NA NA
61.58 NA NA NA 9.12 545 6.15 0.33 0.21 -0.56 NA NA NA
68.02 NA NA NA 10.15 6.08 7.25 0.62 0.68 0.16 NA NA NA
74.08 NA NA NA 1077 699 798 0.57 065 024 NA NA NA
78.98 NA NA NA 14.15 1049 11.93 0.55 0.57 0.23 NA NA NA
82.66 NA NA NA 14.43 10.68 12.32 0.56 0.53 0.23 NA NA NA
85.44 NA NA NA 1493 11.31 12.76 0.55 0.55 0.25 NA NA NA
87.85 NA NA NA 1537 11.78 13.13 0.56 0.54 027 NA NA NA
89.53 NA NA NA 16.28 12,57 13.85 0.56 0.52 0.27 NA NA NA
1091.13 NA NA NA 1649 12.78 14.08 0.57 0.55 0.27 NA NA NA

© 00 N O Ot = W

oy
Nl\)

@OO\]CBO")-BOJ[\D}—‘N

T K: the number of factor specified (* denotes the estimated one by our methods); Fama-
MacBeth cross sectional regression R?: R% = 20.72%; R?%. meassures the variations of
managed portfolios captured by different numbers of factors from PCA; R?, R%. v, Ry
various in-sample R?’s (%), see ([25)-(27); R3, R?7T7N, R?7N7T: various in-sample R?’s (%)
without o, see (28)-B0); R, RF n o, R .10 various out-sample predictive R?’s (%), see
—; Mean: out-of-sample annualized means of the pure-alpha arbitrage strategy(%);
Std: out-of-sample annualized standard deviations of the pure-alpha arbitrage strategy(%);
SR: out-of-sample annualized Sharpe ratios of the pure-alpha arbitrage strategy.
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We report the results for three specifications of a(-) and B(-) by fixing the dimen-
sion of sieve series for both linear and nonlinear cases. In Table [5] we consider linear
specifications by letting ¢(z;;) = (1,2},)". In Table[6] we consider continuous piecewise
linear specifications with 18 characteristics with one internal knot by letting ¢(z;) be
linear B-splines of z;;, where we split [—0.5,0.5] into two equal length intervals. We
also refer it to as nonlinear specificathis ions with 18 characteristics. In Table [7, we
further consider continuous piecewise linear specifications with 12 characteristics with
two internal knots by letting ¢(z;;) be linear B-splines of z;, where we split [—0.5,0.5]
into three equal length intervals. We also refer it to as nonlinear specifications with 12
characteristics. For the selection of 12 or 18 characteristics, we choose the significant
characteristics based on both (Kelly et al., [2019) and our estimation results from linear
model, where the list of variables can be found in Tables 10| and separately. For each
case, we report the results for imposing «(-) = 0 and not imposing «(-) = 0, respectively.

In addition to estimating the number of factors, we report the results for K =1,...,10.

The main findings are summarized as follows. First, formal tests select one factor
in the linear cases and two factors in the nonlinear cases, which is in contrast to the
arguments of |[Kelly et al. (2019) that five factors are needed. Second, the out-of-sample
R% based on our estimated one or two factor model with nonzero () is 0.54 in the
linear specification, 0.59 and 0.57 in the two nonlinear specifications, all of which are
comparable to 0.60 in [Kelly et al. (2019)’s linear specifications with five factors. We
notice that the total in-sample R?’s from this estimated single factor models is smaller
than [Kelly et al. (2019)’s. This is not surprising, since the objective of their IPCA
estimation is (essentially) maximizing total (in-sample) R2. The nonlinear specifications
with nonzero a(-) give the higher RZQ\ET,O than the linear case and nonlinear cases with
zero a-). Third, by increasing the number of factors, we can impove the in-sample fit,
since all three in-sample R?’s increase with K. However, increasing the number of factors
does not necessarily improve the out-of-sample fit of the model, since factor betas simply
soaks up the variation that is otherwise captured by alphaﬁ In contrast, when alpha is
restricted to be zero, increasing the number of factors does improve the out-of sample
fit for the cross-section of expected returns, R?V,T,O? while both the total and the time-
series out of sample fit measures, R2O and R%’T’ N are hump-shaped in the number of
factors, peaking around three or four factors, depending on specification (naturally, these
measures are small since they are not meant to capture month-to-month variation in
returns by design). Fourth, compared to the linear model, nonlinear models improve in-
sample fitting R? significantly and out-of-sample prediction R? slightly, meanwhile, the
estimation results from nonlinear models are quite close. Both the better performance

and robustness show the advantage of of nonlinear model estimation based on linear B-

8Formally, this is because éc(ziytfl)j— B(zi,t,l)'ﬁlT/T = P(zit-1)'(a — BFlT/T) = ¢(zi1-1)"Y,

which does not depend on K, where Y is the average of the coefficient estimates from the first-step
Fama-MacBetch regressions (also see ().
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splines. Finally, we provide more associated empirical results in the Online Appendix.

We further use our tests to examine whether factor models explain the cross-section of
average stock returns (i.e. a(-) = 0) as well as whether «(-) and /3(-) functions are linear
in characteristics. First, we find strong evidence to reject the null hypothesis of a(-) = 0
in our estimated factor models whether we consider the one- or two-factor models that
are selected by our formal tests, or indeed any number of factors between one and ten
(we do not report the p-values here to save space, suffice it to say that in all cases the
pricing errors are significant at 1% level). This finding is contrast to the finding in [Kelly’
et al.[(2019); they find that increasing the number of factors can turn rejection to failure
to reject, settling on a five-factor model. The difference stems from the nature of factors
that we extract: our factors are designed to capture common time-series variation of
stock returns, in the spirit of the APT, while the IPCA procedure of Kelly et al.| (2019) is
designed to fit the cross-section of stock returns as well as their common time-variation,
potentially giving up on the former to maximize the latter. Indeed, our factors do a
better job of capturing common time variation in stock returns, as exhibited both by
the R? measures above and, more importantly, by the Sharpe ratios of the arbitrage
portfolios that exploit the non-zero alphas. In particular, we find a high annualized
Sharpe ratio for the pure-alpha strategy in all of the cases that we consider. The Sharpe
ratio increases from 3.18 to 3.82 as we increase K from 1 to 10 in the linear specification,
and are in the same range (sometimes exceeding 4) in the nonlinear specifications that
utilize B-splines while reducing the number of characteristics used (when we use fewer
characteristics, the Sharpe ratio tends to fall with the number of factors in some of
the specifications). Importantly, since alphas always decline when additional factors are
introduced, the rising Sharpe ratios’ as the number of factors grows is clear evidence
of the important role of the factors in hedging out common variation in stock returns,
which reduces the volatility of the arbitrage portfolio at a rate that exceeds the decline

in alpha.

Before proceeding to the detailed investigation of characteristics and nonlinearity,
we need to pin down the sign of the single extracted factor. Under the normalization:
B'B = Ik and F'MpF/T being diagonal with diagonal entries in descending order,
the sign of the single extracted factor is undetermined. To pin down the sign, we let
the sample means of the extracted factors to be positive such that the unconditional
risk premium is positive. Further, to interpret the latent factors, we also report the
correlation matrix among the extracted factors and six constructed factors in Table
The extracted factor from the linear specification is almost uncorrelated with the market
excess return factor, and the second extracted factor from the nonlinear specifications.
The extracted factors from the nonlinear specification have much higher correlations
with the market excess return, SMB, and RMW. It is noteworthy to point out that the
fourth factor in all three models is highly correlated with MKT and SMB, although
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Table 8: Factors correlation?

MKT SMB HML MOM RMW CMA
Linear specifications with 36 characteristics
Factorl 0.02 0.11 0.10 -0.36 -0.11 0.02
Factor 2 0.26 0.26 0.05 -0.16 -0.20 -0.02
Factor 3 -0.26 -0.22 -0.05 0.18 0.11 0.07
Factor4 0.58 046 -0.33 -0.06 -0.30 -0.30
Factor 5 0.10 0.05 -0.15 0.05 0.01 -0.16
Factor 6 0.32 0.24 -0.13 -0.04 -0.20 -0.13
Factor 7 0.30 0.19 0.02 -0.16 -0.09 -0.10
Factor 8 -0.04 -0.05 0.21 -041 0.14 0.16
Factor 9 0.02 0.03 -0.08 0.29 -0.06 -0.03
Factor 10 -0.03 0.01 0.13 0.01 0.09 0.08
Nonlinear specifications with 18 characteristics

Factorl 0.24 0.37 0.07 -0.37 -0.30 -0.02
Factor2 041 0.31 -0.37 -0.09 -0.30 -0.29
Factor 3 -0.22 -0.11 0.45 -0.50 0.23 0.33
Factor4 048 0.21 -0.04 -0.34 -0.15 -0.18
Factor 5 -0.12 -0.01 -0.25 0.14 -0.06 -0.10
Factor 6 0.07 -0.21 -0.04 0.09 0.08 -0.08
Factor 7 -0.15 -0.22 -0.09 -0.12 -0.06 -0.03
Factor 8 -0.01 -0.08 0.14 0.05 0.09 0.05
Factor 9 -0.17 0.03 0.08 0.10 0.10 0.09
Factor 10 -0.21 -0.04 0.11 0.07 0.06 0.06

Nonlinear specifications with 12 characteristics

Factorl 0.22 036 0.05 -0.32 -0.32 -0.01
Factor2 0.39 0.31 -0.27 -0.34 -0.26 -0.26
Factor 3 -0.19 -0.19 0.49 -0.57 0.25 0.30
Factor 4 0.50 0.21 -0.12 -0.13 -0.16 -0.24
Factor 5 -0.04 -0.15 -0.11 0.12 -0.02 -0.07
Factor 6 -0.20 -0.20 -0.14 0.08 0.06 -0.07
Factor 7 -0.05 -0.04 0.16 0.00 0.12 0.04
Factor 8 -0.04 0.19 0.28 0.18 0.06 0.22
Factor 9 0.27 0.06 0.18 0.11 -0.14 0.16
Factor 10 0.17 -0.27 -0.22 -0.06 0.21 -0.20

T MKT: market excess return; SMB: “small minus big” fac-
tor; HML: “high minus low” factor; MOM: “momentum”
factor; RMW: “robust minus weak” factor; CMA: “conser-
vative minus aggressive” factor. The highlighted ones are
selected factors in the models.
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is not a common factor that is selected by the formal tests. Finally, we find that the
correlation of extracted factors with MOM is negative for the first two to four factors,
shifting to positive for the third factor in the linear case and the fifth (and some of the

higher-order) factors in the nonlinear casesﬂ

Table 9: Characteristic significance under linear
specifications of o(-) and B(-)f

Char Alpha Beta
a2me 0.0034 —0.2356"**
assets —0.0048*** 0.5638***
ato —0.0023* 0.0398***
bm 0.0045** —0.0885***
beta —0.0056*** 0.0829***
bidask 0.0004 0.0336***
¢ 0.0017*** 0.0079
cto —0.0013 —0.0426*
d2a 0.0047*** 0.0221***
dpi2a —0.0017** —0.0109
e2p —0.0034*** 0.0067
fc2y 0.0000 0.0372%**
free_cy 0.0019*** —0.0133*
idiovol —0.0075%** —0.0077
invest —0.0019** 0.0003
lev —0.0012 —0.0200**
mktcap —0.0022*** —0.7576***
turn 0.0075*** 0.0532***
noa —0.0036*** 0.0217**
oa, —0.0007 —0.0083
ol 0.0041* 0.0466*
pcm 0.0064*** —0.0320**
pm 0.0020 0.0319**
prof 0.0008 —0.0341**
q —0.0027 —0.0552**
wb2h 0.0014* —0.0374***
rna 0.0008 —0.0074
roa 0.0015 —0.0370**
roe 0.0041*** 0.0295**
mom 0.0078*** —0.0202*
intmom 0.0010 0.0072
strev —0.0272*** —0.0512***
ltrev —0.0031*** —0.0629***
s2p 0.0044** —0.0151
sga2m —0.0008 0.0291
suv 0.0143*** 0.0147***
Constant 0.0060*** 0.0829***
' Char = characteristic; ***: p—value < 1%; **:

p—value < 5%; *: p—value < 10%.

9We also find that the single factor from the linear model and the first extracted factors from the
nonlinear cases are highly correlated, and the second extracted factors from the nonlinear cases are also
highly correlated, which shows the robustness of our model estimation.
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Table 10: Characteristics significance under nonlinear specifications of «(-) and () with 18 characteristics and one

internal knot!

Char Alpha Betal Beta2

Bi By By B B; B
assets 0.0013** —0.0043*** 0.0975%** 0.2703*** —0.2603***  —0.5175***
ato —0.0002 —0.0005 0.0193*** 0.0168** —0.0058 —0.0356***
bm 0.0069*** 0.0098*** —0.0606™**  —0.1212*** 0.0416*** 0.0761***
beta —0.0009** —0.0085*** 0.0466*** 0.1293*** 0.0562*** 0.1740***
d2a 0.0037*** 0.0051*** 0.0197*** 0.0175%** —0.0175** —0.0375%**
idiovol 0.0030***  —0.0085*** —0.0133*** 0.0186*** 0.0003 —0.0078
invest 0.0000 —0.0033*** —0.0316"*  —0.0189*** —0.0060 0.0197**
mktcap —0.0088***  —0.0023*** —0.2815"*  —0.5338*** 0.2094*** 0.4082***
turn 0.0072*** 0.0064*** 0.0282*** 0.0328*** 0.0343*** 0.1099***
noa —0.0012** —0.0056*** —0.0030 —0.0019 —0.0183** —0.0238***
pcm 0.0010* 0.0044*** —0.0047 —0.0061 —0.0294***  —0.0551***
prof 0.0022*** 0.0027*** —0.0257"*  —0.0479*** 0.0452%** 0.1033***
wbH2h —0.0049*** 0.0018** —0.1087**  —0.0823*** —0.1042***  —0.0984***
roe 0.0058*** 0.0061*** —0.0427**  —0.0228*** —0.0739***  —0.0801***
mom 0.0063*** 0.0090*** —0.0835***  —0.0799*** —0.0804***  —0.1060***
strev —0.0140"*  —0.0255*** —0.0458"**  —0.0993*** —0.0785"**  —(0.1252***
ltrev —0.0018***  —0.0028*** —0.0974"*  —0.1033*** —0.0744***  —0.0706***
suv 0.0042*** 0.0143*** —0.0048 0.0089** —0.0029 —0.0016
Constant —0.0039*** 0.6643*** 0.5443***

t Char = characteristic; ***: p—value < 1%; **: p—value < 5%; *: p—value < 10%. B; is the estimated coefficients

corresponding to the i-th sieve basis function.



Table 11: Characteristics significance under nonlinear specifications of a(-) and B(-) with 12 characteristics and two internal knots'

LE

Char Alpha Betal Beta2

By Bo Bs B By Bs B By Bs
assets 0.0002 0.0011**  —0.0059*** 0.0782*** 0.0780*** 0.2297*** —0.2479***  —0.2104*** —0.4264***
bm 0.0079***  0.0066™**  0.0096*** —0.0731*** —0.0671*** —0.1236*** 0.0675***  0.0507***  0.1005***
beta —0.0024***  —0.0017*** —0.0102*** 0.0614*** 0.0404*** 0.1378*** 0.0669*** 0.0403*** 0.1941***
idiovol 0.0018*** 0.0021***  —0.0095*** 0.0004 —0.0201*** 0.0381*** —0.0064 0.0110* —0.0175*
invest 0.0001 0.0012**  —0.0063*** —0.0369*** —0.0363*** —0.0219*** —0.0392***  —0.0401*** —0.0161**
mktcap —0.0113*** —0.0063*** —0.0005 —0.2845"**  —0.2625"** —0.4995*** 0.2184*** 0.2057*** 0.3388***
turn 0.0068***  0.0066™**  0.0058*** 0.0310***  0.0288***  0.0392*** 0.0621***  0.0578***  (0.1398***
prof 0.0048*** 0.0038*** 0.0052*** —0.0318"** —0.0198*** —0.0458*** 0.0307*** 0.0254*** 0.0784***
mom 0.0077**  0.0070***  0.0129*** —0.1411**  —0.1096*** —0.1179*** —0.2299**  —0.1928*** —0.2641***
strev —0.0165***  —0.0110*** —0.0251*** —0.0788"**  —0.0522*** —0.1243*** —0.1241***  —0.0980*** —0.1697***
ltrev —0.0003 0.0004 —0.0008 —0.1164*** —0.0933*** —0.1132*** —0.0848*** —0.0782*** —0.0740***
suv 0.0051*** 0.0039*** 0.0153*** —0.0031 —0.0030 0.0109*** —0.0060 —0.0013 —0.0043
Constant  —0.0029*** 0.6074*** 0.4194***

Hk %

¥ Char = characteristic; : p—value < 1%; **: p—value < 5%; *: p—value < 10%. B; is the estimated coefficients corresponding to the i-th sieve

basis function.



To further investigate the nonlinearity and contributions of each individual charac-
teristic to pricing errors and risk exposures, we report coefficient estimates for three
different specifications in Tables We examine the significance of each individual
term in ¢(z;) by the weighted bootstrap in Section In contrast to the finding in
Kelly et al.| (2019)) of 13 out of 36 characteristics being significant in driving risk expo-
sures, we find 26 to be significant in the linear specification. We find 22 characteristics
to have a significant effect on alpha in the linear specification. The findings indicate
that most of the characteristics contain relevant information about both pricing errors
and risk exposures (rather just one or the other). In the nonlinear cases, we find that
almost all the sieve coeflicients are significant, which indicates that it is necessary to

introduce the nonlinear terms.

Empirical studies show that stocks with smaller market capitalization, higher book-
to-market ratio (Fama and French, 1993)), or better past performance (Jegadeesh and
Titman), 1993) tend to have higher returns, often referred to as “size”, “value”, and “mo-
mentum” anomalies in equity market. The presumed “rational” explanation for these
anomalies is that smaller or value firms or firms with better past performance have larger
exposures to priced systematic risky factors. In order to test this hypothesis, we report
the plots of the pricing error and the risk exposure versus six important characteristics.
Figure [T reports the results for the linear specification, and we find a downward sloping
curve for book-to-market ratio, which rejects a (conditional) one-factor-model expla-
nation of value. Figures report the results for the nonlinear specifications, while
we find the associated nonlinear and upward sloping exposure to the second extracted
factor, which is more consistent with the risk-based views. Similarly, we find opposite
curve slopes from the linear and nonlinear specifications for investment and profitability,
where the results from the nonlinear specifications are more consistent with the findings
in [Fama and French| (2015): the firms with low investment and high profitability bear
the larger risks. Overall, more estimates from the nonlinear specifications are consistent

with the traditional view than those from the linear specification.

Finally, we check the estimated contribution of each individual characteristic in the
pricing error with different numbers of factors. In Figure [d] we report the estimates and
their associated 95% confidence intervals for the coefficients in the linear specification.
We find that increasing the number of factors does not affect the estimates and confidence
intervals significantly. This implies that the estimation of alpha is not sensitive to the

number of factors and is also contrast to the estimation procedure in (Kelly et al., 2019).

To conclude, we not only find strong evidence of nonlinearity but also identify the

source of the nonlinearity in both pricing errors and risk exposures.
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Figure 1: Characteristics-alpha and characteristics-beta plots under linear specifications
of a(-) and S(-) with 36 characteristics
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Notes: the six important characteristics are market capitalization (mktcap), market beta (beta), book-
to-market ratio (bm), momentum (mom), investment (invest), and gross profitaility (prof). To make
the magnitude comparable, the annualized values are reported for some alphas.
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Figure 2: Characteristics-alpha and characteristics-beta plots under continuous piece-
wise linear specifications of a(-) and B(-) with 18 characteristics and one internal knot
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Notes: the six important characteristics are market capitalization (mktcap), market beta (beta), book-
to-market ratio (bm), momentum (mom), investment (invest), and gross profitaility (prof). To make
the magnitude comparable, the annualized alpha is reported.



Figure 3: Characteristics-alpha and characteristics-beta plots under continuous piece-
wise linear specifications of a(-) and §(-) with 12 characteristics and two internal knots
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Figure 4: Estimates and 95% confidence intervals of coefficients in alpha under linear

specifications of «(-) and 5(-)
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9 Conclusion

In this paper, we developed a simple and tractable semiparametric sieve estimation
for conditional factor models with time-varying covariances and latent factors, and a
weighted bootstrap for conducting inference on the intercept and factor loading func-
tions. We established large sample properties of the estimators and validity of the tests
for large N, even when 7' is small. These results enable us to estimate conditional
(dynamic) behavior of a large set of individual assets from a number of characteristics
exhibiting nonlinearity without the need to pre-specify factors, while allowing us to dis-
entangle the alpha from betas. We applied these methods to explain the cross-sectional
differences of individual stock returns in the US market. We found strong evidence of
conditional factor structure as well as nonlinearity in conditional alpha and beta func-
tions. Importantly, although only one or two factors are selected by the formal tests,
even when a large number of common factors is considered, conditional pricing errors
remain large, resulting in arbitrage portfolios with high Sharpe ratios (typically above
3).
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APPENDIX A - Proof of Theorem (4.1

A.1 Proof of Theorem (4.1

PROOF OF THEOREM : Let us begin by defining some notation. Let A; =
(q)(Zt)/q)(Zt))il(I)(Zt)/At fOI‘ At = At and Et, where At = R(Zt) + A(Zt)ft Let
A= (Ay,...,Ar) and E = (¢1,...,é7). Then ([9) can be written as

Y =aly+ BF + A+ E, (A1)

where 17 denote a T x 1 vector of ones. Recall My = Iy — 171/./T. Post-multiplying
(A.1) by My to remove a, we thus obtain

Y My = B(MpF) + AMy + EMry. (A.2)

Let V be a K x K diagonal matrix of the first K largest eigenvalues of Y MpY” /T. By the
definitions of B and F', (Y M7pY'/T)B = BV and MpF = M7Y'B. Thus, F'MpF /T =
B (YM7Y'/T)B =V and H = (F'M¢F)(F'MrEF)~™' = (F'MpY'B/T)V—!. We may
substitute (A.2) to (YMrY’/T)B = BV to obtain

B—-BH =[(A+E)MyY'/TIBV-' =Y D;BV ™, (A.3)

where D1 = AMyFB')T, Dy = AMpA'/T, D3 = Dy = AM7pE' /T, Dy = EMpFB'/T
and D5 = EMpE'/T. By the Cauchy-Schwartz inequality and the fact that ||C'+D||p <
ICllr + | D]|F and |CD||F < [|C|l2[| D] F, (A.3) implies

6
1B~ BH|% < 6IIBIBIVI3 | D IDsl | =0, <
j=1

1 J? J
— 4+ L A4
R NT) ’ (A4)

where the equality follows by Lemmas and [A.2[i) and the fact that || Ds||p = || Dg| r-
Since B'B = Ig, ||I;as — BB'||z = 1 and (I;3; — BB')B = 0. By the definition of a,

a—a=—B(B—BH)a+ (I;; — BB')(BH —B)H™'f
+ (Iyp — BBAlp /T + (Iyy — BBYE1p/T. (A.5)
where H~! is well defined with probability approaching one by (A.4)) and Lemma (ii),
and we have used o’ B = 0 and (I3 — BB')B = 0. By the Cauchy-Schwartz inequality
and the fact that ||z + yl| < 2] + |yl and | As]| < | Alalle]l, () implies

ja—al* <4 <||B = BH|[Fl|al* + |BH — Bl[7|H |3 max | f,]*
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1« R g
— A% + = || E17)* ) = — + =+ — A.
FpIAE+ Bl ) =0, (et 3zt yp). (A0

where the equality follows by (A.4), Assumptions (ii) and and Lemmas [A.2(ii),
(i) and (ii). Noting B'B = I, we may substitute (A.1) to ' = Y'B to obtain

~ A~

F—FH)"'=17d (B - BH)+ F(H')"Y(BH — B

o

+A'B + E'B. (A7)

where (H')~! is well defined with probability approaching one by (A.4) and Lemma
M(ii), and we have used /B = 0. By the Cauchy-Schwartz inequality and the fact
that [C' + Dl < [|C]l + D]l and |CD||x < |Clls| D], (&7) implies

1, - _ 4 _ A ~ - R
SIE = P E < 2 (IFBIEBIBH = Bl + 1A% + 121 ) 11313

s glPIBE = Bl = 0y (et 5 ) (A8)

where the equality follows from (A.4)), Assumptions [4.2](ii) and and Lemmas[A.2{ii),
M(l) and (i) by noting that J = o(v/N). Since 3(z) = B'¢(z) and (z) = B'¢(2)+6(2),

B(z) = H'B(2) = B'¢(z) — (BH)'¢(z) + H'5(=). (A.9)

By the Cauchy-Schwartz inequality and the fact that ||z + y|| < |lz|| + ||y, [|Az| <
[Al[2[lz] and [[All2 < [|A[l7, (A.9) implies

sup 18(=) = H'B(2)|I> < 2I|B — BHH%S&D llo(=)11* + 2||H||38121p 15 (=)]*

1 J3 o J? 2
=0, ﬁ+m+ﬁ rjnSa}(suPWj(z)‘a (A.10)

z

where the equality follows from (A-4) and Lemma [A.2(i) by noting that sup, ||¢(2)||?> <
M mascje s sup, |65 () and sup, [6(2)[7 < KM maxperment Sups [Sm,s () =
O(J~2%) due to Assumption (iV). The proof of the second last result is similar.

This completes the proof of the theorem. |

A.2 Technical Lemmas

Lemma A.1. Let D1, D2, D3, Dy, D5 be given in the proof of Theorem [{.1].
(i) Under Assumptions[{.1)(i), [4.4(i), (ii) and (iv), | D1||% = Op(J~2%).
(ii) Under Assumptions (z’), (u) and (iv), | Da||% = O, (J ).

(iii) Under Assumptions (u), (iv) and | Ds||% = Op(J 2% J/N).
(iv) Under Assumptions (z), (1) and | Dal|% = Op(J/NT).

(v) Under Assumptions and | Ds|% = O,(J%/N?).

Proor: (i) Since |Mr|s = 1, | Dillr < |Bll2)|Fll2|All#/T. The result then immedi-
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ately follows from Assumptions [4.2]i), (ii) and Lemma [A.3]{i).

(i) Since ||Mr|2 = 1, | D2||r < ||A||Z/T. The result then immediately follows from
Lemma [A.3[i).

(iii) Since | Mr|l2 = 1, | Ds||r < |A||l¢||E||r/T. The result then immediately follows
from Lemma [A.3[i) and (ii).

(iv) Since ||D4|lr < ||Bll2|[EM7F||g/T, the result then immediately follows from
Assumption [4.2(i) and Lemma iii).

(v) Since |Mz||2 = 1, | Ds||r < ||E||%/T. The result then immediately follows from

Lemma [A.3[(ii). [ |

Lemma A.2. Suppose Assumptions[{.]{{.3 hold. LetV be given in the proof of Theorem
[4.1 Assume (i) N — oo; (ii)) T — oo or T > K + 1 is finite; (iii) J — oo with
J = o(VN). Then (i) |Vll2 = Op(1), V7' l2 = Op(1), and ||H|2 = Op(1); (i)
1H 2 = Op(1), if | B — BH||r = 0,(1).

PRrROOF: (i) Let Dy = D} and Dg = D). Then by (A.2), Y M7Y'/T = BF'MyFB'/T +
Z§:1 Dj, where Dq,...,Dg are given below (A.2)). By the fact that |C + D||p <
ICllr + D]l F,

8
- - 1 J VI
YMyY'/T — BFMyFB' /T p < Dillp,=0, — 4+ —= + — A1l
being rFB/T|r <3 D p<Jﬁ+N+ ﬁNT>, (A1)

j=1
where the equality follows by Lemma and the fact that || Dg||r = || Dsl||7, |D7||lr =
|D1||F and ||Ds||F = ||D4]|r. Let V be a K x K diagonal matrix of the eigenvalues of
(F'MpF/T)B'B, which are equal to the first K largest eigenvalues of BF' MpFB'/T.
By the Weyl’s inequality and the fact that ||All2 < ||A||F,

L 1 J J
IV = V|2 < ||[YM7Y')T — BF' MpFB'T|y = O, ( + 4 f) . (A12)

Thus, ||V]|2 = Op(1) and [|[V7Y2 = AL (V) = O,(1) follow from (A-12) and Assump-

tions [4.2(1)-(iii). Let H® = (F'MpF/T)B'BV~'. Recall that H = (F'MrY'B/T)V 1.
Then by the fact that ||A||2 < [|Al|rp and | M7p|2 =1,

1 . . . B 1 VI
|H — H°||]2 < f(HF”ﬂ‘AHF + [|EMF||p)||Bll2|lV 2 = O, <J,§ W) , (A13)

where the equality follows from the second result in (i), Assumption [£.2](ii) and Lemmas
A.3(i) and (iii). Since ||[H||2 < ||[F'MyF/T||2|| B2l Bll2|lV =2, the third result in (i)
follows from (A.13)), the second result in (i) and Assumptions [4.2)i) and (ii).
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(if) By the fact that |[C'+ D|[p < [|C|r + [ D[ and |[CD[|r < [|C[l2]| D],
|B'B — H'B'BH||r < ||Bl2||B — BH||r + ||B — BH||p||Bl12||H]|2. (A.14)

Thus, Ix — H'B'BH = 0p(1) by Assumption [4.2{i) and ||[H |2 = Op(1). It then follows
that Iy — A\min(B'B)H'H is negative semidefinite with probability approaching one,
since H'B'BH — /\mm(B’ B)H'H is positive semidefinite. So, the eigenvalues of H'H are
not smaller than )\ i (B'B) with probability approaching one. Thus, the result in (ii)
follows from Assumptlon [.2i). [ |

Lemma A.3. Let A and E be given in the proof of Theorem .

(i) Under Assumptions [§.1(i), [4.4(ii) and (iv), ||A]|%/T = O,(J~2).
(i) Under Assumptions (md |E||%2/T = Oy(J/N).

(iii) Under Assumptz’ons (i) and |EM7F||%)T = O,(J/N).

PrOOF: (i) By the fact that ||Az|| < ||Al|2]jz| and |A]2 < | A F,

'ﬂ\'—‘
'ﬂ\

T

2 ()2 (Z0) 02 (R(Z) + AZ)
—1 T

< 2ma | (rmymm@a) v 2 18

+2 <m1n )\mm(Qt)) ~T Z IR(Z)|?* = (J%) , (A.15)

where the last equality follows from Assumptions i) and [4.2(ii) and Lemma [A.4iii).
(ii) By the fact that ||Az| < [|Al2||z|l,

1 -
LBl = ZH 20 Bz =P
R R J
< (i Amm@t)) oz 0 =0, (). (o)

where the last equality follows from Assumption [4.1](i) and Lemma [A.4]i).
(iii) By the fact that ||C' + Dz < ||C||Fr + | D||F,

2

1 -
THEMTFH% NgT ZQt ‘o (Ze) ey
F
L 212 J
+ 7T ZQt Lo(Z,) || =0, ¥ ) (A.17)
where the equality follows from Assumption [4.2{(ii) and Lemma [A.4ii). [ |
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Lemma A.4. (i) Under Assumptions[{.1|(ii) and[4.3,
T
Y 8(Z)el* = Op(NT ).

(ii) Under Assumptions [{-4(ii) and

2 2

T
Z Q' ®(Z) e

t=1

ZQt (Z)eufl| = O,(NTJ) and

F

= 0,(NT.J).

(iit) Under Assumption [4.9(iv),

T T
Y IAZ)IE = Op(NTI7?) and Y ||R(Z,)||> = Op(NTJ~2%).
t=1

PROOF: (i) The result follows by the Markov’s inequality, since

E

T N N
Z Z Z (;5 Zzt Z]t Eit€jt

t=1 i=1 j=1

T
dolle(z) el | =
t=1

T N N

=S"N"N Elb(zit) ¢zj0)| Eleie i)

t=1 i=1 j=1

T N N

< amax, Blllo(za)|l’] > D |Eleucyl|

t=1 i=1 j=1
N N

< - .
TIM | max B (67 (zit.m maX;;\E leieji]| = O(NT.J),  (A.18)

where the second equality follows by the independence in Assumption (i), the first
inequality is due to the Cauchy Schwartz inequality, the second inequality follows since

mMax;<Nt<T E[H¢(Zzt) H ] < JM maxm<Mj<JZ<N t<T E[¢ (th m)], and the last equality
follows from Assumptions E 4.1{(ii) and 4 - 4.3|(iii)

T N N
=3 3TN TS 6an) Q7 QT Bz fi f Eleneyil

t=1 s=1 i=1 j=1

(ii) Let E. denote the expectation with respect to {e;}i<r. Since ||Al|% = tr(AA’),

T 2

ZQt (Z0)erf]

N

Qt Zzt 5ztftf35]s¢(zjs) Q_l
1

F t=1 s= 1=

T
1i=

] -2 T T N N
< max | 2] (mmmm@t)) SN S oGl ez 1| Eleie sl (A.19)
t=1 s=1 1 j=1

—1 i
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where the second equality follows by the independence in Assumption (1) and the
fact that both expectation and trace operators are linear, and the inequality follows by
the fact that ||Az|| < ||A||2]|z]. Moreover,

N N
D Nzl o) | Eleiess]]

1i=1 j=1
T T N N

< max ElloGal*1 33 3 ) 1Eleasssll

t=1 s=1 =1 j=1

SIM B e PO G 203 3 IBleuessll, (A20)

WE

>

t=1s

W S AV, S

Combining (1) and (A2 muplies that £.[| 5T, O 10(ZeyerfI12) — Op(NT) by
Assumptions [4.2(ii) and [4.3(iii). Thus, the first result of the lemma follows by the
Markov’s inequality and Lemma The proof of the second result is similar.

(iii) The first result follows since

T
S IAZ)F < NTEM? | max  sup |0km. 1 (2)]2 = Op(NTJ~25), (A.21)

,m
t=1 - -

where the inequality follows since maxi<n <7 ||0(zi)|? < MZK Supj<je,,<nsSUp,
|6km.s(2)|?, and the equality follows from Assumption (iv). The proof of the sec-

ond result is similar. [ ]

Lemma A.5. Let Sq,...,Sn be a sequence of random variables and D1,...,Dy be a
sequence of random vectors. Then Sy = Op(1) if and only if Sy = Opp, (1), where
p denotes the underlying probability measure and p|Dy denotes the probability measure

conditional on Dpy.

PROOF: By definition, Sy = O,(1) means that P(|Sy| > ¢n) = o(1) for any {n — oo,
while Sy = Opp, (1) means that P(|Sy| > {n|Dn) = o0p(1) for any €y — oo. The
second follows from the first by the Markov inequality because E[P(|Sn| > ¢n|Dn)] =
P(|Sn| > €n) = o(1). Since P(|Sy| > ¢n|Dn) < 1 for all N, {P(|Sn| > ¢n|Dn)}N>1
are uniformly integrable. The first follows from the second by the fact that convergence

in probability implies moments convergence for uniformly integrable sequences. |
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APPENDIX B - Proof of Theorem |4.2

B.1 Proof of Theorem 4.2

PROOF OF THEOREM : Let us first look at . To improve the rate of B in
Theorem we cannot use the inequality in . Instead, we need to treat DsB
as a whole to establish its rate. By the Cauchy-Schwartz inequality and the fact that
IC + D|r < |Cllr + | DllF and [|CD||r < [|Cl2]|D]|F, implies

6
1B — BH|% < 101 B3IV U3 | Y 1D51% | + 21V I3IDsBIIE,
i#5

1 J J
= p<w+m+m)’ (B1)

where the equality follows by J = o(v/N), Lemmas (i)-(iv), i) and (ii) and
the fact that ||Dg||p = ||D3||r. Given the rate of |B — BH||% in (B.1)), the rate of
la — a|? immediately follows from the same argument in (A.6). We now look at (A.7).
To improve the rate of F in Theorem 4.1, we cannot use the inequality in . Instead,
we need to plug in the expansion of B — BH, and treat a’Dy, D} B, DsB and E'B as
a whole to establish their rates. By the fact that ||C + D||r < ||C||F + ||D||F and

|CDIr < IC]2] D], combining (A3) and (A7) implies

6
IF = FH) e = D IDllelBlzllal + lo'Dall|Bllz + llal| DsBlle | 1V~ l2ll17]
j#4,5
6
+ | D ID5llelBll2 + 1Dy BllF + |1 DsB

J#4,5
< |F [l H 2V 2l Bllz + |AllF|1Bll2 + || E'Bl|
VT T

where the equality follows by J = o(v/N), Assumptions (ii) and Lemmas (i)—
(iii), [A.2] [A.3|i), [B.1] and [B.2(i) and the fact that ||Dg|/r = ||D3||r. Thus, the third
result of the theorem follows from . The proofs of the last two results of the theorem
are similar to the proofs of the last two results of Theorem |

B.2 Technical Lemmas

Lemma B.1. Let Dy and Ds5 be given in the proof of Theorem. Assume (1) N — oo;
(ii) T — oo or T > K + 1 is finite; (iii) J — oo with J?¢%log J = o(N).
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(i) Under Assumptions |D}B||% = O,(1/NT).
(ii) Under Assumptions |DsB||% = Op(J/N?).
(iii) Under Assumptions |Diall? = O,(1/NT).

PRrOOF: (i) Since | D} B||r < ||Bll2|B'EMyF| /T, the result then immediately follows
from Assumption [4.2{i) and Lemma [B.2{ii).

(ii) Since |[Mr|lz = 1, |DsB||r < ||E||r||B'E|r/T. The result then immediately
follows from Lemmas [A.3]ii) and [B.2[i).

(iit) Since | D}al| < ||B|l2|la’ EM7F||/T, the result then immediately follows from
Assumption [£.2)(i) and Lemma [B.2[(iii). [ |
Lemma B.2. Let E be given in the proof of Theorem . Assume (i) N — oo; (ii)
T — o0 or T > K + 1 is finite; (iii) J — oo with J?¢%log J = o(N).

(1) Under Assumptions |B'E|%/T = O,(1/N).
(ii) Under Assumptions |B'EMrF||%/T = O,(1/N).
(111) Under Assumptions |’ EM7F|?/T = O,(1/N).

PROOF: By the fact that ||C + D||r < ||C||r + ||D||r and ||CD||r < ||C|2]| D] F,

\)

SIBEI% < ZNEIHIB - BHIG + 7 HHllgllB’EH%

N~
’ﬂ

[\)

HEHFHB BH|[% + w57 NQT 113 <ZHB Qi@ (Z) =] >

DTN

where the second equality follows from J?¢%log J = o(N), Lemmas (i), A.3((ii) and
B.3{(i) and Theorem and the last equality is due to x > 1/2 and J = o(v/N).
(if) By the fact that ||C'+ Dl|r < [|C|lr + [|D||lF and |CD[[r < |[Cll2|| D],

1, o~ = 2 = . 2 -
THB/EMTFH% < TIIEMTFH%HB ~ BH|[% + *IIHH%IIB’EMTFII%
2

2 . ~
< TIIEMTFII%HB ~ BH|} + <yl 3 ZB Q' B(2) <]
F
L A7 ’
J [ 1 J2 J 1 1
— — PR — — — p— —_— B-4
OP(N(JwNﬁNT)w) 0 () (B4

where the first equality follows from J?¢%logJ = o(NN), Assumption (ii), Lemmas
[A.2[(i), [A.3|(iii) and [B.3(ii) and Theorem and the last equality is due to x > 1/2 and
J =o(V/N).
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(iii) By the fact that ||z + y|| < ||z]| + ||ly],

T 9| T
2 51 2|1 -1
7||a/EMTFH NIT ;a'Qt O(Z,) e tft N2T ;a'Qt O(Zy) e
—o,(~ (B.5)
=0y (%) .
where the equality follows from J2¢3logJ = o(N), Assumption (ii) and Lemma
B.3(ii). n

Lemma B.3. Assume J > 2 and £3logJ = o(N).

(i) Under Assumptions[{.1|(i), [4.3(i), and [4.5,

T 21

Z IB' Q7 0(2,) e = O, < <1+‘]§’]\?“5'])>.
(it) Under Assumptions [4.1(i), [{-4(i), (ii), and [4.5,

T 2
Z B'Q'o(Z) e fl|| =
=1

'Q7(Z) || =0, <NT

))

( )

ottt =, (xr (1 2
( ))

Za’c};%(zt)’st =0, <NT 14 2V _©°°

t=1
PROOF: (i) Let Q; = E[Q;]. By the fact that ||z +y|| < [|=| + ||y||,
T . T
D IBQ(Z) el <2 (1B'QO(Z) e
t=1 t=1
T ~
+2) IB'(@Q" = Q)2(Z) )’ = 2T + 27, (B.6)

Therefore, it suffices to show that 71 = O,(NT) and T = O,(TJ¢%1og J). The former
holds by the Markov’s inequality, since

T N N
SN 6(en) Qi BB'Q (i) enci

t=1 i=1 j=1
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T N N

=> > > Elé(z)Q; ' BB'Q;  ¢(z1) Eleineyi]

t=1 i=1 j=1
N N
2 _
<T max BlIB'Q o) max 3 Y [Bleasdl = ONT),  (B1)

=7 =1 =1

where the second equality follows by the independence in Assumption ( i), the in-
equality is due to the Cauchy-Schwartz inequality, and the last equality follows from
Assumption [4.3|(iii) and Lemma The latter also holds, since

T
To < Cnt Y [|Qr — Q3112 (Z) e
t=1
1/2

T 2 7
< Cnr (Z Qs — Qt\%) (Z H(I)(Zt),gt‘|4> = 0,(TJE5log J), (B.8)
t=1 t=1

where Ony = || B||3(ming<7 Amin(Qt)) ~2(mini< n t<7 Amin(Qiz)) "2, the first inequality
follows since ming<r Amin(Q¢) > minj<n+<7 Amin(Qit), the second inequality is due to
the Cauchy-Schwartz inequality, and the equality follows from Assumptions i), (1)
and [4.5(ii) and Lemmas and This completes the proof of (i).

(ii) Let Q; = E[Qq]. By the fact that |C + Dz < ||C|lr + | D||F,

2 2

D(Zy) erf] O(Zy) erf]

F

ZB’ QL — QO Z) e fll| =271 + 2T (B.9)

F

Therefore, it suffices to show that 71 = O,(NT) and T = O,(vV'NTJ¢5y/Tog J). Note
that [|A||% = tr(AA’). The former holds by the Markov’s inequality, since

N N
E[Ti|=FE |tr ZZZZB D(zi)einfs fseisd(2s) Q5 ' B

N N T T
< Cnr max E[HBQt Yoz IP1D 0D 0D 0N C|Eleusjs]| = O(NT),  (B.10)

<N, t<
i=1 j=1 t=1 s=1

where Cyy = maxy<r || fi||?, the second equality follows by the independence in As-
sumption (1) and the fact that both expectation and trace operators are linear, the

inequality is due to the Cauchy-Schwartz inequality, and the last equality follows from



Assumptions [1.2[(ii) and [4.3[(iii) and Lemma Let E. denote the expectation with
respect to {e;}+<7. For the latter, we have

N N
E5[7-2] = E¢|tr Z Z Z Z B/(Qt_l - Qt_l)Qb(zit)gitf{fsgjsd)(zjs)I(le - le)B
T T N N . R
=303 > o) (@~ QrHBBQ! — Q7o) fifuElewess]

N N
SC}"VTZZZZIIQt Qell2ll¢Czi) ¢ (z5s) Il Eleire s

2\ 1/2

T T N N
N | D0 (DD D G llg(zso) | Eleieess]| ) (B.11)

t=1 s=11i=1 j=1

where Cp = |Bl3maxicr || fil[*[(ming<r Amin(Qe) ™" + (mini<n t<7 Amin(Qit)) ']
(ming<r )‘mln(Qt)) (man<N t<T )‘mln(ta))_l and Cyp = C]*VT(ZtT 1 ||Qt Q¢ll3 )1/2
the second equality follows by the independence in Assumption (1) and the fact
that both expectation and trace operators are linear, the first inequality follows since
Ming<7 Amin(Q¢) > min;<n t<7 Amin(Qit), and the last inequality is due to the Cauchy-
Schwartz inequality. Moreover, we have

2

T T N N
STEYST S lealllo(zis) | Eleiess)]

t=1 \s=11i=1 j=1

T N N
2772 40,
< J°M mgM,jIgfng,thE[¢j(zlt m Z Z Z Z |Eleiejs]| | s (B.12)

where the first inequality is due to the Cauchy-Schwartz inequality, the second inequality
follows since max;<n <7 E[||¢(2it)||] < J2M? maxy<nrj<si<nNit<T E[(b (zit,m)]- By As-
sumptions (1) . ), (ii) and. 4.5(1i) and Lemma. *T = 0,(VT¢5\/Tog J/VN).
Combining this, and (B:12) implies that F.[T3] = O,(VNTJ¢s/log J) by As-
sumptions (1) and (iv). Thus, the latter—T72 = O,(vVNTJE¢;+/log J)—holds by the
Markov’s inequality and Lemma This completes the proof of the first result of (ii),
and the proofs of the other three are similar. |

Lemma B.4. Suppose Assumptions (i), and (zz} hold. Let Q; = E[Qy]. Then

2 rA=1 4/ V|2
Z<I}1V6;§TE[HB Q; 'o(zu)|?] < oo and Jnax Blla'Qré(zi)["] < oo

54



PROOF: Since ||z||? = tr(zz’),

E[|B'Q; ' ¢(2i)[1*] = E[tr(B'Q; '¢(zit)$(2it)' Q; ' B)] = tr(B'Q; ' QuQ; ' B)

-1
<, @) (i Ain(@0)) K15

-1
< ) i . . 2 )
< s, @) (i (@) KIBIE (B3

where the second equality follows by the fact that both expectation and trace operators
are linear, the first inequality follows since tr(B'B) = ||B||% < K||B||3, and the second
inequality follows since mini<p Amin (Q¢) > min;<n t<7 Amin (Qi¢). Thus, the first result
of the lemma follows from (B.13)), Assumptions [£.2{i) and [A.5[ii). The proof of the
second result is similar. [ |

Lemma B.5. Under Assumptions[{.3(i), [{-8(i) and (iv),

T
Dole(Z) et = Op(N?T ).
t=1

PRroOOF: The result follows by the Markov’s inequality, since

T T [N N 2
E Y o) el =B | > 6(zin) dzje)eie i
=1 t=1 \i=1 j=1
T N N NN
=E D D Y3 ozi) d(zj0)d(zre) d(z0)€ine jee e
t=1 i=1 j=1 k=1 (=1

T N N N
4

< ig%%éTE[H(b(zit)H D Z Z >
N N N

Z Z Z Z |Eleite jecricetl|

= O(N?TJ?), (B.14)

< J*M? E[¢] (2
S MY B e 165 (Zitm)]

where the third equality follows by the independence in Assumption (i), the first
inequality is due to the Cauchy Schwartz inequality, the second inequality follows since
max;<n <7 Ef|| (i) 4] < J2M? MAXy < M,j<Ji<N<T E[¢§(zit’m)], and the last equality
follows from Assumptions [L.5i) and (iv). [ |

Lemma B.6. Suppose Assumptions (z’z’) and (ii) hold. Let Q, = E[Q,]. Assume

5}



J >2 and €% log J = o(N). Then
T T
A T¢2 log J A T¢4 log? J
SR - Qi3 =0, (JN> and 311G - QI = 0, <sz2 '
t=1 t=1

PROOF: Recall that Qt = Zfil &(zit)Pp(zit)'/N. Let n1,...,nn be an i.i.d. sequence of

Rademacher variables. It then follows that

= B[|Q: — Q3]
4
SlGE H Znﬁb Zzt Zzt
2
log? /M |1 & i
0]
<1608 2% g sup | 6(=) [*E 5 2 Ozit) b(z)
i =1 2
log? JM .
< 1620 I g (B.15)

where the first inequality follows from the independence in Assumption iii) and the
symmetrization lemma (e.g., Lemma 2.3.1 of van der Vaart and Wellner| (1996)), the
second inequality follows by Lemma and the fact that ¢(zi) é(zi) < sup, ||¢(2)]?,
the third inequality follows since sup, ||¢(2)||*> < Msup, ||¢(2)||> = ME2. Let A =
16M2C¢4log? JM /N2, Combining E[||Q;||3] < 2v/D; + 2||Q¢||3 and leads to the
inequality: D; < 2A(v/D; + ||Q¢|3). Solving the inequality yields

2
B — Quld] < <A+\/A2+2A||Qtu2>. (B.16)

Thus, by the fact that max;<7 ||Q¢|2 < max;<n <7 Amax(Qit) and the Markov’s inequal-
ity, the second result of the lemma follows from and Assumption [4.5(ii). The first
result of the lemma follows similarly by noting that E[[|Q; — Q:||3] < (E[[|Q: — Q:]|3])"/2.
This completes the proof of the lemma. |

Lemma B.7 (Khinchin inequality). Let Si,..., Sy be a sequence of symmetric k X k

matrices and ny, ...,y be an i.i.d. sequence of Rademacher variables. Then for k > 2,

log k

E, Z 52

1 & !
*sti
‘N =1 2

for some positive constant C, where E, denotes the expectation with respect to {n;}i<n.

PRrROOF: This is a modified version of Lemma 6.1 in |Belloni et al.| (2015). The result is
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trivial for 2 < k < €5. For k > €5, we have

4 4

1< 1 &
Ey |NZ77iSi < E, NZWS@'
=1 2 =1 Slog k
N log k 4/logk
1
< | Ey NZmSi
=1 Slogk
N 1/214
log= k 1
<t (53:)
i=1 5
log k
log2k || 1 &5 L|[°
o
< Cdet ]%72 D (B.17)
=1 2

where the first inequality follows by (6.44) in Belloni et al. (2015) and || - [|g,,,, is
the Schatten norm, the second inequality follows by the Jensen’s inequality, the third
inequality follows by (6.45) in|Belloni et al.| (2015) and Cj is some positive constant, and
the fourth inequality follows by (6.44) in Belloni et al.| (2015) again. Thus, the result of
the lemma follows by setting C' = 06164. |

APPENDIX C - Proof of Theorem 4.3

C.1 Proof of Theorem 4.3

PROOF OF THEOREM : Let us first look at (B.1). The asymptotic distribution can
be obtained by choosing large J and assuming 7" not too large such that the terms with

Op(J7%F) and O,(J/N?) are negligible relative to the term with O,(J/NT). Thus, the
asymptotic distribution is determined by the term with O,(J/NT'). Specifically, by the
fact that ||C'+ D||p < ||C|[r + |D[|r and [[CD[|p < [[C]2[|D[|F, (A.3) implies

|IVNT(B — BH) — VNTD,BV~Y|p < VNT|VY2||Ds Bl

6
L VNT TJ
+VNT| B2V 2 Y Dl =0y | -+~ |, (C.1)
J#4,5 4 N

where the equality follows by J = o(v/N), Lemmas (i)—(iii), (1) and (ii) and
the fact that ||Dg|r = ||Ds|lr. Let Lyt = St Q7' ®(Z:)ei(f; — F)'/V/NT. Since
J = o(v/N), JA/2=5) = o(/NT/J®). By the fact that |C + D||p < ||C||r + | D|F,

combining (C.1)) and Lemma implies

. VNT VTJ J/JE log'/*J
|\/NT(B—BH)—£NTB’BM||F:Op< ot ]Jvl/4 . (C.2)
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Note that Ny is a JM x K matrix from the last K columns of N. Thus, the second
result of the theorem follows from ((C.2) and Lemma We now look at (A.5). By
the fact that ||z +y[| < [[z]| + [[y/, it implies

IVNT(é — a) — (Iyy — BB)[\/N/TElp —VNT(B — BH)H ' f]

W) . (0.3)

BT~ Bl < (i~ VT =0, )

where the equality follows by Lemma (1) Civen the rate of | B — BH||r in Theorem
and the rate of |[NE1lp| in Lemma (ii), we may replace all B except those in
B — BH with BH to obtain

IWVNT(a—a) — (Iy; — BHH'B')[\/N/TEly — VNT(B — BH)H™'f]
VNT VTJ & J )

(C.4)

+ BHVNT(B — BH)al|| = O + +
( )aH p( Jr \/N \/ﬁ

by noting that J = o(v/N) and J(/27%) = o(/NT/J*). Similarly, given the rate of
H —H in Lemma we may replace all H except those in B — BH with H to obtain

IVNT (& — a) — (Iyar — BHH' B)[\/N/TEly — VNT(B — BH)H ' f]

W+\/ﬁ+ J
Jr vN VNT

+ BHVNT(B - BH)a|| = O, ( (C.5)

Let (nr = Y1 Qi '®(Z;)e;/v/NT. Given the rate of |[\/N/TE1lr — 7| in Lemma
we may replace y/ N/ TE1y with x7 to obtain

IVNT (& — a) — (Ija — BHH'B')[{ny — VNT(B — BH)H ' f]

1/4
VNT N VTJ N VIE logt/* g (C6)
JE \/N N1/4

+ BHVNT(B — BH)'a|| = O, (

by noting that J/v/NT = o(y/J&; log"/* J/N'/4). The arguments in (C.4)-(C.6) are
similar to those for the first result in Lemma[C.I} Note that Ny is a JM X 1 vector from
the first column of N. Thus, the first result of the theorem follows from , Lemma
[C:2] and the second result of the theorem. This completes proof of the theorem. |

C.2 Technical Lemmas

Lemma C.1. Suppose Assumptions (@) and (i) hold. Let E, Dy and V be
giwen in the proof of Theorem[{.1], and {7 and Lyt be given in the proof of Theorem

[4.3 Assume (i) N — oo; (ii)) T — oo or T > K + 1 is finite; (iii) J — oo with
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&2logJ = o(N). Then

L 1 VJEs logl/4 J
1
|VNTDyBV ™' — Ly B'BM||r = O, (J(H—1/2) + A

and

- VIE log!/t g
[V N/TElr —Int|l = Op <£j\,1/§> ,

where M is a nonrandom matriz given in Lemma [C.3

PROOF: For the first result, we have the following decomposition

VNTD,BV~ = \/N/TEM;FB'BM + \/N/TEM;FB' (B — BH)V ™!
+/N/TEMyFB'B(HV ' -~ M)=Ti + T+ Ts. (C.7)
Therefore, it suffices to show that |7} — LyrB'BM||p = O,(v/JEslog* J/N1/4),
| Tallr = Op(JA/ 2= J3/2 N+ J//NT) and || Tz ||r = Op(J/2=9) 4732 /N+J//NT).

The first one holds, since

T
173 — £xeB'BMIp < | BI3IMI: Z (2= f]
=1 F
- T
+IBI3IMIL | F) Z )B(Z)'eq
VIErlogtt g
~o, (iﬁ) , ©9

where the equality follows from Assumptions [4.2{i) and (ii) and Lemma The latter
two follow by a similar argument. The second result also follows by a similar argument
as in (C.8). This completes the proof of the lemma. [ |

Lemma C.2. Suppose Assumptions [{.9(ii), [{-4(1), (ii), [{-9(i)-(iii), [4-6(ii) and (iii)
hold. Let {n7 and Lyt be given in the proof of Theorem [{.3. Then there exists a
JM x (K + 1) random matriz N with vec(N) ~ N(0,$) such that

J5/6
(N1 LnT) = N|[F = O) N7 |-

PrROOF: Let ¢ = Y1 f1 @ Q7 '¢(zit)eir/V'NT. Then vec((Unr, Ly7)) = SN, G-
Note that E[(;] = 0 by Assumptions [4.3|i) and (ii) and (i,...,{y are independent by
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Assumptions [4.3(1), [4.5(iii) and [4.6{(ii). Moreover,

N N J3/2
> UG < 3ol = (m) , (©9)
=1

where the inequality follows by the Liapounovs inequality, and the equality follows from

Assumptions [4.2{ii), [4.5((i), (ii) and [4.6{iii) since

T T 2
[HCZH ] NQTQ <ZZ¢ Zzt Qt 1Q 1¢(zzs>ft f 5zt€zs>

t=1 s=1

T T
< Cnr max E[|o(zit) H

T T
i<NA<T N2T2 Z Z Z |Eleitciseiucivl|

t=1 s=1u=1v=1
J2 T T T

Z Z Z ‘E[git‘sisgiusiv] ‘, (C].O)
s=1u=1v=1

SCNT max [d)j ztm N2T

o0 T
mIM,j<Ji<Nt<T —
where Cnr = max<r || f:||4(mini<Nt<T Amin(Qi¢)) ™%, the first inequality follows by
the independence in Assumption ( i), the Cauchy-Schwartz inequality, and the fact
that ming<7 Amin(Q¢) > mini<n <7 Amin (Qit), and the second inequality follows since
max;< <7 Bl||¢(zit)[[*] < J2M? maxp<arj<ti<ne<r E[¢}(2it,m)]. In addition, Q =
Elvec((Unr, LnT))vee(({nT, Ln7))']. Thus, Lemma[C.5|implies that there exists a JM x
(K + 1) random matrix N with vec(N) ~ N(0,) such that

J5/6
I(EnT, Enr) = Nl[p = |[vec((EnT, InT)) — vec(N)[| = Op (Nl/ﬁ> : (C.11)

This completes the proof of the Lemma. |

Lemma C.3. Suppose Assumptions and[{.6(i) hold. LetV be given in the proof
of Theorem[4.1 Assume (i) N — oo; (ii) T — oo or T > K + 1 is finite; (iii) J — oo
with J = o(\/N). Then

1T _ LA \/j

where H = (F'MpF/T)Y2YV12 M = HV™', V is a diagonal matriz of the eigen-
values of (F'MyF /T)'/? B'B(F' MpF/T)Y? and Y is the corresponding eigenvector
matriz such that Y'Y = Ix.

PROOF: By the definition of B, (Y M7Y'/T)B = BV. Pre-multiply (Y M7yY'/T)B =
BV on both sides by (F'M7F/T)'/2B’ to obtain

(F'MpF/T)Y2B'(Y MY’ /T)B = (F'MyF/T)Y*B'BV. (C.12)
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To simplify the notation, let Sy = (F'MpF/T)/2B'(Y MyY' /T — B(F'MyF/T)B')B
and Ryp = (F'MpF/T)Y2B'B. Then we can rewrite (C.12)) as

[(F'MyF/T)Y2B B(F' My F/T)Y? + §xr Ry )Ryt = RyTV. (C.13)

Let Dyt be a diagonal matrix consisting the diagonal elements of R\, Rn7. Denote
YN = RNTDR,IT/Q, which has a unit length. Then we can further rewrite (C.13)) as

[(F'MpF/T)Y2B' B(F' My F/T)Y? 4 Snr Ry YN = YV, (C.14)

which implies that T y7 is the eigenvector matrix of (F' My F/T)Y/2B' B(F' My F/T)'/?+
5NTRJ_V1T and V is the diagonal eigenvalue matrix. Since Ry = (F’MTF/T)I/ZB’BH—F
op(1) by simple algebra and Theorem 4.1} l Ryt = Op(1) by Assumptions (')—(iii) and
Lemma This together with ( and Assumptions [4.2{i) and (ii) implies that

_ 1 J VI

Since the eigenvalues of (F'MpF/T)B'B are equal to those of (F'MyF/T)'/?B'B
(F'MpF/T)'Y/2, the eigenvalues of (F'MpF/T)'/2B'B(F' MypF/T)'/? are distinct by
Assumption [4. ( ). By the eigenvector perturbation theory, there exists a unique eigen-
vector matrix Y of (F'MpF /T)/?B'B(F'MyF /T)Y/? such that

Jﬁ)

Nt e (C.16)

1
Tyr =T+ 0, (

By (A11) and simple algebra, Ry, Ryr = B'B(F'MyF/T)B'B = B'(YMyY'/T)B +
Op(JF + J/N +VJ/VNT) =V + Op(J ™% + J/N ++/J/VNT). This implies that

Jﬂ)

1
V+O< + =+ (C.17)

N /NT
Recall that H® = (F'MpF/T)B'BV~" in the proof of Lemma (1) Thus, by
and (C17), we have H® = (F'MpF/T)Y?RypV =" = (F'MpF/T)Y?Y yp D2V ! =
H+Oy(J %+ J/N++/J/NT), which together with (A:12) and (A-13) leads to the first
result of the lemma. The second result of the lemma follows from , the first result
of the lemma and Lemma [A.2i). [ |

Lemma C.4. Suppose Assumptions [{.1(i), [4-3(i), [4-3(1), (ii), and [4.6|(ii) hold.
Assume J > 2 and £3log J = o(N). Then

T
Z (Zt) <C:tft N1/4

(w/JgJ log!/4 J)
—0, | YL -
F

T
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and

N1/4

1 VI log!/* g
ﬁE : Q" VP(Z) || = Op | — 77— | -

PROOF: Let T = Z? (Q7Y — Q7 H®(Z,) e fI/VNT and E. denote the expectation
with respect to {&;}+<7. Since HAHF tr(AA4’),

T T
BT} = e (ZZ VO (Z0) e foel®(Z:)(Q5 - Q5 ))]
=1 s=1
1 N N tT T A
- WZZZZ¢ zi) (Qr ' — Qy N(Q3 ! — QN (24s) f1 fs Eleine js)
=1 j=1 t=1 s=1
1 N jT T . R
= 7 22 2 ) (@ = QrNQ: - Qo) fifEleueis]
=1 t—;] s—T . A
CNTNT SOSTSTIQ: - Qullalléz) 16 zis) | Eleiveis)
=1 t=1 s=1
T /N T 2\ 1/2
NTNT (Z <ZZ 1Pzt )|l ( z18)|||E[5zt523]|> , (C.18)
t=1 =1 s=1
where CRp = (ming<r Amin(Q) M [(mins<r Amin(Q0)) ™" + (Mini< <t Amin(Qir)) ']

(minj< 1< Amin (Qir)) ™' maxi<r || f]? and Cyy = Chp (12, 1Qr — Q:]13)'/2, the sec-
ond equality follows by the independence in Assumption [£.3{i) and the fact that both
expectation and trace operators are linear, the third equality follows by Assumption
[4.3[(ii) and the independence in Assumption [4.6{ii), the first inequality follows since
ming<7 Amin(Q¢) > minj<n <7 Amin(Qit), and the last inequality is due to the Cauchy-
Schwartz inequality. Moreover, we have

T N T 2
> (ZZ ||¢(zit)llll¢(zis)!IE[eiteisH>

t=1 \i=1 s=1

T /N T 2
< Rt oGl Z( > Bl |)

t=1 \i=1 s=1

T T 2
< 1202 o R
=M mSM,j?%%N,t<T j (zitm) ; (ZZ |E[51t528”) , (C.19)

i=1 s=1

where the first inequality is due to the Cauchy-Schwartz inequality, the second inequal-
ity follows since max;<n <7 El||o(zi)||Y] < J2M? MAXn< M,j<Ji<N,t<T E[gf) (zit,m)]. By
Assumptions () 2(ii), and [4.5 . 5(ii) and Lemma-, Cxir = Op(VTE5\/log J/VN).
Combining this, and C19) implies that E[|T|%] = Op(J&sy/Tog J/V/N) by
Assumptions [4.5(i ) and ( V). Thus, the first result of the lemma follows by the Markov’s
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inequality and Lemma [A75] The proof of the second result is similar. [ |

Lemma C.5 (Yurinskiis coupling). Let (1,...,(n be independent random k—wvectors
with E[¢] = 0 for each i and B = SN E[||G|?] finite. Let S = SN ¢;. For each
0 > 0, there exists a random vector S in the same probability space with S with a
N(0,E[SS']) distribution such that

P{|S ~ S| > 36} < CyDy <1 n llg(lk/Do>|>
for some universal constant Cy, where Dy = fkd~3.

ProoF: This is the Yurinskiis coupling, see Theorem 10 in [Pollard| (2002). ]

APPENDIX D - Proof of Theorem |5.1

D.1 Proof of Theorem 5.1

PrROOF OF THEOREM : Let us begin by defining some notation. Let [l;“ =
((I)(Zt)*/q)(Zt))_lq)(Zt)*,At for At = At and Et, where At == R(Zt) + A(Zt)ft Let
A* = (A%,...,A%) and E* = (&f,...,&%). Then we have

Y* =ally + BF + A* + E*, (D.1)

where 17 denotes a T x 1 vector of ones. Recall My = Ip — 1T1i‘p /T. Post-multiplying
(D.1}) by Mr to remove a, we thus obtain

Y*Mp = B(MpF) + A*Mp + E*Mrp. (D.2)

Recall that V us a K x K diagonal matrix of the first K largest eigenvalues of Y MpY”’ /T
as defined in the proof of Theoremm, H = F'MpF(F' MpF)~" and F'MrF/T =V as
showed in the proof of Theorem By the definitions of B*, B* = ?*MTF(F'MTF)*l.
We may substitute to B* = Y*MgpF(F'MpF)~" to obtain

6
B* - BH = (A" + E*)MY'/T|BV"' =) D;BV !, (D.3)
j=1

where in the first equality we have used F MTF/T =V and F =Y’ E, in the second
equality we have substituted into the equation, and D* = A*MpFB’' /T, D5 =
A*M7pA')T, D5 = A*MrE'/T, Df = E*MpFB'/T, Di = E*MrE'/T and Df =
E*MpA'/T. We can conduct the same exercise as in to obtain

IWNT(B* — BH) = VNTD;BV~!||r < VNT|[V~"|2| D; B|
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6
L . VNT VTJ
+VNT|B|2V 2 D ID} e =0p | = + == | . (D.4)
J#45 I N

where the equality follows by J = o(v/N), Lemmas and i). Let Lyp =
S Q7 ®(Z) e(fr — f)/VNT. Since J = o(v/N), JU/2=%) = o(/NT/J*). By
the fact that ||C + D||p < ||C||r + ||D||F, combining (D.4) and Lemma [D.2] implies

. . \/NT VT VI log!/t g
|[VNT(B —BH)—ENTB'BMHF—OP< T \/N —l— N/ . (D.5)

Let Ly = S0, QN®(Z)* — ®(Z)ee(fs — f)/VNT = L, — Lyr. Note that
VNT(B* — B) = /NT(B* — BH) — \/NT(B BH). By the fact that ||C' + D||r <
IC|lF + || D|| 7, we now may combine and (D.F) to obtain

A VNT VTJ  /JE log"* ]
IVNT(B B)LNTB’BMHF:OP< N T Nli . (D6)

Note that Nj is a JM x K matrix from the last K columns of N*. Thus, the second

result of the theorem follows from and Lemmas and We now show the
first result of the theorem. By the definition of a*,

a* —a=—B"(B'B*)"Y(B* - BH)a+ (I;; — B*(B"B*)"'B")(BH — B)H ' f
+ (I — B¥(BYB*)"'B*)A*17/T 4 (I;3 — B*(BYB*)"'B*)E*17/T, (D.7)
where H~! is well defined with probability approaching one by (A.4) and Lemma

A.2(ii), and we have used o’'B = 0 and (I;y — B*(B¥B*)"'B*)B* = 0. Let
Ny = ZtT:l Q;'®(Z;)*e;/V/NT. By a similar argument as in (C.3)-(C.6)), we have

IVNT(a* —a) — (I;; — BHH'B) [ty — VNT(B* — BHYH'f

. SN [TE 1aol/4
+ BHVNT(B* — BHYa| = O, < jv i ‘/\/; + Jlefi J> (D.8)

by noting that #'B'BH = Ix. Let Uyp = S0, Q  [®(Z0)* — ®(Z))'er/VNT = lityp —
(n7. Note that VNT(a* — a) = VNT(a* — a) — VNT(a — a) and VNT(B* — B) =
\/NT(B* BH) VNT(B — BH). By the fact that ||z +y| < ||| + |||, we now may

combine and - to obtain

IVNT(a* — &) — (Iypr — BHH'B) [0y — VNT(B* — BYH ™' f

o VNT VIE logt/*t g
+B7—L\/NT(B*—B)aH:Op< T ‘/\/; foi )

(D.9)
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Note that N7 is a JM x 1 vector from the first column of N*. Thus, the first result of
the theorem follows from , the second result of the theorem and Lemmas and
This completes the proof of the theorem. [ ]

D.2 Technical Lemmas

Lemma D.1. Let D}, D3, D5, D%, D§ be given in the proof of Theorem [5.1]

(i) Under Assumptions[{.4(i), (ii), (i), [5.4(i) and (i), | D}||2 = Op(J~2").

(i) Under Assumptions (z’), (u), (iv), (z) and (ii), | D3||% = O, (J~4%).

(iii) Under Assumptions [{.1, [{-4(ii), (iv), [4.3, [5.1(i) and (ii), | D5||% = Op(J 2% J/N).
(iv) Assume (i) N — oo; (ii) T — oo or T > K + 1 is finite; (iii) J — oo with
J26210g J = o(N). Under Assumptions [5.1i) and (i), |DzB|% = Op(J/N?).
(v) Under Assumptions (u), (iv), (z) and (ii), | Dg||% = Op(J =2 J/N).

PROOF: (i) Since |[Mr|lz = 1, | D;||r < ||Bll2l|Fll2|A*||p/T. The result then immedi-
ately follows from Assumptions [4.2{i), (ii) and Lemma [D.4]3i).

(i) Since || Mr|l2 = 1, || D5||r < |A||lF||A*||r/T. The result then immediately follows
from Lemmas [A.3{i) and [D.4]i).

(iii) Since ||Mrlls = 1, [|[Dilr < |A*|F||E||p/T. The result then immediately
follows from Lemmas |A.3] m ii) and |D.4 -

(iv) Since |Mz|2 = 1, |DEB||r < |B'E||||E*||r/T. The result then immediately
follows from Lemmas [B.2{i) and [D.4{(ii).

(v) Since ||Mr|lz = 1, || D¢l|r < |All#|| E*||p/T. The result then immediately follows
from Lemmas [A.3{i) and [D.4]ii) |

Lemma D.2. Suppose Assumptions [4-6(i), (ii),[5.4(i) and (ii) hold. Let V be
given in the proof of Theorem and E*, Dj, 03y and Ly, be given in the proof of
Theorem [5.1 Assume (i) N — oo; (ii)) T — oo or T > K + 1 is finite; (iii) J — oo
with £3log J = o(N). Then

. 1 VIE logt* g
||\/NTDZBV_1—E"j\}kTB’BMHF:Op( 4 YJeslog )

J(n71/2) N1/4
and

[k Hok V Jé-J 10g1/4 J
IV N/TE 1 — lyp| = Op (Nl/4 :

where M is a nonrandom matriz given in Lemma[C-3

PROOF: For the first result, we have the following decomposition
VNTD;BV~t = \/N/TE*MrFB'BMsy +\/N/TE*MyFB' (B — BH)V ™}

65



+/N/TE*MpFB'B(HV Y — M) =T + To + Ts. (D.10)

Therefore, it suffices to show that || 7] — Ly B'BMas||r = Op(mlog1/4 J/N1/4)7
1Tolle = Op(J W21 J12/N 4 J)/NT) and |l = Oy(JO/2) 4. J3/2 N .1 /\/NT).

The first one holds, since

T

|71 — LN B' BM| p < ||B|j3]|M|l2 Z — QN ®(Z) e f]

t=1 F
T
+ ||B|I2[|IM — Z,
B3 lM Iz ] FZ; VO (Z)"e
VIE logt/t g
-0, <5}1V1/g4) : (D.11)

where the equality follows from Assumptions [4.2{i) and (ii) and Lemma|[D.6] The latter
two follow by a similar argument. The second result also follows by a similar argument
as in (D.11]). This completes the proof of the lemma. |

Lemma D.3. Suppose Assumptions[{.4(ii), [{-3(i), (i), [{-9(i)-(iii), [4-6(i), (iii), [5.1)(i)
and (i) hold. Let Uy and Ly, be given in the proof of Theorem . Assume J =
o(v/N). Then there exists a JM x (K + 1) random matriz N* with vec(N*) ~ N(0,Q)
conditional on {Y:, Z; }1<7 such that

J5/6

|(Cxrs Lx7) — VwoN [ = Op (Nl/@’> :
PrOOF: Let (; = (w; — 1) Zle f;r ® Q; ' ¢(2i)ei/V'NT. Then vec((Onr, Lay)) =
Zij\il Gi. Let E,, denote the expectation with respect to {w;}i<y. Then conditional
on {Yy, Zi}i<r, EwlG] = 0 and (1,...,{y are independent by Assumption [5.1[i). To
proceed, let Qyr = YN, S Y (A1) © Q7' (2i)9(2is) Q1 teuneis/NT. Then
Eylvec((Ohyp, Lyr))vec((Cyr: Lyr))] = woQnr. We now apply Lemma to the
independent random vectors (1, ..., (n conditional on {Y;, Z; };<7. There exists a JM x
(K +1) random matrix N** with vec(N**) ~ N (0, Qn7) conditional on {Y;, Z; }+<7 such
that the following holds:

Ivec((Cvr, £ivr)) = Vegvee(N™)| = Op ((78)) | (D.12)

where 8 = SN | E[||¢i||]. Next, we calculate 3. To the end, we first calculate

T 2
E[IIQH‘*]ZE[(wl—l)“]ﬁE (chm )'Qr Qs olzis) ' £ ms>

t=1 s=1
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T T T T
< Cvr s Bl D050 2 O [Bleuciscacul
t=1 s=1 u=1v=1
T T T T
4
<CN’1;n<Mj<Jz<Nt<T 165 Zitn NQTQEEEE;E:I‘E%%&UEW] (D-13)
S u v

where Cyr = E[(w; — 1) max;<r Hf;rH‘l(minithST Amin(Qit)) ™%, the first inequality
follows by the independence in Assumption (i), the Cauchy-Schwartz inequality, and
the fact that ming<r Amin(Q¢) > min;<n +<7 Amin (Qit), and the second inequality follows

since maxj<n 1< E[[|¢(zi) |'] < J>M? maxpmenr j<ri<n i<t B[] (zit,m)]. Thus,

N N J3/2
B=Y EllGI < S (EllGl)** = (m) , (D.14)
i=1 i=1

where the inequality follows by the Liapounovs inequality, and the last equality follows
from (D.13) and Assumptions[4.2{ii),[4.5(i), (ii), [4.6{iii) and[5.1}(i). We now may combine
(D.12)), (D.14) and Lemma to obtain

[vec((hr, Ln7)) — Vwovee(NT)[| = Oy <Nl/6> : (D.15)

By Assumption (iii) and Lemma Q]_VlT/Q is well defined with probability approach-
ing one since J = o(v/N). Define N* such that vec(N*) = Q1/2Q ¥2vec(N**). Then
vec(N*) ~ N (0, ) conditional on {Y3, Z: }i<7p. It follows that

[vec((Ehr, L)) — VwoNT||p < |lvec((Cyr, Lyr)) — vwovec(N™)]|

J5/6 J3/2 J5/6
+ /wol|vec(N*) — vec(N*™)|| = O, NI/ + Wi =0, N6 | (D.16)

where the first equality follows by (D.15) and the fact that |vec(N*) — vec(N**)|| <
||QJI\{% - Ql/z||2]|Q]_VlT/zvec(N**)|| = 0,(J%/?/V/N), which is due to Lemma This

completes the proof of the lemma. |

Lemma D.4. Let A* and E* be given in the proof of Theorem .
(i) Under Assumptions[4-4(ii), (iv), [5.1(i) and (ii), | A*||%/T = Op(J~2).
(ii) Under Assumptions n(u), . .(z) and (i), |E*||%/T = O,(J/N).

PROOF: (i) By the fact that ||Az|| < ||All2||lz] and ||All2 < ||A||F,
1 A * * — *
FlIA%IE = Z (@ (Z)"®(Z:) ™' S(20) " (R(Z0) + AZ0) )

-1 1 T N
< 2ma AP (mip Ain(@D)) 37 302wl

t=1 i=1
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+2 (mln)\mm Qt > NT ZZU}M‘ Zit | =0, <J2H> (D.17)

t=1 i=1

where the last equality follows from Assumptions [4.2(ii) and [5.1f(ii) and Lemma [D.5{(ii).
(ii) By the fact that ||Az| < [|A]2||z|l,

1 [ * — *
THE 17 == ZH (Z0)"D(Z4)) " ©(Zs) e ?

—92 T
. Ak 1 */ 2 J
< (mpn@) g l@ral=0,(5). o1
where the last equality follows from Assumption [5.1f(ii) and Lemma [D.5(i). [ |

Lemma D.5. (i) Under Assumptions [{.1|(ii), and [5.1)(i),
T
D 19(Z) el ? = Op(NT ).

(it) Under Assumption[{.4(iv) and[5.1(1),

T N T N
DY willd(zi)lIP = Op(NTT %) and > " wilr(zi)|> = Op(NTJ ).
t=1 i1=1 t=1 i=1

PROOF: (i) The result follows by the Markov’s inequality, since

T T N N
E Z”(I)(Zt)*/et”2 =E ZZ ¢th Z]t Eit€jt Wi Wy
t=1 t=1 i=1 j=1
T N N
=> 3> Eld(zi) ¢(20)| Eleac jt) Elwiwy]
t=1 i=1 j=1
T N N
2
< Elwi] <r}1V8;§TE o (zit) |I°] ZZZ\E%%
t=1 i=1 j=1
< 2 2(z sl = .
<TIME[w}] | max STE[%(ZWH?L%(ZZ‘E[%%” O(NTJ), (D.19)

i=1 j=1

where the second equality follows by the independence in Assumptions [4.3{i) and [5.1i),
the first inequality is due to the Cauchy Schwartz inequality, the second inequality

follows since max;<n <7 Elllo(z)|?] < JM MAX )< M,j<Ji<Nt<T E[qﬁ (zit.m)], and the
last equality follows from Assumptions E ii -(111 ) and [5.1} -
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(iii) The first result follows since

T N
;z;wm P S TKM? | macx | sup di,s(2) sz— (NTJ™>), (D.20)
=1 1=

where the inequality follows since w;’s are positive and max;<n <7 ||6(z:)]|> < M?K
SUDJ< K < M SUD, |Okm,s (2)|?, and the equality follows by the law of large numbers and
Assumptions [4.2fiv) and [5.1{i). The proof of the second result is similar. [ |

Lemma D.6. Suppose Assumptions [{.4(ii), [4.3(i), (i), [4-d(ii), [5.1(i) and (ii)
hold. Assume J > 2 and £3logJ = o(N). Then

1 _ VIE logh/4 T
- ( * 1_Q 1)®(Z )*/E f/ =0 <
H\/Wtzl t t t tJt . P

N1/4
and »
lew ;< i - @z || = O, (mj\ﬁfﬁ / ‘]) -
ProOF: Let 7= S (QF 7! — Q7 1)®(Z:) e f//VNT and E. denote the expectation

with respect to {g;}1<7. Since ||A||% = tr(AA'),

E[||TI# =

(Z >_(@ JO(Z0) 20 fl ol ®(Z) (Qu " — Qs‘l))]

t=1 s=1

1 N N T T . X
= DD S widea) (@ = Qr(QT - QT wififs Eleuess)

i=1 j=1 t=1 s=1

= %ZZZ@U ) Q7 = Q)@ — QN olzis) fl fs Eleueis)
izll t:N S:T T .
< Chryg 20 20 22 108 = Qullaw? o)l 1¢(z0) | Eleweas]|
oy .
i Z (;;ww zin) 1 zw>u|E[eztewn> , (D.21)
where O = (anicr Q1)) (ninter Min( Q1) ™! + (ninicivecr Auan(Q))

(minj<n <7 Amin(Qit)) " maxe<r || fi]|? and Ciir = Chr(O1_, 1QF — Q:]13)Y/2, the sec-
ond equality follows by the independence in Assumptions E i) and |5 - and the fact
that both expectation and trace operators are linear, the third equality follows by As-
sumption ii) and the independence in Assumption (ii), the first inequality follows

since mins<r Amin (Q¢) > minj<n+<7 Amin(Qit), and the last inequality is due to the
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Cauchy-Schwartz inequality. Moreover, we have

Z (Zzw2‘|¢ Zit HH(Z) Zzs)”’E[Ezths”>

i=1 s=1

T /N T 2
< E[wf] <r]nVax E[||p(zie) I Z <ZZ‘E[EMEZS”>

t=1 \i=1 s=1

T /N T 2
< 2N2 B ”.
< J*M*Ewi] m§M,j?%i§N,t<T ¢J Zit.m) Z (Z Z ]E[s,tsw]o , (D.22)

t=1 \i=1 s=1

where the first inequality is by the Cauchy-Schwartz inequality and the independence
in Assumption () the second inequality follows since max;<n <1 F[||¢(2it)]|*] <
J2M? maxme<nj<ri<ni<t El¢}(zit,m)]. By Assumptions ii), f.5](ii) and [5.1{ii) and
Lemma C}'{}kT = O,(VT¢;y/log J/v/N). Combining this, and (D.22)) implies
that E.[||T|%] = Op(J€sv/Tog J/V'N) by Assumptlonsn ), (iv) and. Thus, the
result of the lemma follows by the Markov’s inequality and Lemma [A The proof of

the second result is similar. |

Lemma D.7. Suppose Assumptions [{.5(it), (iti) and [5.1(i) hold. Assume J > 2 and
£2logJ = o(N). Then

T

A TE%log J
So10; - @i =0, (TR
t=1

PROOF: The proof is similar to the proof of Lemma thus omitted for brevity. W

Lemma D.8. Suppose Assumptions [{.4(ii), [{-J(1), (i), [4.8(i)-(iii), [{-6(ii), (iii) and
[5.4](iii) hold. Let Qnt be given in the proof of Lemma[D.3 Then

1/2 J
Iy 02 - 0, (%)

PROOF: We first show ||Qn7 —Q||% = O,(J?/N). Let ¢; = Sor, fi2Q; '¢(zi)ei/VNT.
Then Qny = Y01, Gi¢f and Q = 327, E[Gi¢]]. Since [|A[|} = tr(AA4),

N N
El|Qnr — QIF] = E |tr [ > (GG — ElGEN &GS — ElGE)

=1 j=1

Mz

J2
BIGGM - IEGCIR) < N[l =0 (5 ) (023

z:1

where the second equality follows since (1, . . ., (y are independent by Assumptions (i),
[4.5(iii) and [4.6ii) and both expectation and trace operators are linear, the inequality
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follows from ((C.10) and Assumptions(ii), 4.5(1), (i) and(iii). Thus, [|Qnr—Q||% =
O,(J?/N) follows from (D.23) by the Markov’s inequality. The result of the lemma
follows from Assumption [5.1{iii) and Lemma A.2 of Belloni et al. (2015). [ |

follows by the Cauchy-Schwartz inequality since ||E[(;¢/]|% > 0, and the last equality

APPENDIX E - Proof of Theorem 5.2

E.1 Proof of Theorem 5.2

ProOOF or THEOREM [5.2} To show the first result, let us assume that Hg is true.
Since d(Zit) = d/¢(zit), /B(Zit) = Bl(b(zz‘t), Oé(Zit) = alé(zit) + T(Zit) = 7'z and 5(Zit) =
B'é(zit) + 6(zit) = Iz, we have

2

S = (% = 7)'zit — (@ — a) $(zit) + 7 (1)

<=
™=
M=

s
Il
MR
o
Il

+
<l
[~

I
—

|(F ~ THY 20 — (B — BHY (=) + H'6(z)|]

t=1

|(% =) zit — (@ — a) ¢p(zix)|* + S1 + 282 + 283

.MZS
M=

@
I
—
~~
Il

<=
.MZH
M=

Il
—

~f e

+ (T —=TH) ziy — (B — BH)'¢(2it)||> + S1 + 2S5 + 286, (E.1)

% t=1

where 81 = Zszl Zi\; r(zit)|?/ T, S2 = Zz]il Zthl 2y (¥ =7 (2it) /T, Sz = Zz]\il Zthl
$(zi) (@ — a)r(za) /T, S = S Sy [H'S(z)2) T, S5 = S, Sy 2@ —
TH)H'§(zi)/J and S = SN 2L 6(2) (B — BH)H'S(2)/J.  Let Wira =
(VNT(5 — 7),—V/NT(a — a)'), Warp = (VNT(I' = THY,—/NT(B — BHYY,
Wt = WnTa, Wir,p) and Q = S8 ST0 (24, ¢(21)') (24, ¢(2it)') /NT. By Lemma
implies

1 A 1 A
S — jW]’VT,aQWNT,a - j'ﬂ"(WEVT,B OWnT,B)
1 N vVNT
=S— jtr(levTQWNT) =0, (JH+1/2> . (E.2)

Let Q = E[Q], W, = (G, -G,)", Wp = (G, —Gz)" and W = (W, W), where G, and
Gr are given in Lemma By Lemmas and and Theorem (E.2)) implies

1 1
S — FW,QW, — 5tr(WEQWp)
1 , VNT — JV3 /& log* T T
zs—th‘(W QW):OP (JK+1/2 +N1/6+ N1/4 =+ N . (E?))
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We let Wi, = (VT wo(3* — 3)s —/NTfan(a* — )Y, Wig.g = (/NT wn(* -
f)/a _\/W(B* - B>/)/a WRTT = (W]th,a’ W]#;]T,B% WZ = (G;/’ _Gzl),v W*B =
(GY, —=GR)" and W* = (W, W), where G and Gy, are given in Lemma Then
can be written as §* = NTaQWNTa/J—i—tr(W Nt BWVNT )/ T = trWyr QW) /.
By Lemmas and [E.4) and Theorem

1 1
8" = W,/ QW; — —tr(WH QW)

.1 I VNT  JV3 & log* g T
=S —jtr(W QW):O,,<JK+1/2+N1/6+ N + N (E.4)

Let vyt = (VNTJ "% + J%6 /N6 4\ /J€ 1og"* J/NV4 4 \/TJ/N)'/2, which is o(1)
by the assumption. Let ¢p1_o be the 1 — a quantile of tr(W*QW*)/.J, which is also
the 1 — o quantile of tr(W/QW)/J. Then in view of (E.4), Lemma A.1 of Belloni et al.
(2015) implies that there exists a sequence {vyr} such that vy = o(1) and

P(Cl—a < Co1-a-vNT — ’YNT/\/j) - 0<1)7 (E5)
P(c1—a > co1-atvyr +INT/VT) = 0o(1). (E.6)

Note that tr(W QW) = vec(W) (Ix ® Q)vec(W). Since Q has rank not smaller than
JM — M and the variance of vec(Gpg) has full rank, tr(W QW) is bounded below by
a random variable with a chi-squared distribution with degree of freedom JM — M
multiplied by a constant, and above by a random variable with a chi-squared distribution

with degree of freedom JM multiplied by a constant. Thus, it follows that

P(S < eci_y) < Ptr(W QW) /J < c1—a + yn1/VJ) + 0o(1)
< P(tr(W W)/ J < cog—atunr + 2T/ VT) +0(1)
< P(tr(W QW) /VJ < VJco1-atvns + 29nT) + 0(1)
< P(tre(WQW)/V'J < VJco1—atvyy) + 0(1)
<l—a+vnr+o(l)=1—a+o(l), (E.7)

where the first inequality follows since P(|S — tr(G'QG)/J| > ynr/VJ) = o(1) due to
, the second inequality follows from , and the fourth inequality follows since
ynt = o(1) and tr(W' QW) is bounded by chi-squared random variables. By a similar
argument, P(S > ¢1_) < 1—a+o0(1). Therefore, the first result of the theorem follows.

To show the second result, we now assume that Hj is true. Since (x + y)? > 22/2 — ¢,

2.7 1 T 2 L&
/ 2
WSZ WZZHF Zzt_Hﬁ Zit H Ni;; Zzt Hﬂ(%t)”

i=1 t=1

N T
Z Z 14 21 — é(zi) |2 > co + 0p(1) for some ¢y > 0, (E.8)
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where the second inequality follows from Lemmas and Since (z+y)? < 2024212,

9.7 N N T
S* < _ 2
VTS S Wi 2 2 07~ gy 21 et
N T N T
+ g o)
NT(,U() .
i=1 t=1 1:1 t=1
:Op(l)v (EQ)

where the equality follows from Lemma In view of (E.9), Lemma A.1 of Belloni
et al.| (2015]) implies that 2¢i_qJ/(NT) = 0p(1). This together with (E.8)) thus concludes
the second result of the theorem. This completes the proof of the theorem. |

E.2 Technical Lemmas

Lemma E.1. Let 81,83, 83,84,85,Ss be given in the proof of Theorem [5.3 Assume
(i) N — oo; (ii) T — oo with T = o(N) or T > K + 1 is finite; (11i) J — oo with
J%¢%log J = o(N) and NTJ~2+1) = o(1). Assume that Hy is true.

(i) Under Assumption (iv), S = OP(NTJ—(QK+1))'

(it) Under Assumptions“ .(z) (iii), So = Op(v/NT J~ (1)),

(iii) Under Assumptwns“ 83 = \/ﬁj (r+1/2)y

(iv) Under Assumptwns“ Sy =O0,(NTJ~ (2n+1))‘

(v) Under Assumptwns"l .(z) (m) S5 = (\/ﬁ{]—(n—kl))'

(vi) Under Assumptwns" Sg = \/7J (k+1/2) ).

PROOF: (i) The proof is similar to the proof of (iv).
(ii) The proof is similar to the proof of (v).
(iii) The proof is similar to the proof of (vi).
(iv) It follows that

T T
S < |HIZY D N6(za)lP/T < (NT/D|HIBM?E  sup  sup |, (), (E.10)
i=1 t=1 E<K;m<M =z

where the second inequality follows since max;<n <7 [|0(zit)[|? < M?K supj<fem<n
sup, |0gm,s(2)[2. Thus, the result of the lemma follows from (E.10]), Assumption (iv)
and Lemma [A.2[i).

(v) By Assumption ii), SN ST zl?/NT = 0,(1) by the Markov’s inequal-
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ity. It then follows that

IIMH

N T
2 2
(0 = TH) za|* < || - FHHFJE_j;nzm

1T T 1
= O (J Tz T NJ) =0 (J) ’ (E11)

where the first equality follows from Lemma and the second equality follows since
T =o(N), NTJ~@+t1) = o(1) and J = o(v/N). By the Cauchy-Schwartz inequality,

k‘ \

A 1/2
1S5 < 8,2 <JZZ (D —TH) znn?) . (E.12)

Thus, the result of the lemma follows from (E.11)) and (E.12) and Lemma [E.I|iv).

(vi) By the fact that ||z|? = tr(z2’),

1< A N A A
S Y MB = BHYo(=)|? = 5 >t ((B— BHYQuB — BH))
t=1

i=1 t=1

<

J
NT - , NT T
—7 0aX Anax (Q1) | B — BHI| = Oy <J%+1 tv Tt 1) = 0p(1), (E.13)

where the second equality follows from Assumption [4.1]i) and Theorem and the
last equality follows since T' = o(N) and NT.J~(5+1) = o(1). By the Cauchy-Schwartz
inequality,

k‘ \

|Se| < 541/2 (

T T 1/2
ZZ (B — BH)' (zit)H2> . (E.14)

Thus, the result of the lemma follows from (E.13) and (E.14) and Lemma[E.Iiv). W

Lemma E.2. Suppose Assumptions (md(z')—(iii) hold. Let# and T be given in
Section[5.9 Assume (i) N — oo; (i) T — 0o or T > K + 1 is finite; (iii) J — oo with
G logJ = o(N). Let Q. = XN, S0 I A @ Q7 Elzaz|QZ L Eleuss] INT,
where Q.1 = SN | Elzuzl,]/N. Assume that Hy is true. Then there exists an M x (K+1)
random matriz N, with vec(N;) ~ N(0,$2;) such that

) VNT VTJ %6 /T log"/* g
||\/]W(’7—’Y)_G7H _OP< Jr \/N T N1/6 N1/4

and

R VT VT 1
[VNT(' =T'H) — Grllr = Op (J"—i—\/ﬁ—i_]\fl/ﬁ ,

74



where G, = N, 1 —GrH L f —THH'B' (N, —GpH ' f) ~THGza, Gr = N, 2B'BM, H,
M, Ny and Gp are given in Theorem and N, 1 and N, o are the first column and
the last K columns of N,.

PROOF: Let us begin by defining some notation. Let & = (Z/Z;)) ' Zje, and E =
(€1,...,€r). Then (@ under Hy can be written as

Y =41, +TF + E, (E.15)

where 17 denotes a T x 1 vector of ones. Recall My = It — 1T1if /T. Post-multiplying
(E.15) by M7 to remove ~y, we thus obtain

Y Mp = D(MpF) + EMrp. (E.16)

Recall that V is a K x K diagonal matrix of the first K largest eigenvalues of Y M7Y”’ /T
as defined in the proof of Theorem H = F'MpF(F'MpF)™" and F'MpF/T =V
as showed in the proof of Theorem By the definition of I', I' = Y My F(F' MpF) !
We may substitute to I' = Y My F(F'MpE)™! to obtain

[ —TH = (EMpY'/T)BV ™! ZD BV, (E.17)

where in the first equality we have used F MTF/ T=Vand F =Y’ E, in the second
equality we have substituted (A.2)) into the equation, and D; = EMpFB' /T, Dy =
EMTE’/T and D3 = EMTA’/T. We can conduct the same exercise as in (C.1)) to

obtain
|VNT(I' —TH) —VNTD,BV | ¢
N i . VT VT
< VNT|VH2(|D2Bllr + | Ds| || Bll2) = O, < +—=, (E.18)

T~ TN

where the equality follows by Lemmas i) and [E . Thus, the second result of the
lemma follows from and Lemmam We now show the first result of the lemma.
By the definition of 'Ay,

4—~=FElp/T+(H-T)H'f-~T(B—- BH)a

—I'B/(BH - B)H 'f —TB'Ely/T —TB'Al/T, (E.19)

where H~! is well defined with probability approaching one by (A.4) and Lemma (ii),
and we have used 'B = 0 and B'B = Ix. By a similar argument as in (C.3)-(C.5),

|VNT (% — W/N/TEly — VNT(I = TH)YH ' f]
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+THH' B'[\/N/TEly — VNT(B — BH)YH ' f]

. VNT VTJT = J
I'HVNT(B — BH)a| = O E.20
+ THVNT( Yal =0, ( ot et T (E.20)
Thus, the first result of the lemma follows from (E.20|), Lemmas and
Theorem [4.3] and the second result of the lemma. ]

Lemma E.3. Suppose Assumptions (z'), (iii) and (z'i) hold. Let Q and Q be given
in the proof of Theorem[5.3 Then

R J?
1 - QliF =0y <N> :

Proor: Let Oy = SN (2, 0(zit) ) (2, d(zi)')' /N and Q; = E[Q;]. Then O =
ST, QT and Q = Y1, Q;/T. Tt follows that E[||Q; — Q%] < [((J + 1)M)?/N]
(MaXm< M j<Ji<N<T E[qﬁ (zit.m)] + max;< N <1 E|||zit|[*]) by the independence in As-
sumption (111). By the Cauchy-Schwartz inequality,

T
A J?
E|Q - QlF] < fZ (19 =l =0 (% ) (E.21)
T — N
where the equality follows from Assumptions [4.5(i) and [5.2] - ii). By the Markov’s in-
equality, the result of the lemma thus follows from . |

Lemma E.4. Suppose Assumptions and (z'z')—(iv) hold. Let#, I, 4* and
I'* be given in Section . Assume (i) N — oo; (ii)) T — oo or T > K + 1 is finite;
(iii) J — oo with J*¢3logJ = o(N). Assume that Hy is true. Then there exists an
M x (K + 1) random matriz N} with vec(N}) ~ N(0,8;) conditional on {Y:, Zi}1<r
such that

VNT TJ J5/6 /T log/*J
[V NTJwo(¥ GH— *( Jr + VN N1/6 N1/4

and

IV/NT Juwo (T - Grllr=0 (\F+\/\C Ni/G)

where ), is given in Lemma G: =Ni, —GyH 'f —THH'B'(Nf — GzH ' f) —
I'"Gha, Gf = N;QB’BM, H, M, N} and G%; are given in Theorem and N} | and
N7 5 are the first column and the last K columns of NZ.

PROOF: Let us begin by defining some notation. Let & = (Z}'Z,) ' Ze, and E* =
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(€7,...,€}). Then under Hp, we have
Y* =~14 +TF + E*. (E.22)

where 17 denotes a T' x 1 vector of ones. Recall Mp = Ip — 1717, /T. Post-multiplying
(E.22) by M7 to remove 7, we thus obtain

Y*Myp = [(MpF) + E*Mrp. (E.23)

Recall that V us a K x K diagonal matrix of the first K largest eigenvalues of Y MpY’ /T
as defined in the proof of Theorem H = F'MpF(F' MpF)™" and F'MrF/T =V as
showed in the proof of Theorem By the definitions of ', I = Y* My F(F' MpF) ™1
We may substitute to I = Y*MpE(F'MpF)~! to obtain

I —TH = (E*MgY' /T)BV ™! ZD*BV ! (E.24)

where in the first equality we have used F'M7pF/T =V and F = Y’'B, in the second
equality follows we have substituted (A.2) into the equation, and D] = E*MpFB' /T,
Di = E*MpE' /T and D% = E*MpA’/T. We can conduct the same exercise as in (C.1)

to obtain
|VNT(I* —TH)— VNTD;BV | p

< VNTIV 2 (ID5Bl F + D5l pl1 Bll2) = (\52 + VG) ) (E.25)

where the equality follows by Lemmas [A.2]i) and [E.10] By the fact that ||C' + D||p <
IC|lF + || D||r, we may combine (E.18|) and (E.25) to obtain

g T UN

Thus, the second result of the lemma follows from (E.26) and Lemmas and
We now show the first result of the lemma. By the definition of 4%,

|[VNT([* =T) = VNT(Di — D))BV Y |p = (‘f + f) (E.26)

4 —~ = E*1p/T + (TH —T*)H~'f — (B B*)"'(B* — BH)'a
_ f*(B*/B*)—lB*/(BH _ B*)H—IJE _ f*(B*/B*)_IB*/E*lT/T
—I*(BYB*)"'B*A*1p/T, (E.27)
where H~! is well defined with probability approaching one by (A.4)) and Lemma (ii)7

and we have used B = 0 and (B¥B*)"'B¥B* = Ix. By a similar argument as in

7



(C3)-(C3),
IVNT(3* =) = [/N/TE*1p - VNT(I* = TH)H ™ f]
+ THH'B'[\/N/TE*1y — VNT(B* — BHYH ™ \f]
o (m VIT | ) )

+THVNT(B* — BH)a| = (E.28)

7 VN T UNT
By the fact that ||z + y|| < ||z|| + |ly||, we may combine (E.20) and (E.28]) to obtain

IVNT(3* = 4) = [V/N/T(E*1r — Elp) = VNT(I* = T)H ' f]
+I'HH'B'[\/N/T(E*17 — Elp) — VNT(B* — ByH ' f]

+THVNT(B* — B)a| =0, (W F J ) (E.29)

7 T UN T UNT
Thus, the first result of the lemma follows from (E.29)), Lemma [E.11], [C.1] [D.2] and [D.3]
Theorem [5.1] and the second result of the lemma. [ |

Lemma E.5. Suppose Assumptions hold. Assume (i) N — oo; (ii) T — oo or
T > K +1 is finite; (iii) J — oo with J = o(\/N). Then

N T
NT Z Z | 5(zit) — H'ﬂ(zit)HZ = 0,(1).

i=1 t=1

PROOF: Since B(zi1) = B'¢(zi) and B(zi) = B'd(zit) + 6(zi0),

N
> D BGi) — H'BGa)|? < ZZH — BH)' ¢(za0)||” + 284, (E.30)

=1 t=1 =1 t=1

<l

where Sy = Y, Zi\il | H'6(2:)||?/J as defined in the proof of Theorem Note that
(E-13) and Lemma [E.1fiv) continue to hold under H;. Thus, the result of the lemma

follows from (E.13)) and Lemma [E.1fiv). [ |

Lemma E.6. Suppose Assumptions [4-8(iii), [5.9(1), (ii) and (v) hold. Assume
(i) N = oo; (i) T — oo or T > K + 1 is finite; (iii) J — oo with J = o(v/N). Assume

that Hy is true. Then there exists positive constant co such that

N T
1
N ZZ T2 — H'B(zit)|? > co + 0p(1).

PROOF: Let us begin by defining some notation. Let A, = (Z1Z) 71 Z] Ay for Ay = Yy, Wy,
g1, where Uy = (a(zy) + B(z10) fir - alzne) + Bane)' fo). Let ¥ = (Yi,...,Y7),
U = (Uy,...,07) and E = (&1,...,8p). Then I = (U 4+ E)MpF(F' MpEF)~'. 1t is
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straightforward to show that T' = (0 My F/T)(F' My F/T)" H 4 0,(1) by Theorem
and (U MpF/T)(F' MpF/T)Y||p < C* for some C* with probability approaching one.
This together with Lemma (ii) implies that P(|TH!||r > C) = o(1). Therefore,
under Hy,

N T N T

1 1

w7 2 D it = H'B(zi) P > Amin (H'H) 5o > > INCH ™) 230 — Bz |
i=1 t=1 i=1 t=1

NlT ZZE [”5 Zit) (fH_l)’zitHz} + 0p(1)

i=1 t=1
> Amin(H'H) g ]'1Vntf<T url[f E[|8(zit) — I zit]|?] + 0p(1)

=4Vt

= )\mm(H H

> ¢ + 0p(1) for some ¢y > 0, (E.31)

where the equality follows from Lemma since P(|[TH'||z > C) = o(1), and the

last inequality follows by Lemma ii). [ |
Lemma E.7. Suppose Assumptions [{.1{4.4} [4.5(iii), [5.9 hold. Assume (i) N — oo;

(ii)) T — co or T > K + 1 is finite; (iii) J — oo with J = o(~/N). Then

=1 t=1 i=1 t=1
and
1 N N T
NT SONE =Tzl + NT > D IBT = BY ¢(zin) I = 0p(1)
i=1 t=1 i=1 t=1

PROOF: We prove the second result, and the proof of the first result is similar. Note
that (E.13)) continue to hold under Hj, so the second term on the left-hand side of the

second result is 0,(1). For the first term, we have

N T
%ZZ Bzl < | - r||FNTZZHz”|| (8.32)

i—1 t=1 i=1 t=1
Let /YZ‘ = (Z}'Z) 71 ZF Ay for Ay = Yy, Wy, ey, where Wy = (a(z14) +B(212) fry - - -, a(zne) +
B(zne) fi). Let Y* = (}71*,...,17T*), U = (@’{,,fl*T) and E* = (&,....e%).
Then I* = (U* + E*)MpF(F'MpF)~'. Tt is straightforward to show that [™* =
(U*MpF/T)(F'MpF/T)"*H + op(1) by Theorem From the proof of Lemma
[ = (OMyF/T)(F' My F/T)" H + 0,(1). Moreover, it can be easily shown that
(U* — W) My F/T = 0,(1). Thus,

[ —T = (0" —O)F/T(F'F/T)™! = 0,(1). (E.33)
By Assumption (ii), Zf\il Zle |zit||?/NT = Op(1) by the Markov’s inequality. This
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together with (E.32) and (E.33) implies that the first term is also 0,(1). [ |

Lemma E.8. Let Dy and D3 be given in the proof of Lemma[E.2

(1) Assume (i) N — oo; (ii)) T — oo or T > K + 1 is finite; (iii) J — oo with
J?E%log J = o(N). Under Assumptions (z) and (ii), ||2?2BH%7 = 0,(1/N?).
(ii) Under Assumptions (i), (iz'), (iv), (z) and (i), | D3|% = Op(J 2% /N).

ProOOF: (i) By Assumptions 5.2(i) and (ii), we may follow a similar argument
as in the proof of Lemma ii) to obtain HEH%/T = 0,(1/N). Since |D2B|p <
|B'E||p||E||p/T, the result then follows from Lemmas (1)

ii) Note that |E|2/T = O,(1/N) from the proof of (i). Since [|D3l|lp <
F P
|A|p||E|l/T, the result then immediately follows from Lemmas (1) [ |

Lemma E.9. Suppose Assumptions [4-8(iii), (iv), [5.4(i)-(iii) hold. Let V
be given in the proof of Theorem Dy and E be given in the proof of Lemma .
Assume (i) N — oo; (i) T — oo or T > K + 1 is finite; (iii) J — oo with J = o(v/N).
Then there exists an M x (K +1) random matriz N, with vec(N,) ~ N(0,9,) such that

. 1 1
/ TD BV—I G O
IVNTDy ~ Grlls p(J“ N1/6>

and

s 1
\WNJTEL —N..,| = O, ( ) |

N1/6

where €, is given in Lemma Gr = N, 9B'BM, M is a nonrandom matriz given
in Lemma[C.3, and N.1 and N, 2 are first column and the last K columns of N..

PROOF: Let Ly7,, = Zthl Q;;Z,get(ft — f)/V/NT and INT, = Zthl Q;;Zéet/\/NT.
By a similar argument as in the proof of Lemma

. 1 1
H V NTDlBV_l - ,CNT}ZB/BMHF = Op (J’i + ]Vl/4> (E34)

and

. 1
|V N/TElr — In7.|| = Op <N1/4> : (E.35)

By a similar argument as in the proof of Lemma there exists an M x (K + 1)
random matrix N, with vec(N,) ~ N(0,(2,) such that

1
|(exre Lars) — Nollp = O, (W) . (E.36)
Thus the result of the lemma follows from (E.34))-(E.36)). [ |
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Lemma E.10. Let D5 and D3 be given in the proof of Lemma .

(i) Assume (i) N — oo; (i) T — oo or T > K + 1 is finite; (iii) J — oo with
J2E%log J = o(N). Under Assumptions (z), (ii} and (iv), |DB||% =
O,(1/N?).

(ii) Under Assumptions [{.1(i), [4.9(ii), (iv), [5.4¢i), [5.4(#i) and (i), | D53 =
Op(J72%/N).

PrROOF: (i) By Assumptions B.1)i), (ii) and (iv), we may follow a similar
argument as in the proof of Lemma @(u) to obtain HE*H%/T = O,(1/N). Since
D3 B r < ||B'E||p|| E*|| /T, the result then follows from Lemmas[B.2|)

(ii) Note that ||E*|| /T = Ou(1/N) from the proof of (i). Since ||D*3||p <
|A||p||E*||7/T, the result then immediately follows from Lemmas (1) [ |

Lemma E.11. Suppose Assumptions [4.9(1ii), (iv), [5.4)(1) and[5.4(ii)-(iv)
hold. Let V be given in the proof of Theorem Di and E be given in the proof of
Lemma and DT and E* be given in the proof of Lemma . Assume (i) N — oo;
(ii)) T — oo or T > K + 1 is finite; (iii) J — oo with J = o(v/N). Then there exists
an M x (K + 1) random matriz N} with vec(N%) ~ N(0,,) conditional on {Y, Zt }1<r
such that

o . 1 1
VRT(@; - DBV — el = 0, (3 + 517

and
o R 1
IVATE(E e = Biz) — vzl = O, (57 )

where 2, is given in Lemma 2, Gp = N 2B/B./\/l M is a nonrandom matriz given
in Lemma@ and N7 1 and N7 5 are first column and the last K columns of N7.

PROOF: Let Ly, =Y 1 Qi1 Z'ei(fi— f)/VNT and 3. = S/, Qi1 2 /VNT.

By a similar argument as in the proof of Lemma

ST Dot r— 1 1
and
% Kok 1
[VN/TE 17 — N .| = Op <N1/4> : (E.38)

Let Lig, = S Q2 (28 — Z)elfe = fY/VNT = Lip. — Lyt and Lyp, =
Zle Q;Zl(ZZ‘ — Zt)'et/VNT = lyr , — {NT,2- By a similar argument as in the proof of
Lemma there exists an M x (K + 1) random matrix N¥ with vec(N}) ~ N(0,€2,)
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conditional on {Y%, Z; }s+<7 such that

* * * 1
|(res Cxrz) — VN le = Oy (N/) . (E.39)
Thus, the result of the lemma follows from (E.34]),(E.35) and (E.37)-(E.39). [ |

Lemma E.12. Suppose Assumptions [{.5(iii), [5.9(ii) and (v) hold. For any given posi-

tive constant C,

T N T
1 1
Sup TZZHB(Z“)_H%H WZZE 18(zit) — ' z4t||?]

i=1 t=1 1=1 t=1

= op(1).

Proor: Let Ao = {II € RM*K |II||p < C} for C > 0, and Fo = {¢(-,10) :
(21, -+ ,2p,1I) = Z?:l 18(2t) — '2||?/T for I € Ac} be a class of functions
¢(-,1I) indexed by II € Ac. We aim to show suppe4,, |+ SN ¢z, 2, TT) —
+ Zfil E[((zi1,- -, zir,II)]| = 0,(1). It follows that for any II;,1II; € Ac,

|C(zl)' ce 7ZT7H1) - g(zlv e 7ZT3H2)|

T
1
< | — I2flra D el (B (ze) = yzel| + [18(2e) — Myzll)
t=1

T

2
< | — Iaflpoy Y zllBE + Cllzl?) = 1T = Mol G (=1, -+, 27). (E.40)
t=1

By Assumptions [5.2(ii) and (v), max;<n E[G(zi1,- - ,zir)] < oo. This together with
implies that and F¢ is a class of functions that are Lipschitz in the index IT € A¢
with envelop function G. Since A¢ is compact, for every € > 0, the covering number
N(e, Ac, | - ||r) of Ac with respect to || - || is bounded. By Theorem 2.7.11 of jvan der
Vaart and Wellner|(1996), for every e > 0, the bracketing number Ny (e, F¢, L1(P)) of F¢
with respect to Li(P) is bounded. Thus, the result of the lemma follows by the Glivenko-
Cantelli theorem (e.g., Theorem 2.4.1 of [van der Vaart and Wellner| (1996])). [ |

APPENDIX F - Proof of Theorem (6.1

F.1 Proof of Theorem |6.1

PROOF OF THEOREM [6.1} (A) Let 0 = A\ (Y MpY'/T)/Neyr(YMY')T). It K # K,
then there exists some 1 < k< K —1or K +1 <k < JM/2 such that 0, > 0. Let
JM/2 be the integer part of JM/2. Since A\ (Y MpY'/T)/ (Y MpY')T) > 6, for all
1<k < K—1and Agy1 (Y MpY'JT) /A gy /o(Y MpY'T) > 6y for all K+1 < k < JM/2,
the event of K # K implies the event of A (Y MpY'/T)/Ax (Y MpY'/T) > 0k or the
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event of )\KH(YMTY’/T)/)\JM/Q()}MT}}’/T) > 0. Thus, we have

Pl £ K) < P ( (Y MrY'/T) . 9K> P ( A1 (Y MpY!)T) . 9K> F1)

M (Y MpY'/T) Agaijo(Y MpY'!/T)

By Lemmas [F.1] and M (Y MpY')T) /A (Y MpY')T) = O,(1), 0x /N = C + 0,(1)
for some positive constant C, and Ag1 (?MT}}’/T)/)\JM/Q(?MT?’/T) = Op(1), since
JM/2+1 < JM — K — 1 for large J. Thus, this together with (F.I)) implies P(K #
K)—0.

(B) If K # K, then Ax_1(YM7Y'/T) < Ant or A1 (Y MpY')T) > Anp. Thus,

we have

P(K # K) < P (A1 (P MY /T) < Awr) + P (A (MY /T) = Ayr) . (F2)

By Lemma and Ay — 0, P()\K_l(f/MTf/’/T) < Ant) — 0. For a matrix A, let
0r(A) denote the kth largest singular value of A. Noting that A\g(AA") = oZ(A), it
follows that

A1 (YMpY'T) = o5y (Y Mp/NT) = o 1(Y M /VT) = 051 (BF My /VT)[?

< T”YMT — B(MrF) |7 < THAHF + THEHF =Op 7= TN ) (F.3)

where the second equality follows since the rank of B(MpF)’ is not greater than K, the
first inequality follows by the Weyl’s inequality, the second inequality by and the
Cauchy-Schwartz inequality, and the last equality follows from Lemmas i) and (ii).
Since Ay min{N/J, J**} — oo, implies that P(Ag1(Y M7Y'/T) > Ant) — 0.
This completes the proof of the theorem. |

F.2 Technical Lemmas

Lemma F.1. Suppose Assumptions hold. Assume (i) N — oo; (ii) T — oo or
T > K +1 is finite; (i) J — oo with J = o(v/N). Then there exist positive constants
c1 and ¢y such that

c1+0p(1) S A (YM7Y'/T) < M(YMrY')T) < o+ 0p(1).

Proor: By (A12), \(YM7Y'/T) = M\ ((F'"MpF/T)B'B) 4 0,(1) for k = 1,..., K.
Thus, the result of the lemma immediately follows from Assumptions [4.2](i)-(iii). [ |

Lemma F.2. Suppose Assumptions [{.1(i), [4-3(ii). (w), [4-3(i), [4-3(1) and hold.
Assume (i) N — oo; (ii) T — oo; (iii) J — oo with J = o(min{vN,VT}) and
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J728N = o(1). Then there exist positive constants c3 and cy4 such that

3+ 0,(1) < NA\jy—x—1(YMpY')T) < NAg 1 (Y MY’ /T) < cq + 0p(1).

PROOF: For a matrix A, let o;(A) denote the kth largest singular value of A. Noting
that \p(AA") = 02(A), it follows that for k=1,...,JM — K,

A1 (Y MrY') = A (BF' + E)My(BF + EY)|
< ok k(Y Mr) — ok 1 ((BF' + E)Mr)|? + 2|0k (Y Mr)
— oxk((BF' + E)Mr)|ok 1 ((BF' + E)Mr)
< ||V My — (BF' + E)Myp||% + 2|V My — (BF' + E)My|
x A2 (BF' + E)Mp(BF' + EY)
< 1A} + 21 Al AL (BF' + B)Mr(BF + EY'), (F.4)

where the first inequality is due to the triangle inequality, the second inequality follows
by the Weyl’s inequality, and the third inequality follows from and the fact that
Mcik((BE' + E)YMp(BF' + E)') < Ag1((BF' + E)Mp(BF' + E)) for k > 1. We
next show that the right-hand side of is asymptotically negligible and study the
behavior of Mg 1((BF' + E)Mp(BF' + E)). Let B = B + EMpF(F'MrF)~" and
Mp = Iy — MpF(F'MpF)~Y(M7pF)'. We may decompose (BF' + E)Mry(BF' + E)' by

(BF' + E)Myp(BF' 4+ E)' = BF'MyFB' + EMpMypMrE'. (F.5)
Then, (F.5) implies that for k =1,...,JM — K,

M ix((BF' + EYMp(BF' + E)) < Mg 11(BF' MpFB')
+ )\k(EMTMFMTE/) < )\k(EMTE/) < /\k(EE/), (FG)

where the first inequality follows by Lemma (i), the second inequality follows by
Lemma (ii) and the fact that the rank of BF'MpFB' is not greater than K and
I — M is positive semi-definite, and the third inequality follows since I — My is positive
semi-definite. Moreover, also implies that for k=1,...,JM — 2K — 1,

M4x((BF' + EYMp(BF' + E)) > Mg yx(EMpMpMpE')
= >\K+k(EMTMFMTE/) + )\K+1(E~MT(I — MF)MTE,) > )\2K+k(E~MTE~'/)
= Mo k(EMrE") + Mo(E(I7 — Mp)E') > Doyl (EE'), (F.7)

where the first inequality follows by Lemma (ii), the first equality follows since the
rank of EMT(I - M F)MTE" is not greater than K, the second inequality follows by
Lemma (i), and the second equality and the third inequality follow similarly. Putting
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and together implies that eigenvalues of (BF'+E) My (BF'+E)' are bounded
by those of EE’. Thus, we may study the behavior of the eigenvalues of FE’. Recall that
Ant = S8 Q7 '®(2,) Elee})®(Z;)Q;7 1 /NT in Lemma By the Weyl’s inequality
and Lemma [F.4]

Sup IM(NEE'/T) = M\(AnT)| < INEE'/T — Ayt F = 0p(1). (F.8)

This implies that the eigenvalues of NEE' /T and Ayp are asymptotically equivalent.

Then, it follows from (F.6) and (F.8)) that
Ak+1(N(BF' + E)My(BF' + E)'/T)

< M(NEE'/T) < A\ (AnT) + 0p(1) = O,(1), (F.9)

where the equality follows since A\;(An7) < (ming<rp )\min(Qt))*l max¢<7 Amax(E[et€}])

= Op(1) by Assumptions [.1{i) and (i). Thus, combining (F.4), (F.9) and Lemma
A.3((1) yields

sup  [NAgx(YMpY')T) — NA\gox((BF' + E)Mp(BF' + E)'/T)| = 0,(1). (F.10)
k<JM—-K

This means that NAgyx(YM7Y'/T) and NAgyx((BF' + E)Mp(BF' + E)/T) are
asymptotically equivalent. By the triangle inequality, it follows from (F.6)-(F.8) and
(F.10) that

)\JM(.ANT) + Op(l) S N)\JM,Kfl(?MTY//T)
< NAg 1 (YMpY'/T) < M (Ant) + 0p(1). (F.11)

Noting that A;(Anx7) < (ming<r )\min(Qt))_l max;<7 Amax(E[eer]) and Ay (Ant) >

(max<p AmaX(Qt))_l ming<7 Amin(E[es€;]), the result of the lemma then follows from

(F.11), Assumptions [4.1fi) and [6.1](i). [ |

Lemma F.3 (Weyl’s inequalities). Let C and D be k x k symmetric matrices.
(i) For every i,j > 1 andi+j— 1<k,

Aitj—1(C + D) < N(C) + (D).
(ii) If D is positive semi-definite, for all 1 <i <k,

Ai(C + D) > \(C).

PROOF: The results can be found in Section II1.2 of Bhatia (1997). Also, see the
appendices of Ahn and Horenstein (2013)) and |[Fan et al.| (2016b). |
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Lemma F.4. Let Anr = Y1, Q7 '®(Z,) Elese})®(Z)Q; Y /NT and E be given in the
proof of Theorem[4.1l Under Assumptions [4.1)(i), [4-3(i), [4-9(i) and[6.1)(ii),

INEE'/T — Axr||% = O ‘]—2+‘]—2 .
PA\N T

PROOF: Let E. denote the expectation with respect to {&; }+<7. To simplify the notation,
let i = ¢(2:)Q; ' and vijy = eueji — Eleucji). Since ||A||% = tr(AA"),

N N N o
Z Z Z T/Jit%t’/ijthesWs@b;gs

T
1= 1 k=1 ¢=1

T
EIEEINT = Ayrlp) = e || 2303

t=1 s=
T
N2T2 ZZ

t=1 s= 1 5=
T
1=

N
1j=

N N

2.

N

N
> Z lyhrsViyhescov(eue i, Ensces)
k=1 {=
N N
DD lloCzlllo(ziollll¢(zas) 16 (ze) llcov(eine o, exsers))

(=1
4

T
1 1
T N
CNTN2T2ZZZ

=
t=1 s= 1 =1k

with Cy71 = (?iln )\mln(Q ))

N
=1
(F.12)

where the second equality follows by the independence in Assumption (i) and the
fact that both expectation and trace operators are linear, and the inequality follows
since ||l < (Amin(@1)) 7|6 (zi0)[|. Moreover,

T T N N N
B[S S5 Sl (i lle i) o) lleov(eis o cxsees)
k=

t=1 s=1 =1 j=1 1

M- -

M=
- 1M+

>

1i=1jy

T
< max_E[ll¢(z)lID

iSNA<T |cov(€itejt, EnsEies)|
=1 s

~+

1

Mz IM™=

N N N
ZZZ|COU(€it€jt,€ks€és)\, (F.13)

j=1 k=1 ¢=1

M’ﬂ

< J’M? max E[¢*(z
- (<IM,i<Nt<T [#" (zit.m)

o+
Il

1

Il
—

[

where the first inequality is due to the Cauchy-Schwartz inequality, and the second
inequality follows since max;<n <7 E[||¢(2it) 1] = J2M? MaX¢< JM,i<N<T E[¢4(zit7m)].
Combining and implies that E.[|[EE'/NT — Ayr|/%] = Op(J*/N + J?/T)
by Assumptions [£.1[i), [£.5(i) and [6.1}ii). Thus, the result of the lemma follows by the
Markov’s inequality and Lemma [ |

APPENDIX G - Result for Fixed Sieve Size

In this section, we establish the result for fixed sieve size under a(-) = 0. Without «f(-),
we only need one step to estimate both B and F. Specifically, the columns of B are the

eigenvectors corresponding to the first K largest eigenvalues of the JM x JM matrix
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YY'/T and F = Y'B. We provide the consistency result for the estimators below. To
this end, we replace Assumptions [4.2]i), (iii) and (iv) with the following assumptions.

Assumption G.1 (Fixed sieve size). There are positive constants hyin and hypax such

that: with probability approaching one (as N — o0),

hmin < )\K(ENT) S )\max(ENT) < hmax;

where ENT = Z;FZI(@(Zt)/q)(zt))_1(I)(Zt),A(Zt)ftng(Zt),q)(Zt)(@(Zt)/(p(zt))_l/T with
A(Zy) = (B(z1t)s - - -5 B(2nt)), and A (ENT) denotes the K th largest eigenvalue of Y.

Assumption is a high-level assumption, which does not require J — oo. Given
Assumptions [.1(i) and [£.2(ii), it is weaker than Assumptions [4.2{1), (iii) and (iv) when
J — oo. It is easy to verify that |y — BF'FB'/T|p = 0p(1) when J — oo, under
Assumptions 4.1{1), i), (ii) and (iv). Thus, Assumption is satisfied under As-
sumptions (1) and Assumption requires T, JM > K, which is reasonable

since we assume K to be fixed throughout the paper.

Theorem G.1. Suppose a(-) = 0, max;<y <1 E[||8(zit)||?] < o0, and Assumptions

(ii), and hold. Let B and ft be given in the beginning of Section @ Assume
(i) N — oo; (i) T — oo or T' > K be finite; (iii) J — oo with J = o(N) or J > K/M
is fired. Then

2

“0().

F

~ 1
B—

T
> (2(2) ®(Z)) ®(Z) M Zy) Hy
t=1

N

T
%Z e — BY(®(Z)'®(Z)) " ®(Ze) MZ) fi]|* = O, (]{7) 7
t=1

where Hy = fifIN(Z:) ®(Z:)(D(Z:) ®(Z:)) ' B(F'F/T)~".

The first result of Theorem implies that B consistently estimates a weighted aver-
age of the regressed coefficient matrices (®(Z;)'®(Z;)) " 1®(Z;) A(Z;) with the weighting
matrices H;. When J — o0, the result reduces to one similar to the one in Theorem
When J is fixed, the regressed coefficient matrices can be highly varying over
t and B only estimates their weighted average. Let T be finite. The second result
implies that ft consistently estimates f; up to the rotational transformation matrix
B'(®(2,)®(Z;))~'®(Z,)A(Z;). However, the rotational transformation matrix may be
highly varying over ¢t when J is fixed. It turns out that F may not be consistent to
F up to a rotational transformation. That is, the space spanned by the columns of F
may not be consistently estimated by the space spanned by the columns of F due to
a large sieve approximation error. The result also implies that misspecification of /3(-)

may cause inconsistent estimation of F'.
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PROOF OF THEOREM [G.1} The proof is similar to the proof of Theorem (.1} Let
Ay = (®(Z)'®(Z1)) ' ®(Z)' Ay, where Ay = A(Z;). Since a(-) = 0, () can be written as

Y = Aefi + & (G.1)
Let V be a K x K diagonal matrix of the first K largest eigenvalues of Y'Y’ /T. By the

definition of B, (YY'/T)B = BV. We have V = F'F/T, so H; = f;fIN,BV—'. We
may substitute (G.1) to (YY’/T)B = BV to obtain

B—

=l

1 T ~ 3
> MH =) ABV Y, (G.2)
t=1 j=1

where Ay = EE'/T and Ay = A} = Zthl A f:€)/T. By the Cauchy-Schwartz inequality
and the fact that |C + D||r < ||C||r + ||D||r and ||CD||r < ||C|2||D| F, (G.2) implies

B—

el

2 3
o J
<sIBIIVR [ Sk ) =0, (5 ). ©
F 7=1

1o -
}:mm
t=1

where the equality follows by Lemmas |A.3(ii), [G.1} |G.2| and the fact that A; = Ds
and ||As||r = ||A2||r. By the definition of f;, f; = B'Y;. We may substitute (G.1)) to
f; = B'Y, to obtain

fi — B'Ayf; = B'g,. (G.4)

By the fact that [|Az| < ||A||2]|z], (G.4) implies
Lo~ s o 1 o 1 - J
LS - BRI < 1B (T > ||ét|r2) ~ FIBBIEE =0, (%), (©3)
t=1 t=1

where the last equality follows from Lemma (ii) and B'B = I. This completes the
proof of the theorem. [ |

Lemma G.1. Suppose a(-) = 0 and max;<n <1 E[||B(2it)||?] < 00. Let As be given in

the proof of Theorem . Under Assumptions (z'i) and |A2||% = O,(J/N).

PRrROOF: The proof is similar to the proof of Lemma (iii). Let C = (A f1,...,Arfr),
then Ay = CE'/T. Since | As||r < ||C||r||E| /T, it suffices to show ||C||r = O,(vV/T)
by Lemma [A.3|ii). We next show this result. By the fact that |[Az| < ||Al2]z],
ICD]l2 < [|C]l2]|Dll2 and [[Al2 < [|A]|F,

T -1 T
- ~ A 1
2 _ 2 2 . ) L 2 _
11 = Y 1AcAIP < a1 (1mip 20 § LIAE)IE = 0T, (G0
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where the last equality follows from Assumptions (1) and (ii) by noting that
SLLA(Z)|% = Op(NT). Here, .1 | |A(Z)||3 = O,(NT) holds by the Markov’s
inequality, since E[>.1 |A(Z)||12] = N, 5L E[l18(zi)]12] = O(NT) which is due
to max;<n <7 E[||8(2it)||?] < co. This completes the proof of the lemma. [ |

Lemma G.2. Suppose a(-) = 0, max;<y <7 E[||8(2it)||?] < oo, and Assumptions
[4-4(i), and [G-1] hold. Let V be given in the proof of Theorem[G.1 Assume (i)
N — oo0; (1) T — oo or T > K is finite; (iii) J — oo with J = o(N) or J > K/M s
fized. Then ||[V]]2 = O,(1) and [|[V 1|2 = Op(1).

PROOF: The proof of is similar to the proof of Lemma (1) It is noted that YY'/T =

Xnr + 22:1 A; by (G.1)), where A;, A, A3 are given below (G.2). By the fact that
IC+ Dl < [[Cllr + 1Dl

3
IYY'/T = Snrlle < 14jlle = Op (g) ; (G.7)

j=1

where the equality follows by Lemmas [A.3|(ii) and and the fact that A; = Dy and
| As||p = ||A2||p. Let V be a K x K diagonal matrix of the first K largest eigenvalues
of ¥ 7. By the Weyl’s inequality and the fact that ||Al2 < ||A|lF,
V7 )

T (G.8)

IV =Vl = IYY'/T — Enz|2 = O, <

Thus, ||V]|2 = Op(1) and ||[V~1]2 = AL (V) = O,(1) follows from (G-8) and Assumption

min

This completes the proof of the lemma. [ |

APPENDIX H - Improved Rate for A Special Case

In this section, we establish the improved rate for the special case when Qt = Iy for
all ¢ < T without Assumption and the requirement J2¢2 log J = o(N).

Theorem H.1. Suppose Qt = Iy for allt < T, HlaXz‘gN,thEHa(Zit)|2] < 00,
max;<n<7 E[||B(2it)||?] < o0, and Assumptions hold. Let a, B,F, a(-) and
B(-) be given in (10). Assume (i) N — oo; (ii) T — co or T > K + 1 is finite; (iii)
J — oo with J = o(v/N). Then



X 5 1 J2 g2 5
sup |&(2) — a(2)|" = O W—i_NQ NT maXSUPWJ( 2)|%,

. . ) 1 J? J? 2
up 13(2) ~ H'B()IP = Oy (s + 3 + s ) maxsup 6(2) P

When Z; is not changing over ¢, max;<n <7 E[||3(2it)||?] < oo reduces to Assumption
4.2(ii) of |[Fan et al.| (2016a)). Theoremimplies that the rate of B, F and §(-) is equal
to the rate in [Fan et al. (2016a)), when Q, = I for all t <T. When Z, is not changing
over t, we may orthonormalize the basis functions such that Qt = Iy forallt <T.

But the condition fails to hold for general Z;. See Theorem for the general case.

PROOF OF THEOREM [H.1} Let us first look at (A.3). To improve the rate of B in
Theorem we cannot use the inequality in (A.4]). Instead, we need to treat D5B

as a whole to establish its rate. By the Cauchy-Schwartz inequality and the fact that
IC+Dlr < ||Cllr + [ D||F and [[CD|lr < [|C]]2]| D7, (A.3) implies

6
1B — BH|% < 10IBI3IVHE | Y 1D51% | + 21V I3IDsBIIE,

J#5
1 J J
- p<w+m+m>’ (H1)

where the equality follows by J = o(v/N), Lemmas (i)—(iv), (1) and [H (11) and
the fact that ||Dg||p = ||D3||r. Given the rate of |[B — BH|% in (H.1), the rate of
la — al? immediately follows from the same argument in . We now look at .
To improve the rate of Fin Theorem we cannot use the inequality in . Instead,
we need to plug in the expansion of B — BH, and treat o’Dy, D} B, DsB and E'B as
a whole to establish their rate. By the fact that ||C + D||p < ||C||r + ||D||r and

|CD||p < [Cl2D|lp, combining (A-3) and (A7) implies

6
1= FH) e = | D ID;llelBlzllal + lla' DallllBllz + llall| DsBlle | [Vl 17l

J#4,5
6
+ [ D ID5llelBll2 + IDLBlF + |1 DB
J#4,5
< ||l H 2V 2l Bll2 + |Alle|Bll2 + || E'Bl|
VT T
=0y —= H.2
<Jl€ + N ) ( )

where the equality follows by J = o(v/N), Assumption (ii) and Lemmas (i)—
(iii), |A.2} [A.3(i), H.1] and [H.2(i) and the fact that ||Dg||r = ||D3||r. Thus, the third
result follows from (H.2)). The proofs of the last two results of the theorem are similar
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to the proofs of the last two results of Theorem 4.1} [ ]

Lemma H.1. Suppose Q; = I for all t < T, max;<n <7 Ef|la(zit)[?] < oo, and
max;<n <7 E[||B(2:)||?] < oo. Let Dy and Ds be given in the proof of Theorem .
Assume (i) N — oo; (ii) T — oo or T > K + 1 is finite; (iii) J — oo with J = o(v/N).
(i) Under Assumptions |D}B||% = O,(1/NT).
(i1) Under Assumptions |DsB||F = O,(J/N?).
(i1i) Under Assumptions |Dhall? = O,(1/NT).

PROOF: (i) Since | D} B||r < ||B|2|B'EMrF| /T, the result then immediately follows
from Assumption [4.2](i) and Lemma [H.2[(ii).

(ii) Since |[Mr|l2 = 1, |DsB||r < ||E|r|/B"E|r/T. The result then immediately
follows from Lemmas [A.3[(ii) and [H.2[i).

(iit) Since | D}al < ||B|l2|la’ EM7F||/T, the result then immediately follows from
Assumption [£.2i) and Lemma iii). [ |

Lemma H.2. Suppose Q; = I for all t < T, max;<n <1 Efla(2it)|?] < 0o, and
max;< <7 E[||B(2it)||?] < 0o. Let E be given in the proof of Theorem . Assume (i)
N — oo; (ii) T — oo or T > K + 1 is finite; (iii) J — oo with J = o(v/N).

(i) Under Assumptz’ons |B'E|%/T = O,(1/N).

(ii) Under Assumptions |B'EM7F|%/T = O,(1/N).

(iii) Under Assumptions |a’ EM7F|?>/T = O,(1/N).

PRrROOF: By the fact that ||C' 4+ D||r < ||C||r + ||D||r and ||CD|r < ||C|2||D||F,

1, = 2 2 N
THB’EII% < 7lE |I%/|1B — BH|% + *HHH%HB'EII%
2
ZIBIFNB ~ BHIE + o | H13 (ZHB' Ztmw)
J [ 1 J? J 1 1
0 (3 (7 + 5+ ) * ) =0 (). (15)

where the first equality follows from Q; = I ;s for all t < T, the second equality follows

from Lemmas [A.2[i), [A.3(ii) and [H.3(i) and Theorem and the last equality is due
to k > 1/2 and J = o(v/N).

(i) By the fact that [|C + Dl < [C]lr + | D]l and [|CD]r < |C]l2] D],

1~ = 2 = - 2 s
TIIB/EMTFH% < THEMTFH%‘HB ~ BH|[% + *HHH%HB'EMTFH%

[\

IEM7F|| 3B — BH|IE + 51 HI13

ZB’ (Z1)'euf]

’ﬂ

N2T

F
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* T
411711 ra( 7
> B'(2)'
5 t) €t
N2T pa

o (L(he ) e ) o ().

where the second inequality follows from Qt = Ijp for all ¢ < T, the first equality

follows from Assumption [£.2](ii), Lemmas [A.2]i), [A.3]iii) and [H.3]ii) and Theorem [4.1]
and the last equality is due to x > 1/2 and J = o(v/N).

+

12113

(iii) By the fact that ||z 4+ y|| < ||z| + |||,

1 17 2 ||f H ! /
Sl EMyFIP < 2 Za ®(Z tft + 2T ; a'®(Z,)'
—o, (2 (FL5)
=0 % ) .
where the inequality follows from Qt = Ijp for all t < T, and the equality follows from
Assumption [4.2)(ii) and Lemma [H.3[ii). [ |

Lemma H.3. Suppose max;<n <1 E[|a(2it)|?] < 0o and max;<n <1 E|||B(zi)||?] < oc.

(i) Under Assumptions[{.4(iv) and[{.3,
T
> IB'®(Ze)e]|* = Op(NT(1+ J ).
t=1

(it) Under Assumptions[{.9(ii), (iv) and[{.3,
2

Veuf| = Op(NT(1+ 7)),

[\

= O,(NT(1 + J %)),

T
S dB(Z) el = Op(NT(1+ 7)),

T
> d®(Z)er| = Op(NT(1+ %)),
t=1

PrROOF: (i) Let A(Z;) = (B(z11),--.,8(2n¢t))’, then ®(Z;)B = A(Z;) — A(Z;). By the
fact that ||z + yl| < [|=]| + [lyll,

T T T
SIBEZY =P <23 IMZY el +2 3 |A(Z) el? = 2T + 275 (HS6)

t=1 t=1 t=1
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Therefore, it suffices to show that 71 = O,(NT) and T3 = O,(NTJ~2¢). The former
holds by the Markov’s inequality, since

N
E[ﬂ] =K Z/B Zzt Z]t Eit€jt

J=1

E

t=1

M=
1 1145

29

t=1

E[B(zit)' B(zjt)|Eleite ji]
1

.
I

1y

<T max E[||B(z)|?] maXZZ|Eszt5Jt\— O(NT), (H.7)

i <SNELT <
=1 j5=1

where the second equality follows by the independence in Assumption ( ), the in-
equality is due to the Cauchy-Schwartz inequality, and the last equality follows from
max;<n <1 E[||8(2it)]|?] < oo and Assumption (iii). The latter also holds by the
Markov’s inequality, since

T N N
=F Zzzé Zzt th Eit€jt
t=1 i=1 j=1
T N
=D D Elo(ain) 8(z1) | Eleunsji]
t=1 i=1 j=1
N N
< 2 2 o] = —2K )
STKM? | max = sup o,y (2)] ;;m[f;nsjtn O(NTJ™*"),  (H.8)

where the second equality follows by the independence in Assumption |4.3((i), the inequal-
ity follows by the Cauchy-Schwartz inequality and the fact that max;<n <7 E[||6(2it)]?]
< KM? MaXk< K m< M SUDP, |Ofm, 7(2)|?, and the last equality follows from Assumptions
[4.2)(iv) and [4.3[(iii). This completes the proof of (i).

(i1) Let A(Zy) = (B(211),---,B(2nt)), then ®(Z)B = A(Z;) — A(Z;). By the fact
that [|C + D[l < ||Cl|r + | D|lF,

2 2

T

Z Zt Etft

T

> A2 ef]

t=1

<2 =97 +275. (H.9)

2
F

T
Z Zt Etft

Therefore, it suffices to show that 73 = O,(NT) and Tz = O,(NTJ2*). Note that
|A||% = tr(AA’). The former holds by the Markov’s inequality, since

F F

T T N N
7-1] =FE (tr ZZZZB Zit 5ztftfsgjs (zjs)/

t=1 s=1 i=1 j=1
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T T N N

- ZZZZE (zit)' B(zjs) fi fs Eleite js]

t=1 s=1 i=1 j=1
2
< max (£l max BUBCGI?1 Y>> > |Bleusis]l = ONT),  (H.10)

where the second equality follows by the independence in Assumption (1) and the fact
that both expectation and trace operators are linear, the inequality is due to the Cauchy-
Schwartz inequality, and the last equality follows from max;<n <7 E[||3(z:t)]|?] < oo and
Assumptions [4.2{ii) and [£.3](iii). The latter also holds by the Markov’s inequality, since

T T N N
E[’T2] =LF|tr ZZZZ(S Zit 5ztftfs€]s (Z]s),
t=1 s=1 i=1 j=1
T T N N
- ZZZZE Zit)' ZJS)]ftfs [eitejs)
t=1 s=1 i=1 j=1

T T N N

COnr,_max  sup|dpms ()" 33> D |Bleueis]| = ONTJ ™), (H.11)

t=1 s=1 i=1 j=1

IN

where Oyt = KM?maxi<r || f:||?, the second equality follows by the independence
in Assumption (1) and the fact that both expectation and trace operators are
linear, the inequality follows by the Cauchy-Schwartz inequality and the fact that
max;<n <7 E[||0(2it) %] < KM? maxy< i m<n Sup, |0gm.s(2)|%, and the last equality fol-
lows from Assumptions [4.2[(ii), (iv) and [4.3](iii). This completes the proof the first result
of (ii), and the proofs of the other three are similar. [ |

APPENDIX I - Justification for Some Assumptions

We provide preliminary conditions for Assumptions (i) and [6.1] - ii) in the following

two propositions, justifying that the two assumptions are not restrictive.

Proposition 1.1 (Justification of Assumption [4.1[i)). Suppose Assumptions[{.](ii) and
(iii) hold. Assume J > 2 and \FEJ log J = o(N), where £; is given above Theorem .
Then Assumption [{.1](i) holds.

PROOF: Let Q; = E[Qt] By Lemma and the condition that \/Tf?j log J = o(N),

) T 1/4 TY4¢  10g!/2 ]
max Qe — Q|2 < (; Qs — QtH%) =0p (\/N) =op(1).  (L1)
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By (I.1)) and the Weyl’s inequality,

min Amin(Q¢) — min Amin(Qt)] < max Q¢ — Qtll2 = 0p(1) (1.2)
and
;) — < )i — = . .
I?Saj}f )\max(Qt) Iglga%{ Amax(Qt) > Iglgaj?‘( ||Qt Qt”? Op(l) (I 3)

The result of the lemma thus follows from and and Assumption (ii)
by noting that mintST Amin(Qt) > minigN,tST Amin(Qit) and maxi<r Amax(Qt) <
mMax;< N <7 Amax(Qit)- u

Proposition 1.2 (Justification of Assumption[6.1](ii)). Suppose Assumptions[{.d(ii) and
(ii) hold. Assume max;<n <1 Ele},] < 00 and there is 0 < C5 < 0o such that

Then Assumption [6.1](ii) holds.

PROOF: By the independence condition and Assumption [L.3[(ii), Eleie ;] = 0 for i # j.

Thus, we may have the following decomposition

T

T N N N N
Z Z Z Z Z Z |cov(€itejt, ErsEies)|

t=1 s=1 i=1 j=1 k=1 (=1

T T N N T T N N N N
=33 D Jeov(En )+ DD D D YN | Eleiejichaess|
=1 s=1 i=1 k=1 =1 s=1 i=1 j£i k=1 (£k
T T N N N
+23 .2 2> X IBlE - EleiDencsl|
t=1 s=1 i=1 k=1 {#k
=T +T2+Ts. (1.4)

We next establish bound for 77,75 and 73. By the independence condition,

T T N T T N
=> 3 D var(eh) <> D ) Eleh] < NT? max  E[e}], (1.5)
t=1 s=1 i=1 t=1 s=1 i=1 SNAST
where the first inequality follows from var(e?) < E[e},]. By the independence condition

and Assumption [4.3(ii), Eleiejicrscrs) = 0 unless i =k and j =/l ori=/and j =k

given i # j. It then follows that

T
114

T
T=2) ),
t=1 s=

N N T T N N
Y > IBleaciscieisl =2 > Y Y | Eleucis) | Elejies]|
J#i t=1 s=1 i=1 j#1

i—1 ki i—1 i
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T T N N T T /N 2
<O S Bleweal Bl =230 (Z ]E[e,»teis]o

t=1 s=1 i=1 j=1 t=1 s=1 \i=1
N T T T
SN Y D |Bleasi < 2N?maxd Y | Eleiei], (1.6)
1=1 t=1 s=1 - t=1s=1

where the second equality follows by the independence condition, the first inequality
follows since |E[gjeis]|> > 0, the second inequality is due to the Cauchy-Schwartz
inequality. Again by the independence condition and Assumption (ii), E[(e3 —
Ele3])eksees) = 0 for k # £, so T3 = 0. This together with — and the as-

sumptions thus concludes the result of the proposition. |
APPENDIX J - Additional Results for Section
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Table 12: Results under linear specifications of a(-) and 3(-) with 18 characteristics’

Unrestricted (a(-) # 0)
K Ry R’ Riy Rk, R2 Rl Riyg RS Rino Riro Mean Std SR
1 4490 3.23 1.8 130 2.78 124 1.03 028 0.26 0.21 1.81 0.46 3.93
2% 62.38 14.66 11.21 13.14 14.30 10.93 12.62 0.28 0.26 0.21 1.74 0.44 4.00
68.14 15.46 12.15 13.74 15.10 11.79 13.23 0.28 0.26 0.21 1.67 0.42 3.97
72.63 16.36 13.46 14.50 16.00 12.94 13.95 0.28 0.26  0.21 1.52 0.38 3.99
76.85 17.03 14.11 15.17 16.67 13.72 14.64 0.28 0.26 0.21 1.49 0.37 3.99
80.01 17.53 14.75 15.62 17.21 14.35 15.18 0.28 0.26 0.21 1.28 0.32 3.95
82.65 17.78 14.94 15.83 17.46 14.59 15.40 0.28 0.26  0.21 1.22 0.31 3.99
85.21 17.91 15.07 15.97 17.63 14.81 15.60 0.28 0.26 0.21 1.08 0.29 3.67
88.27 18.20 15.36 16.31 17.96 15.17 15.99 0.28 0.26 0.21 0.93 0.28 3.33
10 90.54 18.35 15.568 16.47 18.17 15.34 16.22 0.28 0.26 0.21 0.76 0.23 3.36
Restricted (a(-) = 0)
K R% R? Riy Rip R2 Riyy Riy; RS Riyo Rigo Mean Std SR
1 45.00 NA NA NA 288 1.21 1.04 019 0.21 0.02 NA NA NA
2% 62.52 NA NA NA 14.27 10.84 12,58 0.34 0.49 -0.21 NA NA NA
69.18 NA NA NA 14.82 11.44 13.25 0.50 0.70 0.09 NA NA NA
74.34 NA NA NA 1575 1246 13.95 0.49 0.73 0.15 NA NA NA
7848 NA NA NA 16.72 13.96 14.90 0.50 0.64 0.17 NA NA NA
81.87 NA NA NA 17.29 1448 1542 0.51 0.61 0.17 NA NA NA
84.71 NA NA NA 1778 15.09 1590 0.50 0.60 0.18 NA NA NA
87.20 NA NA NA 1799 15.20 16.08 0.50 0.63 0.22 NA NA NA
89.48 NA NA NA 18.10 15.31 16.19 0.50 0.61 0.22 NA NA NA
1091.35 NA NA NA 1830 15.51 16.40 0.51 0.62 0.22 NA NA NA

© 00 N O Ot = W

© 00 N O Ot s W

T K: the number of factor specified (* denotes the estimated one by our methods); Fama-
MacBeth cross sectional regression R*: R = 19.68%; R} meassures the variations of
managed portfolios captured by different numbers of factors from PCA; R2, R% N R?\,’T:
various in-sample R?’s (%), see —; R?, R?‘,T,N? R%N’T: various in-sample R?’s (%)
without o, see (28)-B0); R, RF n o, R .10 various out-sample predictive R*’s (%), see
—; Mean: out-of-sample annualized means of the pure-alpha arbitrage strategy(%);
Std: out-of-sample annualized standard deviations of the pure-alpha arbitrage strategy(%);
SR: out-of-sample annualized Sharpe ratios of the pure-alpha arbitrage strategy.
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Table 13: Results under linear specifications of a(-) and 3(-) with 12 characteristics’

Unrestricted (a(-) # 0)
K Ry R’ Riy Rk, R2 Rl Riyg RS Rino Riro Mean Std SR
1 4780 431 252 232 3.86 201 198 026 0.13 0.20 1.63 0.43 3.76
2% 67.27 14.28 10.66 12.80 13.95 10.37 12.31 0.26 0.13 0.20 1.54 0.41 3.78
74.25 14.94 11.30 13.39 14.61 1091 12.90 0.26 0.13 0.20 1.49 0.40 3.75
79.11 16.25 13.41 14.48 15.92 12.88 13.98 0.26 0.13 0.20 1.34 0.35 3.83
83.51 16.74 13.98 15.04 16.41 13.61 14.56 0.26 0.13  0.20 1.32 0.34 3.89
86.46 17.46 14.83 15.68 17.13 14.47 15.22 0.26 0.13 0.20 0.99 0.31 3.17
89.09 17.93 15.08 16.13 17.61 14.96 15.68 0.26 0.13  0.20 0.54 0.21 2.59
93.73 18.20 15.44 16.44 18.12 15.39 16.32 0.26 0.13 0.20 0.46 0.17 2.75
95.53 18.48 15.85 16.78 18.40 15.77 16.67 0.26 0.13  0.20 0.30 0.11 2.68
10 96.84 18.80 16.54 17.21 18.72 16.45 17.10 0.26 0.13 0.20 0.15 0.07 2.02
Restricted (a(-) = 0)
K R% R? Riy Rip R2 Riyy Riy; RS Riyo Rigo Mean Std SR
1 4784 NA NA NA 397 202 201 017 0.21 0.03 NA NA NA
2 67.39 NA NA NA 1391 10.30 12.23 0.33 0.53 -0.25 NA NA NA
74.74 NA NA NA 1458 10.87 12.95 047 0.52 0.07 NA NA NA
80.44 NA NA NA 15.18 1148 13.63 048 0.61 0.16 NA NA NA
85.23 NA NA NA 16.51 13.76 14.79 049 0.61 0.18 NA NA NA
88.690 NA NA NA 17.00 14.21 15.33 0.51 0.64 0.19 NA NA NA
91.62 NA NA NA 1769 15.05 15.96 0.50 0.60 0.23 NA NA NA
94.23 NA NA NA 18.17 1541 16.41 0.50 0.62 022 NA NA NA
96.04 NA NA NA 1845 15.84 16.75 0.50 0.60 0.23 NA NA NA
109735 NA NA NA 1878 16.52 17.19 049 0.62 0.21 NA NA NA

© 00 N O Ot = W

© 00 N O Ot s W

T K: the number of factor specified (* denotes the estimated one by our methods); Fama-
MacBeth cross sectional regression R*: R = 19.07%; R} meassures the variations of
managed portfolios captured by different numbers of factors from PCA; R2, R% N R?\,’T:
various in-sample R?’s (%), see —; R?, R?‘,T,N? R%N’T: various in-sample R?’s (%)
without o, see (28)-B0); R, RF n o, R .10 various out-sample predictive R*’s (%), see
—; Mean: out-of-sample annualized means of the pure-alpha arbitrage strategy(%);
Std: out-of-sample annualized standard deviations of the pure-alpha arbitrage strategy(%);
SR: out-of-sample annualized Sharpe ratios of the pure-alpha arbitrage strategy.
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Table 14: Results under continuous piecewise linear specifications of a(-) and 5(-) with
12 characteristics and one internal knot!

Unrestricted (a(-) # 0)
K Ry R’ Ry Rir R?c Rfcm N R? v1 B Rino Rypo Mean Std SR
1 4793 594 3.28 3.68 557 290 322 055 059 027 223 0.66 3.37
2% 66.23 9.79 6.18 7.18 9.44 572 6.62 0.55 0.59 0.27 2.05 0.52 3.95
72.25 10.66 6.75 8.05 10.30 6.33 7.49 0.55 059 0.27 2.01 0.52 3.86
77.10 13.94 10.32 11.81 13.55 9.91 11.25 0.55 0.59  0.27 1.99 0.51 3.90
80.71 14.35 10.53 12.32 13.98 10.22 11.82 0.55 0.59  0.27 2.01 0.49 4.11
83.62 14.97 11.50 12.83 14.53 10.87 12.25 0.55 0.59  0.27 1.40 0.44 3.20
87.36 15.28 11.77 13.13 14.90 11.04 12.68 0.55 0.59  0.27 0.71 0.24 3.00
89.85 15.65 12.15 13.46 1547 11.78 13.26 0.55 0.9  0.27 0.49 0.15 3.18
91.44 16.49 12.83 14.10 16.24 12.35 13.83 0.55 0.59  0.27 0.47 0.15 3.18
10 92.98 16.80 13.16 14.38 16.63 12.84 14.18 0.55 0.59 0.27 0.44 0.12 3.68
Restricted (o) = 0)
K R%. R? R% N R?\ET Rfc R?‘,T, N R% N.T R2 R% N.O R?V,T,O Mean Std SR
1 48.03 NA NA NA 566 286 3.26 0.28 032 -0.06 NA NA NA
2 66.39 NA NA NA 939 5.67 6.53 0.34 0.32 -043 NA NA NA
72.44 NA NA NA 1027 6.22 749 0.60 075 023 NA NA NA
7779 NA NA NA 10.87 7.08 822 0.52 070 0.25 NA NA NA
82.59 NA NA NA 14.25 10.54 12.16 049 0.58 0.25 NA NA NA
85.70 NA NA NA 14.59 10.75 12.58 0.52 0.53 0.24 NA NA NA
88.3 NA NA NA 15.13 11.51 13.03 0.52 0.55 0.27 NA NA NA
90.31 NA NA NA 1556 11.98 13.37 0.52 054 028 NA NA NA
91.88 NA NA NA 16.32 12.65 13.93 0.52 054 0.28 NA NA NA
1093.34 NA NA NA 16.74 13.05 14.29 0.53 0.53 0.28 NA NA NA

© 00 N O Ot = W

© 00 N O Ot = W

T K: the number of factor specified (* denotes the estimated one by our methods); Fama-
MacBeth cross sectional regression R?: R% = 20.24%; R?%. meassures the variations of
managed portfolios captured by different numbers of factors from PCA; R?, R%. v, Ry
various in-sample R?’s (%), see ([25)-(27); R3, R?7T7N, R?7N7T: various in-sample R?’s (%)
without o, see (28)-B0); R, RF n o, R .10 various out-sample predictive R?’s (%), see
—; Mean: out-of-sample annualized means of the pure-alpha arbitrage strategy(%);
Std: out-of-sample annualized standard deviations of the pure-alpha arbitrage strategy(%);
SR: out-of-sample annualized Sharpe ratios of the pure-alpha arbitrage strategy.
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